MDPs...

* Make the problem precise (& simpler?)

+ Yet keeps many interesting challenges

- Preserves tradeoff between short-term and
long-term consequences

- Temporal credit assignment
- Exploration vs. exploitation

- Generalization across states (or learning
from small amounts of experience).

Satinder Singhv

EECS Dept., Univ. of Michigan



So why rethink state?

Satinder Singhv
EECS Dept., Univ. of Michigan



Narrow vs. Broad competence

+ MDPs/POMDPs very successful in
OR/engineering/control

- Still lots of hard work left to do...

especially in making RL more “off the
shelf”

* My Goal: move towards old-fashioned
AI? (build broadly competent, flexible,
agents)

Satinder Singhv
EECS Dept., Univ. of Michigan



Knowledge in AT Systems

-+ AT systems tend to be brittle.

* MDP/POMDP representations while modeling
uncertainty share that brittleness

* Relational extensions may help...

But many of these approaches are "linguistically
inspired” using notions of objects, relations between
objects... which while very meaningful and natural to
humans may not be suited for computational agents.

Goal: a KR expressed entirely in input-output
terms... so that the knowledge learned or given
is meaningful, verifiable, maintainable by the
agent without human intervention

Satinder Singhv
EECS Dept., Univ. of Michigan



Knowledge/Models for RL/AI

» Knowledge that is useful for achieving
high reward

- Is tweety a bird?
- Can one sit on the object in front?

- If T pick the phone and dial my home
number what is the chance that my wife
picks up?

- Can block A be stacked on top of block B?

» Answers to questions (usually predictive)

Satinder Singhv
EECS Dept., Univ. of

Michigan



File

True State Window Controls
Autopilot
Start |
Predictions 90
I 1
g pEithy T g e [~ Tracking mode
T T ? T Core Tests
-— -t —+» —
1 l f 1 Test | Prob |
‘ Ub 0.78
1 uB 0.22
- <m0 | Db 0.74
UbUb 0.78 —
](no move)

Satinder Singhv
EECS Dept., Univ. of Michigan



File

True State Window Controls
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Predictions 90
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[~ Tracking mode

1‘ T 1 T T Core Tests
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Ub 1.00
l uB -0.00
“— -, _ Db 1.00
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](no move)

Satinder Singhv
EECS Dept., Univ. of Michigan



File

True State Window Controls
o Autopilot
Start |
Predictions 90
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File

True State

Predictions

Window Controls

2]
9| |

O

Autopilot

Start |

I [0

S0

[~ Tracking mode

Core Tests
Test | Prob |
Ub 0.79
uB 0.21
Db 0.82

UbUb 0.79

1(no move)

Satinder Singhv
EECS Dept., Univ. of Michigan



File

True State
Predictions
-~ -~ — —
I
f
el
}
|
-~ L — —

Window Controls

©

Q| o ©

Autopilot

90

[~ Tracking mode

Core Tests
Test | Prob |
Ub 0.99
uB 0.01
Db 0.99

UbUb 0.99

Autopilot started.

Satinder Singhv
EECS Dept., Univ. of Michigan



File

True State Window Controls
Autopilot
Start |
Predictions 90
| 1
ng ekl T | R e [~ Tracking mode
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-— -t —+» —
l l ( 1 Test | Prob |
- Ub 0.77
l uB 0.23
- N | Db 0.74
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](no move)

Satinder Singhv
EECS Dept., Univ. of Michigan



Rightward movement example

Satinder Singhv
EECS Dept., Univ. of Michigan



File

True State Window Controls
Autopilot
Start |
Predictions 90
| L]
bt I T | R It [~ Tracking mode
T T T T Core Tests
-~ —
l l 1 l Test | Prob |
Ub 0.95
uB 0.05
s el Db 0.14
Ubub 095 |,
[(no move)

Satinder Singhv
EECS Dept., Univ. of Michigan



File

True State Window Controls

O

Q| O
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Autopilot
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Move right
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File

True State Window Controls
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0 Autopilot
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File

~True State ~Window Controls

©

Q| ©

)

Autopilot

Start I

-Predictions ~ 90
| M |

[~ Tracking mode

Core Tests

Test | Prob |

Ub 1.00
uB 0.00
e Db 0.98
UbUb 0.98

Move right Y

Satinder Singhv
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Rethink state

+ Think of states as answers to questions (i.e.,
predictions of outcomes of experiments one
can do in the world)

- Wallet's contents, Michael's location, presence of
objects, ...

* Prior work

- Learning deterministic FSA's (Rivest & Schapire,
1987); Multiplicity Automata (Beimel et al.)

- Added stochasticity (Jaeger, 1999)
- Added actions (PSR work, 2001)

Satinder Singhv

EECS Dept., Univ. of Michigan



Which questions?

What is a question (future, test)?
Uncontrolled system: a future is sequence of observations
t=o!0? .. ok
Controlled system: a future is sequence of observations for a
sequence of actions t=alola?0?.. akok
What is a (answer) prediction for a (question) future?
Uncontrolled system: p(t) = prob(o,=0!,...,0,=0%)
Controlled system:
p(1) = prob(o,=0!,...,0,=0K|a;=d!,...,a,=ak)

We will show that this class of questions contains within it a subset
whose answers are sufficient to model the state of interesting
dynamical systems.

Discrete time, discrete observation, finite action systems

Satinder Singhv
EECS Dept., Univ. of Michigan



System Dynamics Vector

All possible futures!

W t, T3 1, oo 1o
‘ p(t) . . . p(H)
vx/.There may be 0’s in here...

Mathematical construct that IS the system (not a model)

Any exact model of a system should be able to generate this vector
For both controlled and uncontrolled systems...

Lots of constraints on the entries of this vector

A “System” 1s a distribution over all futures... Satinder Singh

EECS Dept., Univ. of Michigan



System Dynamics Matrix
t, 1, ty ty eee T oo

hl = (I) P(Tl) 0 o . P(T.)
ha
h3 Again, this
construct IS
hy | p(tilhy) AUTLDRE

|
Uncontrolled'system: t.=0!02.. 0k h=0,0,...0,
p(tih) = prob(o,, ;= 0n 4=0Klo,0, ...0.)

Controlled system: t =alo'...a*o* h=a0,...a.0,
_gl _ ok
p( h) prOb(OnH n+kI a10q...4,0p,dp1=a",. ., dp =4 )

inder Si
fests or experiments. .. Spnder Sl ichigan



System Dynamics Matrix

SRR S SR SERE
hlz(l) P(Tl) o 0 o P(T.)

Only those h3
histories that
can happen

p(t1lh;) p(tilh;)

All rows are determined uniquely by the first row

Linear dimension of dynamical system is the rank (say N) of its
system dynamics matrix (only consider finite rank systems here)

Any model must be able to generate this matrix satinder Singh

EECS Dept., Univ. of Michigan



System Dynamics Matrix

Core tests—> Q =49, q, ... Qs
t oty t3ty e oo !

hzofptt) oo )
h2 : :
h3 - -
| pnlh) et

I .
p(tih) = p(Qlh)" m, ; note that m, is independent of / !

Prediction for any test is linear combination of the

predictions of the core tests p(0Olh) satinder Singh

EECS Dept., Univ. of Michigan



nfh-order Markov Models

At most as many
unique rows as
possible

n-length histories
(lets say K)

h;

Unique histories

all length one tests

A

4 \
t, oty ts ts eee oo

p(T1) .

Model
parameters

o

p(t1lh;)

Theorem: All K-history Markov models are dynamical
systems of linear-dimension <= K

Satinder Singhv
EECS Dept., Univ. of Michigan



K-history Markov models...

+ Theorem: there exist dynamical systems of
linear-dimension N that cannot be modeled by
any finite-order Markov model

Consider a system in which the first
observation determines which of two sub-
systems is entered...

Satinder Singhv

EECS Dept., Univ. of Michigan



Belief-states are

distributions over
hidden
nominal-states

© OO
@

v

observations

Learning POMDP models from data (EM)
does not work very well; almost no applications satinder Singh

EECS Dept., Univ. of Michigan

actions...

nominal-states

O OO

&< ©



POMDPs...

n underlying or nominal-states

State representation for any history h (belief-state) b(h) [a
probability distribution over nominal-states]

Update parameters

- Transition probabilities T4 (one for every a); Observation
probabilities O%; (for every a,o0)

Initial belief state b(h,)
b(hao) = b(h)TaQ%/Z = b(h) B»/Z
For t = alol..ako¥; p(t|h) =b(h) TalQalol TakQakek = b(h) B,

predictions linear in belief-states /‘

Satinder Singhv

EECS Dept., Univ. of Michigan



POMDPs
thy th e thy oo TH...

ho [PChYB) . . .  pthidB)
hy

D :hZ .
hi 1 Dlhy)B) p(h{JB)

|

!
Linear combination with weights b(h,) of the rows
corresponding to the n rows whose belief-states are unit-basis

*Theorem: Every POMDP with ‘'n' nominal states is a
dynamical system of linear-dimension < n

Satinder Singhv
EECS Dept., Univ. of Michigan



ho [b(ho)By. . . b(hg)By;
hy

D:hZ
h | bh)B,, b(h)B,

Theorem: there exist dynamical systems of finite linear-dimension
that cannot be modeled by any finite nominal-state POMDP

Intuition: POMDP restricted to positive linear combinations...
Satinder Singhv

EECS Dept., Univ. of Michigan



PSRs

di92 - - - In
T, t, T3 14 T oo
hy = ¢ | p(t) p(t:)
h,
hs
h; p(tslh;) p(tilh;)

Core fes’rs Q={9;9,...q9\}

State representation: p(Q|h) = [p(q;|h)

... p(gulh)]

Satinder Singhv
EECS Dept., Univ. of Michigan



t ottt t, t
hy = gy ———" - 5 <"
'y [P p(Q| hy)n
hs
hj |p(tlhy) p(Qlh;)m’
h p(Qlh)m"
hao 3

p(Q[h) is a sufficient statistic for history h

Satinder Singhv
EECS Dept., Univ. of Michigan



Updating Linear PSRs

+ Update core test g; on taking action a
and observing o in history A

paOQih mao,—'p Qh

p(Qi’hGO): ( ‘ ): q ( | )
p(ao|h) Mao- p(O|h)

* Note: one only needs parameters for the

one step extensions to the core tests!

{VaecA,oe0,q;€ Q, Mgy} and {Va € A,0 € O,mg,}

m's can have negative entriesl!

model parameters

Satinder Singhv
EECS Dept., Univ. of higan



Update Parameters...

All 1-step tests All 1-step extensions of core tests

di 9 - .- AN 4019 49y
1 2 1-3 1-4 ooo Tl oo0o

hy=o|p(t) [ -
ha
hs
hi | p(tilhy)

Satinder Singhv
EECS Dept., Univ. of Michigan



Linear PSRs

* Theorem: Every discrete-time dynamical
system of linear-dimension 'n' is
equivalent to a linear PSR with 'n’ core
Tests

Satinder Singhv
EECS Dept., Univ. of higan



Ok, where are we?

* Defined system dynamics matrix
- Defined linear PSRs
Result:

K-history Markov model < K-nominal-state

POMDPs < K-test linear PSRs =
dynamical systems of linear-dimension K

(applies to both controlled and uncontrolled systems)
Satinder Singhv
EECS Dept., Univ. of

Michigan



Discovery & Learning in PSRs

+ Discovery
- Determine core tests given experience data
» Learning

- Determine update parameters given core
tests and experience data

+ Discovery & Learning
- Do both from experience data

Satinder Singhv

EECS Dept., Univ. of Michigan



Discovering PSR tests
lenéet%gjf\htj%s{? St

[ \ o O o O O
tlooo l tj

length 1 histories 1
length 2 histories L -

h. p(t;h;)

If rank stops changing - you are done?

. .
In practice Yes - In theory No! ECE Dant, U of Micigan



Learning PSR models

can be sampled from data

* Gradient algorithm

2 [p(xlh—1) = p(xlhy—13m)]?
xeextension tests

Error(t) =

Suffix-History

000

p(aoQlh,) p(aoQlh,)
p(aoQlh,)

Algorithm

— Mgy,

— Mgy,

o
o
o

| —— My,

p(Qlh,) p(Qlh,)  p(Qlh,)

000

Satinder Singhv
EECS Dept., Univ. of Michigan



Results on Learning & Discovery

Problem Core Num. Num. Reset Myopic  Discovery
Tests  Act. Obs. Learning Learning Worked?

Tiger 2 3 2 0.000001 0.0000043 Yes
Paint 2 4 2 0.0000001 0.00001 Yes
Float-reset 5 2 2 0.000001 0.0001 Yes
Cheese Maze 11 4 7 0.000005 0.00037 Yes
Network 7 4 2 0.0004 0.00083 Yes
Bridge Repair 5 12 5 0.00015 0.0034 Yes
Shuttle 7 3 5 0.00026 0.027 Yes
4x3 Maze 10 4 6 0.00027 0.066 Yes

Satinder Singhv
EECS Dept., Univ. of Michigan



Nonlinear PSRs

+ Suppose we allow non-linear predictions and non-linear
updates?

* Nonlinear core tests X={x;x,,...x,}.; sufficient
statistic of history but smaller in size than the linear-
dimension of the dynamical system

+ State representation p(X|h) for history h

+ Prediction for test 't', p(t|h) = f,(p(X|h)) for some
nonlinear function 'f' (independent of 't')

- Update process

plaoxih)  fuu(p(X|))
plaolh) ~ fulp(X|))

Satinder Singhv
EECS Dept., Univ. of Michigan

p(xilhao) =



Beyond Linear PSRs

- Nonlinear PSRs

- Exponential compression over Linear PSRs
and POMDPs in some deterministic systems

(Rudary & Singh, NIPS 2003)
* PSRs for continuous systems

Satinder Singhv

EECS Dept., Univ. of Michigan



Predictive Linear Gaussian (PLG)

+ The distribution over the next "N"
observations given current history is Gaussian.

Ly = [Y;fy Y;f—l—la K th—l—n]
Zy|he ~ N (g, X¢)
+ The predictive state is the mean and
covariance matrix of the Gaussian

+ The N+1st observation is computed as a linear
function of the next N observations.

Yitnt1 = 9" Zt + Nntti
CO’U[Zt, 77n+t—|—1] =C TIn+t+1 ‘ht NN(O) 0-2)

Satinder Singhv
EECS Dept., Univ. of Michigan



PLG vs. LDS

Theorem: Every linear dynamical system (LDS)
with dimension 'n' can be modeled as a PLG
with dimension 'n’. (Kalman Filters)

A PLG has no hidden variables

We can derive consistent learning algorithms for
a PLG

Satinder Singhv

EECS Dept., Univ. of Michigan



PLG Learning vs. EM for LDSs
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Tllustration of PLG
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Tllustration of PLG
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Tllustration of Kernel PLGs
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Summary

* Knowledge expressed entirely in observable
quantities
- is possible
- is no less compact than at least unstructured
traditional (latent variable) representations
- may be more efficiently
learnable/plannable/maintainable...
+ So far: sufficient representations

* Next: efficient (perhaps structured)
observable representations

Satinder Singhv
EECS Dept., Univ. of Michigan



Conclusion

* MDPs are great!

* We are making progress in going beyond

MDPs (in states, actions & rewards)

- Lots of work to be done...

Satinder Singhv
EECS Dept., Univ. of Michigan



Leftover Slides

Satinder Singhv
EECS Dept., Univ. of Michigan



Graphical Model for POMDPs

Belief-states are
distributions over
hidden states

© OO
@

v

Learning POMDP models from data (EM)
does not work very well; almost no applications satinder Singh

EECS Dept., Univ. of Michigan



Float/Reset

OO0 @

Float: Random walk.

Reset: Go right, observe 1 if already
there.

Satinder Singhv
EECS Dept., Univ. of Michigan



Float/Reset (Linear PSR)

FO; RO
FORO

FOFORO C;OQQQQQQQ‘:;

FOFOFORDO
p(FO FO FO ROJhF0)=0.25 p(R O|h)

- 0.0625 p(F O R 0|h)
+0.750 p(F O F O R O|h)

Satinder Singhv
EECS Dept., Univ. of

Michigan



Testing Error

Learning & Discovery in Paint
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Testing Error

Learning & Discovery in Shuttle

Shuttle Discovery
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Testing Error

Learning & Discovery in Tiger

Tiger Discovery
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Testing Error

Learning & Discovery in Network

Network Discovery
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Singhv
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PSRs - a definition

- Test t={ajo01a20; -+ a,o,}

* Predictions for test t

p(tlh) =Pr(oy0y -+ oylhayay --- ay)
* A core set of tests Q={t,,1,,... 1.}
+ State at history h: p(Q|h) = [p(t;|h) ... p(t,,|h)]

* There exists Q, such that p(Q|h) is sufficient
statistic for all histories hl

+ => For arbitrary test t, p(t|h) = f.(p(Q]h))

Littman, Sutton, & Singh Spinder Singh

Michigan



