Capacity-Achieving Schemes for Finite-State

Channels

by

Jung Hyun Bae

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
(Electrical Engineering: Systems)
in The University of Michigan
2012

Doctoral Committee:
Associate Professor Achilleas Anastasopoulos, Chair
Professor George Michailidis
Professor Demosthenis Teneketzis
Associate Professor Sandeep P. Sadanandarao



(© Jung Hyun Bae

All Rights Reserved
2012



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . . . . . . iv
LIST OF ACRONYMS . . . . . . .. s \
CHAPTER

1 Introduction . . . . . . . ... 1
1.1 Background . . . .. ... ... 3

1.1.1 Capacity-achieving codes for channels without feedback 3

1.1.2  Capacity-achieving schemes for channels with feedback 5

1.2 Thesis contributions and outline . . . . .. . ... ... ... 6

2 Capacity achieving codes for finite-state channels without feedback . 10

2.1 Channel model and preliminaries . . . . . . . ... ... ... 10
2.2 SIR-achieving codes for FSCs . . . . . . . .. ... ... ... 16
2.3 Capacity-achieving codes on FSCs . . . . . . .. .. ... .. 20
2.3.1 Construction of quantized coset code ensembles. . . . 20
2.3.2  Analysis of Markov-quantized coset code ensembles . 24
2.4 Proof of Theorem 2.1 . . . . . ... .. ... ... ... ... 27
2.5 Proof of Lemma 2.5 . . . ... ... ... ... ... 30
2.6 Proof of Lemma 2.12 . . . . . ... ... ... .. ... .. 32
2.7 Proof of Theorem 2.13. . . . . . . . . ... ... ... .... 35
3 A single-letter capacity expression for finite-state channels with feed-
back . . . .. 40
3.1 Channel model and preliminaries . . . . . . . ... ... ... 40
3.2 A single-letter capacity expression for the FSC with arbitrary
feedback delay . . . . . . .. ... ... L. 42
3.2.1 Capacity in the case of arbitrary feedback delay . . . 42
3.2.2 A simplified capacity expression . . . . ... ... .. 45
3.3 Special case: NoISI . . . . . ... ... ... .. ... .... 48
3.4 Proof of Lemma 39 . .. ... ... ... ... .. L. 50
3.5 Proof of Lemma 3.11 . . . . . .. ... .. ... ... ... 52

3.6 Proof of Proposition 3.12 . . . . .. .. .. ... ... .. 54

i



3.7 Proof of Lemma 3.13 . . . . . . . ... ...
3.8 Proof of Proposition 3.15 . . . . . . . ... ... ...

4 A capacity-achieving posterior matching scheme: No inter-symbol

interference (ISI) case . . . . . . . . ... . . L.
4.1 A posterior matching scheme for channels with memory . . .
4.2 Achievability Result . . . . . ... ... ... 0.

4.2.1 ZeroRate Result . . ... .. .. ... ... .....

4.2.2 Rate R < C achievability . . . .. .. ... ... ...
4.3 Proof of Lemma 4.3 . . . .. ... ... ..
4.4 Proof of Proposition 4.5 . . . . . .. ... ...
4.5 Proof of Lemma 4.7 . . . . . . ...
4.6 Proof of Lemma 4.10 . . . . . . . . ... ...
4.7 Proof of Proposition 4.11 . . . . . . . . ... ... ... ...

5 A capacity-achieving posterior matching scheme: ISI case . . . . . .

5.1 Achievability Result . . . . . ... ... ... ... ...
5.1.1 ZeroRate Result . . . . ... ... ... ... ....
5.1.2 Rate R < C achievability . . . .. ... ... ... ..

5.2 Proof of Lemma 5.1 . . . . . . . .. ... ... .. ... ...

5.3 Proof of Lemma 5.3 . . . . .. . ... ... ... ..

5.4 Proof of Proposition 5.5 . . . . . . ... ...

55 Proofof Lemmab56 . . . . ... ... ... ... .. ...,

5.6 Proof of Lemma 5.10 . . . . . . . . ... ... .. ... ...

5.7 Proof of Proposition 5.11 . . . . . . .. . ... ... ... ..

6 Conclusion . . . . . . . . .

6.1 Summary of results and comments . . . . .. ... ... L.
6.1.1 Capacity achieving codes for finite-state channels
without feedback . . . . . ... ... ... ... ...
6.1.2 A single-letter capacity expression for finite-state
channels with feedback . . . . .. ... ... ... ..

6.1.3 A capacity-achieving posterior matching scheme
6.2 Future research directions . . . . . . .. ... ...

APPENDICES . . . . . . . .

BIBLIOGRAPHY . . . . . . . .

il



Figure
1.1

2.1

2.2

2.3

LIST OF FIGURES

Digital communication system . . . . . .. .. ... ... 2

Capacity achieving transmission scheme with coset codes and Markov
quantization. . . . . .. ... 21

An example of Markov quantization (k=1). . . . . . ... ... ... 22

Relation between different code ensembles used in the proof of Theo-
rem 2.13. . . . . e e 37

v



ACOE
BEC
CSlI
DMC
FSC
FSMC
GE
GEC
ISI
i.u.d.
LDGM
LDPC
MBIOS
ML
MQ
pmf
PMS
SIR
SLLN

LIST OF ACRONYMS

average cost optimality equation
binary erasure channel

channel state information

discrete memoryless channel
finite-state channel

finite-state Markov channel
Gilbert-Elliott

generalized erasure channel
inter-symbol interference

independent and uniformly distributed
low-density, generator matrix
low-density, parity-check

memoryless, binary-input, output-symmetric
maximum-likelihood

Markov quantizer

probability mass function

posterior matching scheme

symmetric information rate

strong law of large numbers



CHAPTER 1

Introduction

Consider a typical point-to-point digital communication system as shown in
Fig. 1.1. At the transmitter, information from the source is encoded for transmission
over the channel. More specifically, the source data is first compressed by the source
encoder to remove redundancy and then encoded by the channel encoder for error
correction. Subsequently, the modulator generates appropriate waveforms that are
transmitted through a noisy channel, and then decoded at the receiver. The main
goal for the communication engineer is to design the encoder and decoder so that
the system can transmit data reliably at the highest possible transmission rate.

To achieve this goal, channel coding, which is the focus of this thesis, strategically
adds redundancy to the transmitted data. With this redundancy, the receiver can
more accurately decode the data it receives. C. E. Shannon established in his seminal
papers [1,2] the maximum amount of information that can be transmitted over the
channel called the capacity of the channel. Since then, coding theory has provided
specific transmission schemes that approach the capacity for point-to-point links.

Historically, most of the aforementioned schemes are designed for the case of
memoryless channels. For this class of channels, a multitude of remarkable results

have been established relatively recently with the discovery of turbo codes in 1993 [3]
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Figure 1.1: Digital communication system

and the subsequent rediscovery of low-density, parity-check (LDPC) codes [4-7]. For
channels with memory, however, few results exist on capacity-achieving codes. This
is the first direction we follow in this thesis, i.e. finding capacity-achieving scheme
for channels with memory.

One of the greatest advantages that the aforementioned turbo codes have is low
decoding complexity. While maximum-likelihood (ML) decoding (which is the opti-
mal decoding algorithm) requires exponential complexity (with respect to the code
length), iterative decoding with message passing, utilized with turbo codes, has much
less decoding complexity. This fact has been shown to hold experimentally, although
no definitive theoretical study of the overall complexity-performance tradeoff exists
for iterative message passive decoding in noisy channels (other than the binary era-
sure channel (BEC)).

In our quest to find simple encoding and decoding strategies for channels with

memory we turn our attention to channels with feedback. Communication in the



presence of feedback has been a long studied problem which dates back to Shan-
non’s early work [8]. Shannon showed that feedback cannot increase the capacity
of memoryless channels, but can improve the error performance and/or simplify the
transmission scheme. There have been several remarkable results on designing trans-
mission schemes with feedback, but again, most of these results are for the case
of memoryless channels. The second direction in this thesis, therefore, is to design

simple transmission schemes for channels with memory in the presence of feedback.

1.1 Background

1.1.1 Capacity-achieving codes for channels without feed-

back

The capacity and the capacity-achieving input distribution of memoryless, binary-
input, output-symmetric (MBIOS) channels, is well known [9, p. 94]. It is also well
known that linear codes can achieve the capacity of MBIOS channels [10]. However,
capacity achieving codes with low complexity were not known until the remarkable
discovery of turbo codes in 1993 [3] and the subsequent rediscovery of LDPC codes [4—
7] as mentioned above. Since then, codes defined on sparse graphs, collectively
referred to as “turbo-like” or “LDPC-like” codes have attracted a large amount of
attention in the quest to achieve channel capacity with small complexity.

For the special case of the BEC, it is known that capacity can be achieved with
bounded decoding complexity per information bit. In particular, based on the density
evolution (DE) technique, it was shown in [11-13] that LDPC-like codes achieve the
BEC capacity with iterative decoding, while [14] showed that this can be done with
bounded (and small) decoding complexity per information bit.

For general MBIOS channels, however, there is no conclusive answer regarding



capacity achievability of turbo-like codes with iterative decoding. This is so due to
the fact that DE is not amenable to theoretical analysis for MBIOS channels,; since
code performance can only be evaluated through an uncountably-infinite-dimensional
non-linear recursive equation (there is a line of research studying iterative decoding
performance [15-17] based on results from statistical physics). Thus, only numerical
results exist that show how turbo-like codes can approach capacity using iterative
decoding [18]. On the other hand, when ML decoding is assumed, the performance
of turbo-like codes can be analyzed. For instance, it was shown that LDPC-like
codes achieve the capacity of MBIOS channels with ML decoding in [19-22]. More-
over, it was shown in [23] that a family of turbo-like codes consisting of a serial
concatenation of an outer LDPC code and an inner rate-one low-density, generator
matrix (LDGM) code, can achieve the capacity of MBIOS channels with bounded
graphical complexity (i.e., number of edges in the graph representing the code) per
information bit when ML decoding is performed.

The aforementioned results were developed for memoryless channels. For chan-
nels with memory, few results exist on their capacity and the corresponding capacity-
achieving input distribution, and even fewer on capacity-achieving codes. Regard-
ing the former, the capacity of Gilbert-Elliott (GE) channels was studied in [24]
and the capacity of more general finite-state Markov channel (FSMC)s was stud-
ied in [25,26]. An efficient method for computing the information rate of a finite-
state channel (FSC) whose input is a Markov process was proposed independently
in [27-29] and extended in [30]. In [31] an optimization algorithm was proposed to nu-
merically compute tight lower bounds on the capacity of FSCs, and the techniques
were generalized in [32]. Upper bounds on the capacity of FSCs were developed
in [33,34]. The above results, demonstrated that a Markov input sequence provides

larger information rate than the information rate achievable with independent and



uniformly distributed (i.u.d.) input sequences, also called the symmetric information
rate (SIR) of the channel. Furthermore, it was recently shown in [35] that a sequence
of Markov sources asymptotically achieves the capacity of FSCs as the Markov order
approaches infinity.

Regarding capacity-achieving codes for channels with memory, methods of con-
structing codes which induce Markov distribution on the transmitted sequence were
proposed in [36-39], and their performance on partial response channels was evalu-
ated using simulation. Pfister and Siegel [40] introduced a generalized erasure chan-
nel (GEC) as a simple model of a channel with memory and proved that LDPC-like
codes achieve its SIR. Several authors have investigated the performance of LDPC-
like codes with iterative decoding using numerical tools based on DE for some specific
channels with memory. In particular, LDPC-like codes were analyzed using numer-
ical tools based on DE for binary inter-symbol interference (ISI) channels in [41],
for the GE channel in [42], and for FSMCs in [43]. Finally, the results derived for
MBIOS channels in [20], were extended to establish an upper bound on the rate of
LDPC codes for GE channels [44] and FSMCs [45].

1.1.2 Capacity-achieving schemes for channels with feedback

As mentioned above, communication in the presence of feedback has been a long
studied problem which dates back to Shannon’s early work [8]. Horstein [46] proposed
a simple sequential transmission scheme which is capacity-achieving and provides
larger error exponents than traditional fixed-length block-coding. Similarly, Schalk-
wijk and Kailath [47] showed that capacity and a double exponentially decreasing
error probability can be achieved by a simple sequential transmission scheme for the
additive white Gaussian noise channel (AWGNC) with average power constraint. Re-

cently, Shayevitz and Feder [48-50] identified an underlying principle shared by the



aforementioned Horstein and Schalkwijk-Kailath schemes and introduced a simple
encoding scheme, namely the posterior matching scheme (PMS) for general memo-
ryless channels. Furthermore, they showed that the PMS achieves the capacity of
general discrete memoryless channel (DMC)s. Subsequently, Coleman [51] revisited
the PMS and provided a proof of capacity achievability by reformulating the problem
in a stochastic control framework.

The starting point of our investigation of simple transmission scheme for channels
with memory is the derivation of a single-letter capacity expression for this channel.
One of the first capacity results for FSCs was by Viswanathan [52], who found the
capacity of a FSC with receiver channel state information (CSI) and delayed feedback
where there is no ISI. Later, Chen and Berger [53] found the capacity of a FSC with
ISI where current CSI is available at the transmitter and the receiver. Yang et.
al. [34] used a stochastic control method to find the capacity of the ISI channel.
Recently, Tatikonda and Mitter [54] provided a general stochastic control framework
for evaluating the capacity of the FSC with feedback. In that paper, the capacity
was characterized as the solution of a dynamic programming average cost optimality
equation (ACOE). Como et. al. [55] used an approach similar to that in [54] to find
the capacity of the FSC when current CSI is available at the transmitter and the
receiver. An upper bound on the capacity of the FSC without ISI and CSI was found

using dynamic programming by Huang et. al. [56].

1.2 Thesis contributions and outline

The general philosophy of this thesis and its main contribution on the conceptual
level, is that a number of problems relating to information theory can be solved
effectively if one takes the viewpoint of stochastic control. We identify and solve two

such problems.



The first problem is that of evaluating the capacity of a FSC. We show that this
off-line optimization problem can be formulated as a centralized sequential stochastic
control problem and solved using Markov decision theory. This approach is general
enough and we anticipate that it can be applied to other information theoretic prob-
lems involving the evaluation of the channel capacity (or the channel capacity region
for multi-user scenaria).

The second problem involves the design of on-line transmission schemes for FSCs.
When feedback is not present, a simple modification of the corresponding transmis-
sion schemes utilized for memoryless channels seems to be sufficient for achieving ca-
pacity. The case of channels with feedback is more interesting. In this case one may
attempt to formulate the problem of finding the optimal (in the sense of achieving
capacity) transmission scheme as a stochastic control problem involving the trans-
mitter and the receiver. Such an approach may lead to a implicit characterization of
the optimal transmission scheme (through an optimality equation). However we are
following a different approach: we propose a transmission scheme (which generalizes
previously proposed schemes for memoryless channels) and show that it achieves ca-
pacity. This is done by evaluating the asymptotic properties of this scheme through
the study of an appropriate Markov chain. As in the case of the first problem men-
tioned above, the approach is quite general and it is anticipated that it can be applied
to a larger class of problems.

In the following we detail the individual contributions on a per chapter basis.

In Chapter 2, capacity-achieving codes are constructed for FSCs (with or without
IST) with ML decoding when there is no feedback. The codes are derived from the
corresponding capacity-achieving codes for MBIOS channels through simple modi-
fications. In particular, it is shown that several LDPC-like coset codes which are

capacity-achieving on MBIOS channels achieve the SIR of FSCs. Next, a family



of quantized coset codes is constructed by using block-wise Markov quantization of
LDPC-like codes. This technique generalizes the quantization technique presented
in [57] for memoryless channels and results in a simple encoding and iterative de-
coding algorithm. The constructed quantized codes induce a k-th order Markov
distribution on the channel input sequence and are shown to achieve the correspond-
ing information rate. The basic analytical tool used to prove these results is an
upper bound on the ensemble average of the corresponding modified LDPC-like en-
sembles. This bound is a non-trivial generalization of the “union plus Shulman and
Feder” bound [19,57, 58] which relates the average code error probability with the
asymptotic growth rate of the average code weight enumerator, the random coding
exponent for channels with memory and an appropriately defined Battacharrya-like
parameter. The results of this chapter have been published in [59, 60].

In case when there is feedback, we generalize the PMS for FSCs where the channel
state is affected both by nature and by the input sequence (thus introducing ISI), the
CSI and output are available at the receiver, and the CSI and output are available at
the transmitter with some finite delay through noiseless feedback. In Chapter 3, we
derive a single-letter capacity expression for FSCs with ISI as the starting point of our
investigation of simple transmission schemes. We point out that although the channel
considered in this thesis is indeed a special case of the one considered in [54], our
approach in deriving a single-letter capacity expression provides more intuition, and
the resulting capacity expression is significantly simpler. We also consider a special no
IST case and obtain the result presented in [52] using considerably simpler approach.
The results of this chapter have been published in [61]. Based on this simplified
capacity, we propose generalized PMS for FSCs. In Chapter 4, we consider the case
when there is no ISI. The PMS is a rather straightforward generalization of PMS for
DMCs. We show that the proposed PMS achieves the capacity of FSCs with feedback



and no ISI. In Chapter 5, we turn our attention to FSCs with feedback and ISI.
Because of the ISI, the resulting PMS scheme becomes considerably different from its
DMC counterpart, and construction of this scheme requires careful consideration of
necessary conditions of capacity achievability. We also show that the proposed PMS
achieves the capacity of FSCs with feedback and ISI. In proving capacity achievability
in Chapters 4 and 5, we generalize the tools provided in [50]. Analysis consists of
two parts. First, we prove zero-rate achievability, and based on this we show positive
rate achievability up to capacity. Important steps in the first part are identifying
appropriate Lyapunov functions and contraction mappings. The strong law of large
numbers (SLLN) of Markov chains plays an important role in bridging the first and
the second part. The results of Chapters 4 and 5 are prepared for publication in [62].

The rest of the thesis is organized as follows. In Chapter 2, quantized LDPC-
like codes are constructed and it is shown that they are capacity-achieving for FSCs
without feedback. A single-letter capacity expression for FSCs with feedback is
derived in Chapter 3. The PMS for FSCs with feedback is defined, and its capacity
achievability is proven in Chapter 4 for no ISI case and Chapter 5 for ISI case.
The conclusions of this thesis including future research directions are presented in

Chapter 6.



CHAPTER 2

Capacity achieving codes for finite-state channels

without feedback

2.1 Channel model and preliminaries

Let {S,}52, with s, € S = {1,2,..., K} be a sequence representing the channel
states at time n. It is assumed that the state space S corresponds to K different
MBIOS channels. Let {X,,}22; be the random process representing the channel input
sequence, where x,, € X = {0,1}. Let {¥,,}22, be the random process representing
the channel output sequence, where y,, € ) and )Y is assumed to be a discrete subset
of the real line (a continuous subset can also be assumed throughout the chapter by
changing summations over ) to integrations) symmetric around zero. Since for each
state the channels are symmetric, it is true that Q(y,|zn, sn) = Q(—yn|T, ® 1, 5,),

where @ denotes modulo-2 addition. Let P(x",y") be the joint pmf of X and Y*,

where xV denotes the length-N vector (zy,...,7y). Then,
P(x", s, y") = Q(y"[x",s™)P(s"[x") P(x") (2.1a)
N N-1
= P(x™)P(s1) H (Yn|Tn, Sn H P(Sni1|Sn, Tn). (2.1b)
n=1 n=1

10



Implicit in (2.1), is the fact that the considered channel states are affected by both
nature and ISI. In this chapter, we also consider non-inverting channels, that is,

channels with the property

VseS, D QUlLs)>> QylLs). (2.2)

y>0 y<0

For any sequence of real-valued random variables (7, Z,, Z3, ...), define the limit

inferior in probability p — liminfy_.o Zn as
p — liminf Zy £ sup{a| lim Pr[Zy < a] = 0}. (2.3)
N—o0 N—o0

Then, the capacity of the aforementioned FSC when no channel state information

is available at the transmitter and the receiver is defined as [63, sec. 3.2]
C £sup I(X;Y), (2.4)
X

where
Qly"[x")

LX) =p = il 7 loss =03

(2.5)

Since the focus of this thesis is not in finding this maximizing input distribution,
in the following we will be interested in the maximum achievable rate for a certain

sequence of input pmfs P £ {P(x")}y, defined as
Cp 2 I(X;Y), (2.6)

where 1(X;Y) is computed under {P(x")}y using (2.1). The maximum achievable

rate relative to independent and uniformly distributed (i.u.d.) inputs is also known

11



as SIR (for binary input) and will be denoted as

SIR %= Cryp. (2.7)

The achievability of C'» can be shown by the following coding theorem which is a
modification of channel coding theorem using information spectrum methods [63,

Th. 3.2.1] according to the idea in [58].

Proposition 2.1. Consider an arbitrary discrete channel. Let Q(yN|xY) be the
conditional pmf for sequences of length N > 1 on this channel. Let P(x™) be an
arbitrary input pmf. Consider an ensemble of codes of size M, length N, and rate

R, whose codewords c,,, 1 < m < M satisfy the following properties

Pric;=x"]=Px") Vie{l,...,M}, (2.8)
Prlc; =x"|c; = xV] < aP(x"V)

Vi,je{l,...,M} withi+# j and d(c;,c;) € U°, (2.9)

where U C {1,2,...,N}. Note that a =1 for an ensemble of codes whose codewords
are selected independently with pmf P(x™). Suppose that an arbitrary message m,
1 < m < M enters the encoder and that ML decoding is employed. Then for any
input pmf P = P(xY) and for any e > 0, the average probability of decoding error

over this ensemble of codes, is bounded as

U

P < Py + PrXNYN ¢ Ty + 27N =F- > ai) (2.10a)
where
P, =Y PrlC|PY,, (2.10b)
C

12



Pe(‘]m denote the probability that there exists some codeword c,, such that Q(y|cp) >

Q(y|cm) and d(cp, cpy) € U,

Qly"™[xY)

1
_ N N N N
TN—{(X y' ) e Xt x Yy \NlogQ Py

> Cp — e} . (2.10¢)

Proof. See 2.4. O

Note that the presence of the factor « in (2.9) allows one to deal with structured
ensembles for which strict independence of the codeword selection cannot be guar-
anteed, as long as one shows that the rate loss due to « as manifested in (2.10a)
approaches zero asymptotically for long codes. In the following section we give spe-
cific expressions for « for several structured ensembles of interest.

We now summarize the bounding techniques developed in the literature for show-
ing that certain turbo-like ensembles are capacity achieving for MBIOS channels. As
it will become evident in the following sections, the bounds derived for the FSCs
are similar in structure to their MBIOS counterparts. An upper-bound on the error
probability of linear codes transmitted over MBIOS channels was derived in [19)].
The bound involves two terms; the first term is based on the Shulman and Feder
bound [58] for MBIOS channels and the second term is based on a union bound which
involves the Battacharrya parameter for MBIOS channels. For a given ensemble C
of codes with length N, we denote the average weight enumerator of the ensemble
by by A;, 1 =0,1,...,N. The error probability bound is presented in the following

fact.

Fact 2.2. Consider an ensemble C of linear codes with average weight enumerator
A;, where each code is comprised of M codewords of length N. Let Q(y|x) be an
MBIOS channel, and let

Do 2 3 VQUIQHI) (2.11)

13



be the Battacharrya channel parameter. Denote the ensemble averaged ML decoding

error probability by P,. Let U C {1,2,..., N}. Then

P, < S AD) 4 27 NE RS, (2.12)
leU
where
A 2N
s L=
@ = max - (N>, (2.13)
l
and whereE,(+) is the random coding error exponent
E,(R) £ max max {—sR + Ey(s, P)}, (2.14a)

P 0<s<1
1+s

Eo(s, P) & —log, Z{ZP Q(y|x) 1+s} . (2.14b)

As discussed in [19], the second part of (2.12) approaches 2=V (®) provided that
the asymptotic growth rate of A; approaches the asymptotic growth rate, H(I/N) +
R —1, of the random ensemble for [ € U¢. Therefore, in order to prove that a specific
sequence of ensembles approaches capacity, we have to choose U such that the above
statement is true and the first part of (2.12) approaches zero. Consider the following
three ensembles with increasing degree of sophistication.

Ensemble A is the regular Gallager (N,d,,d.) LDPC ensemble [64] with column
and row degrees d, and d., respectively (we also assume an even d..).

Ensemble B is the punctured LDPC ensemble introduced in [22] resulting from
puncturing a sufficiently low-rate (N, d,,d.) Gallager ensemble to achieve the speci-
fied rate.

Ensemble C is the LDPC-GM ensemble introduced in [23] consisting of a a serial
concatenation of an outer (N,d,,d.) Gallager LDPC code and an inner rate-one

regular LDGM code with row and column degrees equal to d..

14



For all these three ensembles, we can find an appropriate set U and prove capacity

achievability of MBIOS channels [22,23] as can be seen in the following fact.

Fact 2.3. For any € > 0, the sequence of the aforementioned ensembles A, B, and
C, have vanishing average block error probability under ML decoding on MBIOS
channels, and limiting (with respect to N ) rate (1 — €)C, where C' is the channel
capacity, when the following conditions are satisfied.

Ensemble A: d. > d.(e).

Ensemble B: d. > d, > 5, d. even, and Ry < Ry(¢), where Ry is the rate of the
original code before puncturing.

Ensemble C: d. > d.in, d. even, and d, > 4, where d. iy 15 independent of € and

bounded.

Proof. The dependence of the upper bound in Fact 2.2 on the code ensemble is only
through A4; and in particular only through the corresponding asymptotic growth rate.
In [22,23] upper bounds on these asymptotic growth rates have been developed for
the ensembles A, B, and C. Combining Fact 2.2 with these upper bounds, and with
an appropriate choice of U as in [19,22, 23], proves the fact under the conditions
mentioned above.

We present the choice of U, for ensemble A as an example. The choices for
ensembles B and C are similar to that of the ensemble A. It was shown in [22] that

A; of the ensemble A satisfies

wo(a) < (1 — R)logy[1+ (1 — Qa)dc]

+[H@—-(1-R), 0<a<l, (2.15)

where wo(a) £ limy_ le log, Z!’Na'\; and R = 1 — d,/d.. Furthermore, there exists

15



a d € (0,1/2) such that
> A =0, (2.16)
)

lE(O,N50
Finally, when d_ is even, A; = Ay_;, for all [ € {0,1,2,..., N'}.
Let

Ué{z:%e(o,éo)uu—do,u}. (2.17)

With this choice of U, the union bound term becomes

Y ADy= > AD+AxDy (2.18a)
leUu leU\{N}
< ) A+1xD) =0N """, (2.18h)
1EU\{N}

and the rate loss in the error exponent is bounded above by logy[1 + (1 — 2dg)%].
As a result, for d, > 3 and log,[1 + (1 — 280)%] < €C, vanishing error probability is
ensured for all rates up to (1 — €)C. The last inequality is guaranteed by selecting a

large enough d, > d,(€) = log, (2 — 1)/ logy(1 — 26;). O

2.2 SIR-achieving codes for FSCs

In order to analyze the performance of code ensembles on FSCs, we first derive an
upper-bound on the error probability of linear coset codes transmitted over FSCs,
which is similar to the bound in Fact 2.2. Since we are interested in turbo-like
ensembles that achieve the SIR of FSCs, and since linear codes do not necessarily
induce an i.u.d. input, we need to enlarge linear code ensembles in a way similar

to [41]. This motivates the following definition.

Definition 2.4. Consider a code ensemble C. The coset ensemble C’ generated by C

is defined as the ensemble generated from C by including, for each code C € C, codes

16



of the form C" = {c @ v|c € C} for all possible vectors v. The measure on C’ is the
product of the uniform measure over all vectors v and the measure of the original

ensemble C.

In the following lemma, we establish an upper-bound for the pairwise error prob-
ability between two sequences. This will be needed for the union-bound term of
the aforementioned bounding technique. We denote by P,xv o~ the pairwise error
probability of decoding the sequence x’V with ML decoding on a FSC conditioned

on xV being transmitted.

Lemma 2.5. The pairwise error probability Py~ x~ is upper-bounded as
Py g < DACTXT) (2.19)

where d(x™,x'"N) denotes the Hamming distance between x and x"~, and

— +
D=2 ng(i)nmsax [Qj i +Q;,/Qs_0] : (2.20)
S0 S50

where

1
Q= 5Q01,5)+ ) _Q1,5), (221)
y>0
_ 1
Qs = 5Q001,5) + ), Q1. 5). (2.21b)
y<0
Furthermore, D < 1.
Proof. See 2.5. ]

In order to utilize the techniques in [58] and [19] for bounding the error proba-

bility, a special kind of linear code ensemble is considered. Let 11y denote the set of
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all permutations of N numbers. We define a permutation-invariant code ensemble

as follows.

Definition 2.6. Let C be an ensemble of length-N block codes. We say that C is
a permutation-invariant ensemble if for all permutations 7 € Iy and for all codes
C € C, it is true that m(C) € C and the codes 7(C) are selected with the same
probability. Here 7(C') denotes the codebook constructed by permuting the order of

the symbols in all the codewords of C' according to .

We are now ready to establish an upper bound on the average error probability

of permutation-invariant coset ensembles on FSCs.

Proposition 2.7. Consider a permutation-invariant ensemble C of binary linear
codes with M codewords of length N, rate R, and average weight enumerator A;.
Consider the coset ensemble C' generated by C. Let U C {1,2,...,N}. Then, for
any € > 0, the average (over C') error probability with ML decoding given the mth

message is transmitted is upper-bounded as

Pepm <Y AD + PrXVYN ¢ Ty] + 9~ N(Crup—R—"5%—¢) (2.22)
leU

where D is as defined in Lemma 2.5 and Ty is as defined in Theorem 2.1,

A 2N
A ! _
“= %af}c( M -1 (];’)’ (2.23)

Proof. The proof of this theorem is omitted. This is a simplified version of the proof

of Theorem 2.13 that follows. O

Since the aforementioned ensembles A, B and C are permutation-invariant, The-
orem 2.7 can be applied for those ensembles to prove the SIR-achievability which is

stated as the following corollary.
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Corollary 2.8. For any € > 0, there exists a sequence of the coset ensembles gener-
ated by the ensembles A, B, and C, have limiting (with respect to N ) rate (1—¢€)Cryp
and vanishing average block error probability under ML decoding on FSCs when the

conditions stated in Fact 2.3 are satisfied.

Proof. From the definition of Ty, we have Pr[XYY® ¢ Ty] — 0 as N — oo. Since
the bound in Fact 2.2 and the first and the third term of the bound in Theorem 2.7
have a similar form, the same technique used in Fact 2.3 can also be used to prove
SIR-achievability for the sequence of ensembles A, B, and C satisfying Theorem 2.7.

0

Some observations regarding the complexity of the aforementioned SIR-achieving
ensembles are in order. Regarding ensemble A, the quantity d.(e) is diverging to oo
as log(1/€) when € approaches zero. Therefore, the density of the parity check matrix,
and thus the number of edges in the graph per information bit approaches oo, which
implies an infinite complexity per information bit per iteration even when iterative
decoding is applied. A similar conclusion can be reached for ensemble B, as detailed
in [22]. The advantage of B over A is the universality of the former, i.e., a single
mother code of low rate can be used to approach a wide range of channel SIRs for
different FSCs. Finally, ensemble C achieves the SIR with bounded number of edges
per information bit in the graph representing the code and thus it can be decoded
with finite complexity per information bit per iteration when iterative decoding is
performed. It should be noted however, that SIR-achievability is only guaranteed for
ML decoding of these ensembles.

We also note that if we concentrate only on ensemble C, neither the symmetric
channel assumption nor the non-inverting channel assumption is required for the
proof of SIR achievability. This is so because these two assumptions only enter our

arguments through Lemma 2.5. However, the first term of (2.22) can always be
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substituted by >, A;, which makes the overall upper bound independent of the
Battacharrya parameter. Moreover, for ensemble C, for all [ € U the asymptotic
growth rate of the number of codewords with weight [ is negative [23], and thus the
above sum is converging to zero.

We finally point out that the three examples mentioned above are only examples
of possible SIR-achieving ensembles. Other ensembles may also possess this property
and may also possess additional properties that make them more desirable in practical

applications.

2.3 Capacity-achieving codes on FSCs

In section 2.2, we proposed several LDPC-like coset code ensembles that achieve
the SIR of FSCs. For general FSCs, however, the capacity could be greater than
the SIR. Motivated by the need to achieve rates above the SIR, in this section we
propose a simple quantization technique that induces a Markov distribution on the

transmitted sequence and analyze its performance.

2.3.1 Construction of quantized coset code ensembles

Bennatan and Burshtein [57] presented a method of constructing codes for trans-
mission over arbitrary memoryless channels by using a linear code followed by a
simple memoryless quantization technique. Since memoryless quantization can only
induce an i.i.d. (not necessarily uniform) on the input sequence, and since the capac-
ity achieving input might not be i.i.d. for FSCs, we present a modified quantization
technique that can induce a k-th order (stationary) Markov distribution on the input
sequence. The block diagram of the proposed scheme is shown in Fig. 2.1. Other

methods of constructing codes which induce Markov distribution on the transmitted
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Linear Coset Code

' X \""}
Linear Code | =? 1 3l MakP > FsC |Y»
Vv

Figure 2.1: Capacity achieving transmission scheme with coset codes and Markov
quantization.

sequence can be found in [37,38].

Definition 2.9. Consider a sequence x¥7 and some arbitrary function f : {0, 1} x
{0,1}* — {0,1}. An order-k Markov quantizer (denoted by MQ-k) is a mapping

§: {0, 1} — {0, 1} with 6(xT) = w¥, with the following structure!
wy, = f(x?nT_l)TH, W), n=12...,N. (2.24)

Consider now a pmf of a k-th order stationary Markov process P(w') =
Hszl P(w,|w"~;) for a binary sequence of length N. An order-k Markov quan-

tizer with respect to P (denoted by MQ-k-P) is an MQ-k satisfying

|{X?E—1)T+1|f(x?g_1)j“+1u WZ:}C) = 0}| B
2T -

vwi' L andn=1,2,...,N (2.25)

P(0]wiZ}),

More descriptively, an MQ—k& partitions a length-NT' binary sequence into N
blocks of length T each, and then quantizes each block into a bit using a mapping
that depends also on the k previously produced bits, thus producing a length-N

binary sequence. This is shown in Fig. 2.2. Furthermore, if the input sequence to

'For notational simplicity we do not specify precisely the quantizer for the first k£ symbols. These
edge effects will be negligible for large N. In the following we use x! to denote the subsequence
(T4, Tigr .- 7xj)'
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N=3, T=2, k=1

x=| 0111010

00 00

01 \ 01

_________ 0 ———————

00 /' 10 10

01 0 11 11
10

e 00 ,\| 00

\1\ 01 01

10 10

11 11

&(X)= 011

P(Wi=1 | Wi-1=0)
=2/4
P(Wi=1 |Wi_1=1)
=3/4

Figure 2.2: An example of Markov quantization (k = 1).
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an MQ-k-P is i.u.d., then the quantizer performs quantization in a way that induces
the pmf P on the transmitted sequence. Note that MQ-k-P does not exist for some
pmfs, since there is a granularity of 2=7 in the quantization process.

In the following lemma we establish that if a codeword drawn from a coset ensem-
ble is the input to an MQ-k-P, then the induced pmf on the transmitted sequence

w is indeed P.

Lemma 2.10. Consider a length-NT coset ensemble C'. A code C' is picked from
the ensemble and a codeword ¢ € C" is picked uniformly from this code. Let P be a
pmf of an arbitrary kth order Markov process for a binary sequence of length N for
which an MQ-k-P exists. The codeword ¢’ is quantized into w = 6(c’) where §(-)
is an MQ-k-P. Let P be the induced pmf on the transmitted sequence w”~. Then,

P=P.

Proof. Since C' is generated by adding a uniformly selected random vector to all
codewords of all codes of C (the original ensemble from which C’ is generated), we

have

Pric/ = aNT] =277 for all a¥7" (2.26a)
Prictlyry =a'lwij=b"]=27"
for all a’, b, and 1 < j <i < N. (2.26b)
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Therefore,

N
P(w™) = T] Plwi|w™) (2.27a)

=1
N

=112 Priwi.cilyrin =alw'"™] (2.27b)
=1 aT
N

= H Z Pr[wi|c/(iz‘Tf1)T+1 =a’, Wi_l]Pr[cl(iinl)T+1 =a'|w'] (2.27¢)
i=1 aT
N

= H Z Pr[wi](:’(iiT_l)TH =al w277 (2.27d)
i=1 T
N

= HZP [wl|c (i—1)T+1 = =a’ w277 (2.27e)
=1 T
N

=[I> 1{r@ wi)=w}2™" (2.27f)
i=1 aT
N

= [ Plwilwi) (2.27g)
=1

= P(w"), (2.27h)

where (2.27d) is due to (2.26b), (2.27¢) and (2.27f) is due to the definition of a quan-
tizer (Definition 2.9), and (2.27g) is due to (2.25). Here I {-} denotes the indicator

function of its argument. O]

2.3.2 Analysis of Markov-quantized coset code ensembles

In this section, we derive an upper-bound on the error probability of quantized
linear coset codes over FSCs. First, we establish an upper-bound on the pairwise

error probability between two sequences which is similar to Lemma 2.5.

Definition 2.11. An MQ-% is called “robust” if the all-zeros block of length 7", 07,

and the all-ones block of length T', 17, are quantized to different values regardless of
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the quantizer memory, i.e.,

vwh e {0,1}F . f(oT,w") # fF(1T, w"). (2.28)

This property will be used below to establish a pairwise error probability upper

bound between two codewords having Hamming distance NT' before quantization.

Lemma 2.12. Consider a code C. Let C' be an ensemble which consists of codes
of the form C'" = {c ® v|c € C} for all uniformly selected vectors v € {0, 1},
A code C" € C' is quantized using a “robust” MQ-k-P before transmission. Then,
the ensemble-averaged pairunse ML decoding error probability Fe‘m,m/ of decoding

message m' when m is transmitted on FSC when d(cp, Cy) = NT is upper-bounded

as
P < DY, (2.29)
with
D, & ZT_Q%D, (2.30)
and D as defined in Lemma 2.5.
Furthermore, D < 1.
Proof. See 2.6. O

It is noted that the above Lemma is more specialized than Lemma 2.5 in that
it only establishes a bound for a pair of maximally separated codewords. As shown
below, this is sufficient for our purpose of establishing capacity-achievability for the
quantized ensembles A, B, C defined earlier. However, it might not be sufficient
to prove capacity achievability for other quantized ensembles. As it turns out, this
bound can be generalized to non-maximally separated codewords. However, due to

space limitations we do not present this more general result.

25



We now state an error probability upper bound for Markov-quantized ensembles.

Proposition 2.13. Consider a permutation-invariant ensemble C of binary linear
codes with M codewords of length NT', rate R/T, and average weight enumerator
A;. Let C' be the coset ensemble generated by C. A code from C' is quantized using a
“robust” MQ-k-P, and transmitted over an FSC. Let U C {1,2,..., NT} and NT €
U. Then, for any € > 0, the average error probability with ML decoding given the

mthe message is transmitted, is upper-bounded as

J— _logga

Pom < Y A+ AypDY + PrXNYN ¢ Ty 27 MO f-78779 0 (2.31)
leU\{NT}

where

zl 2NT
C= R 1) (2:32)

Proof. See 2.7. O

The following corollary proves that the coset ensembles generated by the ensem-
bles A, B and C mentioned in Section 2.2 in conjunction with an MQ-k-P achieves

Cp by using Theorem 2.13.

Corollary 2.14. Consider a sequence of coset ensembles generated by the ensembles
A, B, and C mentioned in Section 2.2 with length NT. For a given pmf P of a
stationary ergodic Markov process, a “robust” MQ-k-P s used to quantize these
ensembles before transmission. Then, for any € > 0, there exists a sequence of
quantized coset ensembles generated by A, B, and C, have limiting (with respect to
N) rate (1 — €)Cp and vanishing average block error probability under ML decoding

on FSCs when conditions stated in Fact 2.3 are satisfied.

Proof. The form of the bound in Theorem 2.13 is slightly different from that of the

bound in Theorem 2.7. The union bound part with Battacharrya-like parameter in
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Theorem 2.13 is established only for [ = NT instead of being established for the
whole set U as in Theorem 2.7. However, this is not problematic, since ZZGU\ (NT} A

approaches 0 as N — oo for all three ensembles. Hence we can proceed again as in

the proof of Fact 2.3. O

Since a sequence of stationary ergodic Markov sources asymptotically achieves the
capacity of FSCs as the order k goes to infinity as in [35], a sequence of quantized
coset code ensembles asymptotically achieves the capacity of FSCs for a large enough
T. We note however, that [35] does not provide any useful bounds on how fast (with
respect to k) a k-th order Markov process approaches the capacity of a FSC, and
thus, we cannot make more accurate predictions about the requited order of the
MQ-k-P.

As mentioned in the previous Section, if we concentrate on ensemble C, neither
the symmetric assumption nor the non-inverting assumption about the channel is
required to prove capacity achievability, since these two assumptions only enter our
arguments through Lemma 2.12 which is not needed when proving capacity achiev-
ability for ensemble C. Thus, for a large enough k£ and T, the quantized coset ensemble

generated by ensemble C can achieve the capacity of any binary-input FSC.

2.4 Proof of Theorem 2.1

For a specific code, let Pg; denote the probability that there exists some code-
word ¢,y such that Q(y|c,) > Q(y|cn) and d(cp,, c,) € UC. Let Fgm denote the

corresponding ensemble averaged probabilities. Then,

- U —=Ue

Consider now a new ensemble of codes generated by removing all codewords which
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satisfy d(cp,, cmr) € U. Let F;‘m be the average error probability of the new ensemble

U
el

when the mth codeword of the original ensemble is transmitted. Then, P m < F’dm.
From now on, we will upper-bound Felm' Consider a decoder which declares that

the ith message is transmitted if there exists a unique c; satisfying
(ci,yV) € Ty. (2.34)

Otherwise, it declares an error. Then, the probability of error of the ML decoder is

upper-bounded by the probability of error of this decoder. Let

E; = {(ci,y") € Tn}. (2.35)

Then,
Y < Pr B U (Uny s Bt )] (2.36a)
< Pr[ES] + > PrlE.]. (2.36b)

m'#m:d(cm,c,, )EUC

where y¥ is interpreted as an output corresponding to c,,. We have

PriES] =Y Prl(cm,y") ¢ Tnl, (2.37)
yN
and for m’ # m,
Pr(Ew] = Pri(ca,y") € Ty]. (2.38)
yN
Note that
P,,, <> PriClPr[ES] + > Pr(C] > Pr[En]. (2.39)
C C m/'#m:d(cm,c,,, )€U
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We have

S prC1Pr[ES] =)0 Pric, =xNPr{(x",y") ¢ Ty

= > PEMPrIxN,yN) ¢ T

yN xN

= Pr[XNYN ¢ Ty,

and

> pr(c] > Pr[E,]

C m/#m:d(cm,c,,, )€U

= Z Z Prlc,, = xN]Prlc,y = xV|c,, = x"]

m/#Fm xN x'N:d(xN x'N)eUe

X Z Pr((x™,y") € Ty)]

<> > > P(x")aP(x™)Pr((x™,y") € Ty)]

m'#Em yN xN x/N.d(xN x'N)cU¢

<a ). Z Z P(x M Pr((x™,yN) € Ty)]

/#m y xN
<a ) > PENPEMQNXY)
m/#m xN (x'N yN)eTy

0 Y PEYyPEY)

m'#FmxN, (x'N yN)eTy

Yy Y, PEMPEY)

m'#Fm (x'N yN)eTn

Note that we have, for (x'V,y") € Ty,

P(y") < Q(yN[xN)2- NP,
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(2.40a)

(2.40D)

(2.40¢)

(2.41a)

(2.41D)

(2.41c¢)

(2.41d)

(2.41e)

(2.41f)

(2.41g)

(2.42)



Hence,

> pric] > Pr[Epy]

C m/#m:d(cm,c,, )€U

e Y 3 PEMQEN M e (2.430)

m'#Fm (x'N yN)eTy

<oy 27N (2.43D)
m/#m
Consequently,
P, < PrIXVYN ¢ Ty] + (M — 1)a2*N<CP*E> (2.44a)
< PrIXNYYN ¢ Ty + 2 NCr-B= 520 (2.44Db)
Finally,
P < Py + PrXNYN ¢ Ty] 4 27N Or-A-255 0 (2.45)

2.5 Proof of Lemma 2.5

Consider a decoder with the following properties. First, the decoder assumes that
the FSC stays at the state sy for the whole transmission of x. Second, it quantizes

every received value y to z in the following way

1, when y > 0
, when y < 0 (2.46)

+1 w.p. 1/2, when y = 0.

Third, it decides that xV is transmitted instead of x'V if and only if P(z"|x",s}) >
P(zV|x'N slY), where s = (so0,80,...,50). Then, the pairwise error probability

between xV and x’V with ML decoding is no greater than that with this decoder.
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Therefore,

P son <Y PV xMI{P(z"x",s)) < P(z"|x"™,s))}

SZP(ZNRN)\/ ((ijv\zjvv N;

N

P(z|x}, s0)

= p(s" P(zilzi, s\ | 51—
2 2 PO [ PCalonosiy

) - P(z|z%, s0)

_§P(s |x )E{;P(d%ﬁsi) M}

:ZP(SN‘XN) H {ZP(z!xi,Si) E :i Soi
- B . iy 20

) o P(z]0, so)
_SZNP(S Ix )x‘H { z P(z]1,5;) m

P(z|1, s0)
x HO{ZP('Z’O:&') W}

;= z

95 P ] {ZP 2|1, 5;) E :(1) :;}

Lx A

SZP(sN|xN) H maX{ZP 2|1, s) PE :(1) :%

iy A

d(xN x'N)
_ P(20, 50)
= [max{zp 2|1, s) ( 1, 5) }] ,

(2.47a)

(2.47D)

(2.47c¢)

(2.47d)

(2.47e)

(2.47f)

(2.47g)

(2.47h)

(2.471)

where [ {-} denotes the indicator function of its argument, and the equality in (a) is

due to the fact that the channel at each state is symmetric. Since the above is true
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for any choice of the hypothesized state sg, we have

PG‘XNJC/N
P( ‘O ) d(xN,x’N)
. Z1Y, So
< > P18y | 5 2.48
= lniénmfx{ a (2]1,5) P(zu,so)}] (2.482)
= pAc ), (2.48b)

In order to show that D < 1 we argue as follows. Since the channel at each state

is non-inverting, we have

Jr —
S0 S0
- >1> v (2.49)
Hence, for any sg we have
s* £ arg max [Qj —S:LO + Q5 ;_%] (2.50a)
s & Q
= arg max Q5 (2.50b)

which means that the maximizer of (2.50) is independent of s5. Thus choosing

sp = s* we have

- +
D < Q| =5+ Q| == =24/QLQ, < 1. (2.51a)

s* s*

2.6 Proof of Lemma 2.12

Consider a decoder with the following properties. First, the decoder assumes that
the FSC stays at the state sy for the whole codeword transmission. Second, it quan-
tizes every received value y to z according to (2.46). Third, it decides that message

m is transmitted instead of m’ if and only if P(z"|d(c),),s)) > P(zV|d(c.,),sl),
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where c,,, ¢/, € C’, §(-) is the Markov quantizer mapping, and s’ = (s, So, - - ., So)-
Then, the pairwise error probability between m and m’ with ML decoding is no

greater than that with this decoder. For a binary sequence x"7', let

S(xNT) £ (5(xNT)1, 8(xM g, o, 5(xVT ) y) . (2.52)
Then,

P < ) P |6(c,, )T {P("]3(c},),87) < P(z"]8(c)0).50) } (2.53a)

2Ni5(e ), [ EE (), 80)
<;P( |0( >>\/P(zN|6(c;n),sg)V) (2.53h)
=33 P ] {puiw(c;n),-, >\/ 112(('|‘f5<(m)’)> } (2.53¢)

¥ max z C/ s P<Z|5(C;n’)i750)

sg ‘ {ZZ:P( [3(ch,)i. )\/P(Zlé(c%)i,SO)}. (2.53d)

We can now average over the ensemble C’, which is equivalent to averaging over

all possible translation vectors, as follows
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Pe\m,m’

<E,

i P(z[d(Cm @ V)i, s0)
zH1 max {; P(z|6(cpm @ V), 8)\/P(z|6(cm 5v):.50) H (2.54a)
) Z 2% (2.54b)

P(z]6(v);, so
X Hmax{zp z|0(Cmr & Cm B V)i, )\/P(z](S(ci@/‘@(cL@z’)i,SO)}

<> 2% H max {Z PN @ v, S)\/P(zﬁ((iyigvé;’ji) . } (2.54c)
<> 2% (2.54d)

N

P(2]6(v)i, s0)
P(z|5(1N7 :
4>< H max{ E (2[0(177 ® V)i, >\/P(z]6(1NTEBV)i,SO)
=10(v)i#6(INT V)

N

< 22% H maX{ZP 2|0, s) E :é zz;} (2.54e)

i=1,6(v); #6(LNTv);

where (2.54b) is due to a change of variables in the summation over v, (2.54¢) is due
to the fact that the two codewords in consideration are distance NT' apart, (2.54e)
is due to the state conditioned channel symmetry. Since the above is true for any

choice of the hypothesized state sg. we have

N

P(z|1
Pejmm < Z ONT H minmax{z P(2]0, 5) (2] ,So)} (2.552)
i=1,0(v)i#(ANT@v); o z P(z|0, 50)

N

<> 2% 11 D (2.55b)

i=1,6(v);#5(1NT pv);
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N N

<> 2% 1T D 1T D|. (2.55¢)

i=1,6(v)i#6(IN T ov); i=1,6(v)i#6(1N T @v);,
Vézrfl)T+1:0T VE?—l)T+1 #07

Since D < 1 (due to Lemma 2.5), the last factor is upper bounded by one. Further-

more, since the quantizer is “robust”, for every ¢ for which Vé;fr_l)T = 07, it is also

true that 6(1V" @ v); # d(v);. Thus we can write

N
_ 1 i _
Pemant < Y g [ | D' (2.562)
v =1
i . N
_ (E{DI{V(?—UTH*OT}}) (256b>
T —1 1 \V
_ < i 2—TD) (2.560)
= DY, (2.56d)

where E{-} denotes expectation. Again, since D < 1, we deduce that D; < 1.

2.7 Proof of Theorem 2.13

We will use the bound in Theorem 2.1 which is stated as follows.

U

P < P+ PrXNYY ¢ Ty] + 9~ N(Cp—R—15%—c) (2.57)

First, we will bound ﬁgm by using the union bound. Consider a code in C" which
results from a code C' in C having weight distribution A; by adding a constant vector

to all codewords. Let P, ,»» be the pairwise error probability between messages m
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and m'. Then,

Pel\]m < Z Pe|m,m’ (258&)

m'#m:d(ch, ¢! )€U

= > P + > P (2.58D)

m’;ém:d(c’m,c;ﬂ,)eU\{NT} m’;ém:d(c;n,c;n,):NT

< > 1+ > Popmm (2.58¢)
m'#mud(c, el )EUN{NT} m'#mud(cl, ¢ )=NT

= Z Al + ANTPe\m,m’- (258(:1)
IEU\{NT}

Let ﬁel‘fm’c be the average of PU

ejm OVer the coset ensemble generated by C. Then,

from Lemma 2.12,

Pl.c< Y A+ AvD). (2.59)

elm,C =
IEU\{NT}

Then, the average error probability (over the ensemble C’) is

_U ~
P,,, =Y _ Pr(C)P}, o (2.60a)
ceC
< Z A, +AyxpDY. (2.60b)
IEU\{NT}

To apply Theorem 2.1, the code ensemble must satisfy (2.8) and (2.9). In [58], a
code ensemble which satisfy (2.8) and (2.9) is generated from a certain linear code
for MBIOS channel. In the following we point out how the derivation is different
from the one in [58]. In [58, Lemma 1 and Th. 1], starting from an original code
C, three ensembles are generated with increasing degree and randomness. The first
ensemble C! is generated by including o(C) in C!, for all ¢ € Sy, where o(C) denotes
the code resulting by permuting the order of codewords of C according to . The

second ensemble C? is generated by including 7(C') in C?, for all 7 € Sy, and for
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Figure 2.3: Relation between different code ensembles used in the proof of Theo-
rem 2.13.

all C1 € C1, where 7(C') denotes the code resulting by permuting the order of the
symbols of all codewords in C* according to w. The third ensemble C? is generated
by including codes of the form {c? ® v|c? € C?} in C3, for all v € {0,1}", and for
all C? € C?. Although in [58], C? is generated starting from a specific code C, it
is straightforward to see that the conclusions drawn in that paper still hold if C? is
generated starting from an ensemble of codes, with the only difference being that the
average weight distribution over the original ensemble is used in place of the weight
distribution of the original code. Furthermore, it is true that the order of the three
operations which generate Ct, C?, C? is irrelevant. Therefore, if we apply o to the
coset permutation-invariant ensemble C’ to generate a new ensemble C”, then C” also

satisfies

Prlc] = xNT] = 27N Vie{l,...,M} (2.61a)
Pr[c! = XNT]c;' = x] < aPr[c! = x|

Vi,j € {l,..., M} with i # j and d(cj,c}) € U°, (2.61b)

with o = maxepe %% (recall that C" already includes all symbol-permuted and
vector-translated codes. In other words, C” can be thought as generated from Cy by
applying symbol permutation, vector translation, codeword permutation as depicted

in Figure 2.3).
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Now consider quantization of the ensemble C” that produces the Markov quan-

tized ensemble W’. We have,

Pris(c)) =w]= > Prlc/ =x] (2.62a)
x:0(x)=w
N T (2.62b)
x:0(x)=w
= P(w), (2.62¢)

where the equality in (a) is due to (2.61a). Furthermore, for c,cj such that
d(c;’,c;-’) e Ue,

Pr{o(c]) = wlé(c]) = w']

(2

_ Prio(c) = W,(S(c;-’) =w|

2.63
Pro()) = w (2.632)
. Zxﬁ(x)zw Zx’:é(x’):w’ PT[C{L'/ = X, C;'/ = X/] 2.63b
B > Pr[c! =x/] (2.63b)
x':5(x")=w’ J
(@) x:0(x)=w x":0(x")=w’ QQ_NTPT ¢/ =x
< Z 6(x)= Z S(x)= [ Jj ] (2630)

Zx’:&(x’):w’ PT[C;/ = X/]
= ) a2V (2.63d)

X:0(X)=w

_ &P(W), (2.636)

where the inequality in (a) is due to (2.61b). Note that the average error probability
of the quantized ensemble W’ of C” is the same as the average error probability of
the quantized ensemble W' of the original coset permutation-invariant ensemble C’
(see Fig. 2.3).

Even though (2.62) has a slightly different form than that of (2.9), we can still
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apply Theorem 2.1 for this quantized ensemble. Then, for any € > 0,

Paw < Y A+ AyrDY + Pr{XNYY ¢ Ty] 27 VOr- B2 (2,64
leU\{NT}
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CHAPTER 3

A single-letter capacity expression for finite-state

channels with feedback

3.1 Channel model and preliminaries

We consider channels with input X; € X, output Y; € ) and state S; € S at
time ¢. The corresponding input, output and state random processes are denoted by
(Xe)2y, (Y2, (Si)2,, respectively. Input, output and state alphabets are finite
and of size |X| = K, |Y| = K, |S| = K, respectively. At time ¢ the receiver has
access to the current channel output y; and state s;. The state s; and output y; are
fed back to the transmitter with delay d. The state transition and the channel output
stochastic kernel at time t are given as Q(s;11|s¢, ) and Q' (y:|xy, s¢), respectively.

Note that channel state evolution is affected by both nature and ISI.

Definition 3.1. A sequence of joint measures {P(z7, s”,y7)}3%_, where vT denotes
the length-T" vector (vy,...,vr) is directed information stable if
%
; XT'ST YT
m P55 YD) oo veso, (3.1)

Tooe” N I(XT — ST,YT)

where 7(XT; ST YT) =log o PEllstyl)  anq I(XT — ST YT =

1 P(Z‘t‘st717yt71)
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ST I(XE S, Y| St v,

Throughout the chapter we assume directed information stability.
In [54] the authors have developed a capacity expression for the general class of
such channels with unit feedback delay (which includes the case in which only the

channel output is fed back to the transmitter) in the form of

T
1
C= sup liminf—ZI(Xt;St,Yt|St_1,Yt_1). (3.2)
t=1

_ _ _ T—
{Pfot—1 sty g, 100 T

This expression was further simplified in [54] to

T
1
C = sup liminf =~ T(Xy, Iy; Sp, Vil S-1, T) (3.3a)
=1

{P(ze|me,vese—1) 1352, Tooo T =
= s IXILSY|S,T) (3.3b)
{P(XIILL,S )b p s
where I, € P(S) defined as IT,(s;) & P(s,| X1, S YY), and T, € P(P(S))
defined as I'y(m;) e P(m| ST, Y1), In the above, P(S) is used to denote the set of

probability measures on the set S.

Definition 3.2. Consider a Markov decision process specified by (S,.A, P, ¢), where
S is the state space, A is the action space, P is a stochastic kernel on S given S x A,

c¢:S x A — R is the instantaneous cost. An ACOE of this process is given by
p+ h(i) = min {c(z,a) +ZP(]|z,a)h(])}, (3.4)
JES
where p is a scalar, h : S — R. If a bounded solution (p, h) exists p is the minimum

average cost.

It was further shown in [54] that the above capacity expression can in principle

be evaluated as the solution of an appropriate ACOE [65, Th. 6.2., Th. 6.3.].
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Clearly, the presence of the quantity I" in (3.3a) renders this expression practically
useless since a measure on the measures over a finite set needs to be considered. This
complication is not surprising, since the above expressions were developed for general
feedback patterns. Since in this work we are only interested in the special case where
both state and output are fed back to the transmitter, it may be possible to get
a significantly simpler capacity expression for such channels. We will pursue this
direction in the following section, and we will show that a simpler capacity expression

is possible even in the case of arbitrary finite feedback delay d.

3.2 A single-letter capacity expression for the

FSC with arbitrary feedback delay

The expression given in (3.2) is valid when d = 1. In the following, we first derive
a similar capacity expression for the FSC where the both channel output and state
are fed back to the transmitter with arbitrary delay. This expression will serve as

the starting point for the derivation of a simplified single-letter expression.

3.2.1 Capacity in the case of arbitrary feedback delay

Definition 3.3. A channel code-function is a sequence of T" deterministic measurable

maps {f;}_, such that f; : S x Y*=¢ — X which maps (s"7¢,y"¢) — ;.

Suppose that code-functions {f;}Z, are generated according to the measure
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P(fT). Then, the induced joint measure on all relevant random variables is

= Hp(xt“ctaSt_d?fyt_d)P(Stayt|ft>St_17yt_1)P(ft|ft_1ast_1>yt_1) (35&)

X Q(selsi—1, fior (s Ly TN P(fil f17). (3.5b)

Lemma 3.4. Given P(fT) and the induced joint measure P(fT, z7 sT y*) by
P(f"),
I(FT; 8T vh) = (X7 — ST, vT). (3.6)

Proof. For zt = fi(st=4, yt=%)

P(s",y"f7) Ty PGseyels™ g f)

P(sT,y7) P(s",y") o
T PG yilat, s g™ (3.7b)
- P(sT,y7) |
I Plssy et sty (3.7c)
1) Plse yelst=",yt)
17 Plnmlet syt (3.7d)

P(se, yel s, yt71)

t=1

After taking expectations on the logarithms of the above, we obtain the final result.

[
Following [54], we define the following quantities.
Definition 3.5. Let graph(f,) = {(s*~% ¢4 ;) : fu(s" %yt~ = 2, ).

Definition 3.6. Let o(s*% ¢4 ;) = {f, : (s" %4 y"% x,) € graph(f,)}. We also

denote o (s~ y=4 at) = {ft: (s~ y"' =4 xy) € graph(fy), for all ' =1,2,... t}.
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Lemma 3.7. Given P(fT) and the induced joint measure P(f7, 27, sT yT), we have

P(zy|at™t, sty =) = Py -1 (o (s y' =4 ay) [0 (s 07yt 2t ).

Proof. We have

P(l’t |$t71 ’ Stfd7 ytfd)

= P(z,]o" (s y Tt sy ) (3.82)
— P(O’t(stid, ytfd’ $t>|0_t71(8t7d71’ ytfolfl7 $t71)’ Stfd’ ytfd) (38b)
— P(O’t(stid, ytfd, :L,t>|0_t71(5t7d717 ytfdflj xtfl)). (380)

]

Proposition 3.8. The capacity of the FSC with arbitrary feedback delay is

T
1
Cy= sup lim inf — Z I(X" S, Y|S0 vih. (3.9)
=1

_ _ _ T—
{P(arlat—1 st—dyt=a)y T yse T=oe T 42

Proof. What we want to show is

T
1
sup liminf—Z[(Xt;St,Yt\St_l,Yt_l)

_ _ _ T—
{P(odlat—1st-dyt-a)yT_yee | Too0 T 4=

1
= sup lim inf T[(FT; STy (3.10)

{P(fel =T yge, 1700

For a given {P(x;|x'™t st =)}, we construct P(fT) as follows. For every t

P(ft’ft71> _ H P(xt|ft71<st7d71’ ytfdfl)’ Stfd7 ytfd)' (3.11)

(st=dyt=d ) Egraph(ft)

Since we have Lemma 3.4, to show that (3.10) is true it only remains to show that the

induced channel input distribution by P(fT) equals to { P(x|z'~t, st~ y'=4)}T,.
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We have for every t

Prysei(on(s =y e |17 = Plad A4y ), sy, (312)

Consider now the induced channel input distribution {Q (x|~ st~ 3=}, by

P(fT). We have

Q(xtm,tfl’ Stfd7 ytfd) — P(Ut(stid, ytfd’ xt)‘atfl(stfdfl, ytfdfl’ l,tfl)) (3.13&)

= Pa e’ sy 1), (3.13b)

where the first equality follows from Lemma 3.7, and the second equality due
o (3.12).
Hence (3.10) is true. Furthermore, by Lemmas 5.5, 5.6 and Theorems 5.2,5.3

in [54], the right-hand side of (3.10) is the capacity of this channel. O

We have found the capacity expression of the FSC with arbitrary feedback delay.

In the next section, we will simplify this expression.

3.2.2 A simplified capacity expression

Consider the term I(X*%;S;,Y;|S*1 Y1) with the channel input distribution
Pzt 874 y*=4) in (3.9). The following theorem proves that the form of the

optimal channel input distribution can be simplified.

Lemma 3.9. For every T,

T
1
sup ZI X' 8, v syt
{P(zifat =t std =)y +
1 T
= sup ZI (X} 43S, VS Yy, (3.14)
{P(wt|ay”4,st=dyt=d) tT: t=1
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Proof. See 3.4. O

The above lemma shows that in order to achieve capacity it is sufficient to restrict
the channel input distributions to be of the form of P(z|z!”} s y*=%), i.e., the

capacity expression becomes

T

1

C = sup lim inf T Z I(X! 8, Y S vt (3.15)
{PGilet sty b5, T T

To further simplify the capacity expression, we will formulate a control problem

which is equivalent to the problem of computing capacity.

Problem 3.10. Let (Xf:;, Si—a, Yi—a) be the system state at time ¢, and (S;_q4, Yi—q)
be the controller observation at time ¢. Let the control action at time ¢ be U; :

X1 — P(X) defined as Uy (xy;217Y) = P(x|a!=}, 5174, Y*=4). Further, define the

P(St7n|5t717yt717Xtt_1)

P(St,Yz|St—1)Yt-1) The control

instantaneous reward at time ¢t to be R, = log

problem is to determine the optimal policy g = {g:}2, (such that u;, = g;(s'~%, y'~%))

that maximizes the average expected reward lim infp_ % Ele EI[Ry].

First we need to prove that the above control problem is equivalent to the problem
of computing capacity as stated in (3.15). All that is required is to show that the
sequence of measures {P(z!_,, s*,y")}°, induced by the channel input distributions
{P(zy|xi=) st g9}, is equal to the sequence of measures {PI(x!_,, s, y')}2,
induced by the control policy g. This equivalence is established in the following

lemma.

Lemma 3.11. For every sequence of channel input distributions

{P(zy|2l=h st yt=)}2,  with  resulting  sequence  of  joint  measures

P(at_, sty there exists a polic with resulting sequence of joint mea-
t—d Y)rt=1 y9g 9 J

sures {PI(zt_,, s',y")}2, such that for each t: P9(xt_, s' y') = Pz, s"y").
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Conversely, for every policy g with resulting sequence of joint measures

{P9(xt_,, 8" y")}2, there emists a sequence of channel input  distribu-

tions {P(x]x!”} sy}, with resulting sequence of joint measures

{P(at_,, s y") 2, such that for each t: P(at_,, st y') = P9(xt_,, st y).
Proof. See 3.5. [
We are now ready to state and prove the main result of this chapter.

Proposition 3.12. The capacity of the finite-state channel with output and state

feedback with arbitrary delay is

Cy= sup (X, X8, Y|S Y"1 @) (3.16)
{P(X|X'9.51.0)} xid 51 0

where © € P(X?), and the mutual information is evaluated using the joint measure

P(Y7 S? X7 X(Cl7 S,dJ Yld_l? d@)

d
-y @’<Y|S,X>@<S|S;,X;>(H@'(Yg1|s;,X;>Q<s;\s;1,X51>)
1=2

Xrd—1

x P(X|X", S, 0)0(X')P(S],do). (3.17)
The distribution P(S,dO) is the solution of the equation

P(S,do)

:/S,ep(sl’d@) Z 6‘”(9’P(X\X’d,S’,G),Y,S,S’)(@/)

Y, X, X'd

x Q'(Y|X, $)Q(S|S", X)) P(X|X", 5", ©)0(X"), (3.18)

where the function w(-) is defined in the following proof.
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Proof. See 3.6. m

To find the capacity using (3.16), we need to identify the stationary distribution
of S and © for each choice of P(X|X", S}, ©) using (3.18), and evaluate the mutual
information by using the joint measure specified in (3.17). Alternatively, we may
use dynamic programming to find the capacity. In other words, the optimal value
in (3.16) can be obtained by the solution of the following ACOE with some bounded
function n : § x © — R [65, Th. 6.2., Th. 6.3]

Ca+n(s,0) =sup J(s,0,u), (3.19)
where

J(s,0,u)

=7(s,0,u)
(0l wl60,0 .50 T Q) T Qs ula's 90 ).
(3.20)

and 7(s,0,u) = E[R|S;_q = 5,041 =0,U; = ul.

3.3 Special case: No ISI

So far we have considered the situation when there is ISI. Now let’s consider the
special case with no ISI. In this case, the state transition stochastic kernel at time
t is given as Q(s¢41]5¢). Viswanathan found the capacity in this case in [52]. In the
following we provide an alternative approach to showing this result using stochastic

control.
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Consider the term I(X?%;S;, Y;|S™1, Y1) with the channel input distribution
P(zg|zt71, s y=4) in (3.9). We can simplify the form of the optimal channel input

distribution in similar ways to (3.14).

Lemma 3.13. For every T,

T
1
sup — I(X% 8, Y ]Syt
{P(z¢|at=1,st=d yt=d)}T T tzl
1
= sup Z I(X,;Y,|St, Yyt h. (3.21)

Palst—y-anyt, T
Proof. See 3.7. u

The above lemma shows that in order to achieve capacity it is sufficient to restrict
the channel input distributions to be the form of P(z;|s*=¢,y'~9), i.e., the capacity

expression becomes

T
1
C= sup liminf—Z[(Xt;Kg\St,Yt*l). (3.22)

_ _ T—
{P(ilst—dy— )Ly, 10 T4

To further simplify the capacity expression, we will formulate a control problem

which is equivalent to the problem of computing capacity.

Problem 3.14. Let (S;_4,Y;—4) be the system state at time ¢, and (S;_q4, Y;—q) be
the controller observation at time ¢. Let the control action at time t be Uy € P(X)

defined as Uy(z;) = P(z,; 8%, Y*9). Further, define the instantaneous reward at

P(Y;|St Y1 Xy)

AN The control problem is to determine the optimal

time ¢ to be R; = log
policy g = {g:}5°, (such that u; = g;(s'~%, y'~9)) that maximizes the average expected

reward liminfr_, o % Zthl EI9[Ry].

In similar ways to Lemma 3.11, we can see that the above control problem is

equivalent to the problem of computing capacity as stated in (3.22).
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We are now ready to state and prove the main result which confirms the results

in [52].

Proposition 3.15. The capacity of the finite-state channel with output and state

feedback with arbitrary delay is

Cq= sup I(X;Y]S,S) (3.23)
{P(XI5")} s

where the mutual information is evaluated using the joint measure

P(Y,S, 5" X)
= Q(v15.X) Y Q515 [ QUSIS-)Q(SIS)PXISIP(S). (321
gd—1 t=2

The distribution P(S) is the solution of the equation

P(S) => " Q(S|S")P(S). (3.24b)

Proof. See 3.8. O

3.4 Proof of Lemma 3.9

First, note that we have for every ¢

[(X"%8, Yi|s"™h Y™
= I(X] ;S Y |S" Y + (X2 8, Y| S vyt XL ) (3.25a)

WXt ;8. vi|StL Y, (3.25b)
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where (a) is from the fact that S;,Y; is independent of X'~? given S; 1, X! ;.
Each of the terms (X} ;;S;, Y;|S™!, V') in the summation is evaluated based
on the joint distribution P(x}_,,s',y"). We now proceed by induction to prove
that the sequence of measures {P(z!_,, s, 4")}; induced by the sequence of chan-

t=d yt=d)1T | equals to the sequence of measures

nel input distributions { P(z|z'~ !, s
{Pi(zt_, sy}, induced by an appropriately defined sequence of channel input
distributions of the form {P;(z|2!=}, s y*=4)}L .

For t =1 we set P,(z1) = P(z) and have

Pi(21,51,91) = Q' (y1]s1, 21)Q(51) Pi (1) (3.26a)
= Q' (y1ls1,21)Q(s1)P(x1) = P(a1, 51, 41). (3.26b)
Now for ¢ + 1 we set Pj(@ypq|zt_yq, sy 70 = P(aysa|al_y,, 870 yimdtt)

and have

t+1 t+1, t+1
Pz g8y )

t+1

:( H Q'(yz'|8z‘al’z‘)Q(SHSz‘—la$i—1))P1($t+1|$§_d+1,3t_d+17yt_d+l)
i=t—d+2
<Y Pleesty) (3.27a)

t t
Tt—d>St_d4+2°Yt—d+2

t+1
= < I1 Q/(?Jilsi,%)Q(SJSi1>5Ci1)> P(zp]a_gey, sy ™)

—
S
N

i=t—d+2
<Y Pl (3:271)
t t
Tt—d>Sy_qgy2Yt—d+2
= Pt s y™), (3.27c)
where (a) is due to the construction of Py (zyi1|2t_, 1, s, y*~4), and the induc-

tion hypothesis. The above equality implies that the equality in (3.14).
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3.5 Proof of Lemma 3.11

We will use the notation u; = g,(s'=% y'=%)

w(wy i) = gils'™ Y= (w2 2)).

For the direct part, for each ¢ we choose a policy g; as

gils"™ %y (w2 7y) = Planla=y, sy

I

and proceed by induction.

For t = 1 we have

PI(x1,81,91) = Q’(y1|51,x1)Q(51)g1(x1)

= Q'(y1ls1,21)Q(s1) P(w1) = P(x1,51,51).-

Now for ¢ + 1 we have

Pg<xit(li+17 St+17 yt—i-l)
t+1
= ( H Q/(yi|3iaIi)Q(3i|3i—17xi—1)>
i—t—d42
X Gt [s7 Ty (24 Ty gi1)

X Z Pg(‘rifd?Stayt)

¢ t
Tt—d>St_d+2Yt—d+2

t+1
:< H Ql(yi|si,$i)Q<5i|si17371'1))

i=t—d+2

—
S]
N

t—d+1 t—d+1)
Y

X P(zen|Ti_gi, 5

X Z P(ﬂfi—m Sta yt)

t t
Tt—d>St_d+2Yt—d+2

Y

:P( t+1 t+1 t+1)

xt7d+17 S ) y 9
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and for convenience, we will write

(3.28)

(3.29a)

(3.29b)

(3.30a)

(3.30D)

(3.30¢)



where (a) is due to the choice of the policy g;1; and the induction hypothesis.

For the converse, for each ¢ we choose a channel input distribution as

P(z]al=) sy =) = PI(xy|2t =), sy )

= Gt [Stfdv ytfd] (43 flfi:,li)-

Then, for t = 1 we have

P(x1,81,11) = Q/(y1|517$1)Q(51)P(331)

= Q'(y1]s1,71)Q(51)g1 (1) = P21, 51,91)-

Now for ¢ + 1 we have

t+1 t+1 , t+1
P<xt—d+1= s Y )

t+1
:( H Q/(yz"Si,xz‘)@(sﬂsi—l’xi—l))
i=t—d+2

X P(xt+1’$§—d+1> st ytfdﬂ)

X Z P(%i_d,st,yt)

¢ t
Tt—dsSt_d+2°Yt—d+2

t+1
—< H Q’(yi]si,xi)Q(SASi17%‘1))

i=t—d+2

—
S
N

X gt+1[5t_d+1, yt—d—l-l](

X Z Pzt 48"y

t t
Tt—dsSy_gy2Yt—d+2

ot
Tit1; xt—d-‘rl)

_ pg(ottl t+1 41
—P("Et*dH?S )

9

(3.31a)

(3.31b)

(3.32a)

(3.32b)

(3.33a)

(3.33D)

(3.33¢)

where (a) is due to the construction of the channel input distributions and the in-

duction hypothesis.

23



3.6 Proof of Proposition 3.12

Define the information state ©; € P(X?)

. def — —
with ©;(2f_g.) = P(2f_gpy | ST Y,

9t(¢”§—d+1)

= P(aj_gp |7 Y (3.34a)
_ P(@_ gy, Starts Yeean]sT L YY) (3.34D)
P(St—at1, Yt—a+1]st=4,yt=9) '
= ( Z Ut(ﬂct; mi:é)Q,(yt—d—i—l \ﬂ?t—dﬂ, 3t—d+1)Q(3t—d+1 !St—d, ZUt—d)
Tt—d
< Pl )/ (Plampeanls ) @39
= ( Z (2 2 Q (Year 1 |Tr—asty St—as1)Q(St—di1]St—ds Ti—a)
Tt—d
X 91&—1(@:;)) / <P(8t—d+1, Yiar1]sY, yt_d)> : (3.34d)
which implies that 6, can be recursively updated as
0r = w(0i—1, ut, Yi—dt1, St—dt1s Sti—d)- (3.35)

We now show that {(S;_4,0:-1)}: is a controlled Markov chain with control U.

Indeed,

P(St—d-‘rh d0t|8t_d7 gt—l’ ut)

N /
= E 5w(9t—lyutvyt7d+175t7d+173t—d)Q (yt—d+1|$t—d+17 St—d‘f‘l)

yt7d+17$§:g+1
X Q(S¢—a+1|St—d, xt—d)‘gt—1<xi:g+1) (3.36a)
= P(St_d+1, d9t|st—d7 915—17 Ut). (336b)
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Furthermore, the instantaneous reward r; can be written as

Tt
P(yt75t|st_17yt_17‘r£fl)
=1 )
og P, s Ty 1) (3.37a)
— log Ql(yt|xt,St)Q(3t|it—1,$t—tl)P(?Jtt dd+1a St d+1|3 J/tid) (3.37b)
P(yt7d+17stfd+1|s ,yte)
— log Ql(ytt|xtaSt)Q(3t|3t—1amt—1>P(yt d+1;5t d+1|3 ytfd) — (3‘370)
D atl, (Hi:t,dﬂ Q/<yi|xi7Si)Q<Si|Si*17xi*1>>ut<xt;xt:d)et G
t—1
=log { (Q/(yt|$t,St)Q(St\St—bift—l)Z( H Ql(yimaSi)Q(Si’Si—hﬂ?i—ﬂ)
ot bi=t—d+1
¢
S ) )/(Z( H Q/(yi‘xiasi)Q(silsiflaxi71)>
al_, i=t—dtl
X ug (e w700 (2! (li))} (3.37d)

The expected reward at time ¢ conditioned on the states and control actions up to

time t is

E [Rt‘st—d7 gL, ut}

=F {log { (Q/(Yt‘Xt, Sp)Q(S¢|Si—1, Xi—1)

Z( ﬁ Ql(YN"L‘i?Si)Q(Si|Si—17xi—1)>

flztd+2

X Ql(}/t—d—l-l‘xt—d—l-la St—d+1)Q(St—d+l |St—d7 «Tt—d)gt—l(xi:;))

(Z( H Q'(Yilz, S (Si‘siflawifl))

i=t—d-+2
X Q' (Yicar1|®i—dr1, Si—dt1)

X Q(Si—ar1|si—a, To—a)uy(ze; 2~ 3)011 (2]~ ;))} | St_dﬁt_l,ut} (3.38a)
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= > [T @ilwi s)QUsilsimr wima (s 22301 (4175)

t t t —f—
Vit 1% t—q5i—qqr =t d+1

X gy w700 (21 iz)) }

= Ti(St—a, Or—1, ), (3.38¢)

which is only a function of the observed part of the state s; 4, the belief on the
unobserved part of the state 6;,_1, and the action u;.

Note that the conditional expected reward at time t is does not depend on ;4.
Furthermore, 1,4 does not affect the future evolution of the information state as seen
n (3.34). Therefore, it can be shown that the optimal policy is a function of only
St—a,0;—1 (this can be shown for instance using the graphical modeling approach
presented in [66]). Then, the optimal channel input distributions take the form

P(x¢|2i=), 8i-4,0,_1), and the capacity expression becomes

T
| _
Cq= sup hTrggff;lj(Xg_l;st,yus;;,Yt 1 ©i1). (3.39)

{P(zelat= Y se—a,0i—1)}e

Note that above described controlled Markov chain is time-homogenous, and hence
the optimal channel input distribution is time-invariant, and consequently the ca-

pacity expression reduces to the one in (3.16).
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3.7 Proof of Lemma 3.13

First, note that we have for every ¢

I(X% S, Yy |sthyih

= I[(X; S, Y |SU Ly + (X 8, S vt X)) (3.40a)
W (X, 8, Vi St Y (3.40D)
= I(Xy; Y| S, YY) + I(Xy; S| SH Y (3.40¢)
O (X, v,8t vy, (3.40d)

where (a) is from the fact that S, Y; is independent of X! given S; 1, X;, and
(b) is from the fact that S; is independent of X, given S; ;. Each of the terms
I(X;;Y|S:, Y1) in the summation is evaluated based on the joint distribution
P(x4,s',y"). We now proceed by induction to prove that the sequence of measures
{P(xy,s',y")}]_; induced by the sequence of channel input distributions

{P (x|, s74 4=} | equals to the sequence of measures {P;(x, s',y')}L, in-
duced by an appropriately defined sequence of channel input distributions of the
form { Py (z4]s=¢, y'=4)}L .

For t =1 we set Py(z1) = P(z) and have

Py(x1, s1,y1) = Q' (y1|s1, 21)Q(51) Py (1) (3.41a)

= Ql(?/1|31,I1)Q(31)P($1) = P(x1,51,1). (3.41Db)
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Now for ¢ + 1 we set Py(w; 4|74yt =4t = P(a, ]9 yt=4F1) and have

Pl («Tt-i-l; SH-I, yt+1)

= Q' (Yrr1|me41, St—i—l)Q(St—H|3t)P1($t+1|5t_d+17 yt_d“) Z Py (x, s, yt) (3.42a)

Tt

& Q' (Wes1 |1, 5041)Qsea|s0) Pl |8y =) Y Play, s y)  (3.42D)

Tt

- P(xt—i-l) St—H? yt+l)7 (342C)

where (a) is due to the construction of Pj(z¢41], s*,y"), and the induction hypothesis.

The above equality implies that the equality in (3.21).

3.8 Proof of Proposition 3.15

First, note that {S;_4} is a controlled Markov chain with control Uj.

Furthermore, the instantaneous reward r; can be written as

Pyls',y' ™ x)
Pyl st y"1)
Ql<yt’xt>5t)
th Q' (ye| e, 5¢)ue(24) '

re = log (3.43a)

= log (3.43b)

The expected reward at time ¢ conditioned on the states and control actions up to
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time t is

E [Ry|s"™ /]

QUIXLS) u
S O Wia Syulay | (3.442)

= Z Q' (ye|ze, s)

t
Yt,Tt ’st7d+l

t
Q/(yt|xt»5t)

X Sprlsp 1 )ug () lo ’

t/_gﬂ@( t| t 1) t( t) gzzt Q'(yt|$t,8t)ut(xt)

= Ti(St—a, ), (3.44c)

—E{log

(3.44b)

which is only a function of s, 4 and the action w;.

Note that the conditional expected reward at time ¢ is does not depend on y;_;.
Furthermore, y;,_1 does not affect the future evolution of {S;_4};. Therefore, it can
be shown that the optimal policy is the function of only s;_4 (this can be shown for
instance using the graphical modeling approach presented in [66]). Then, the optimal
channel input distributions take the form P(z;|s;_4), and the capacity expression

becomes

T
1
C= sup liminf— Z I(X; ]St ). (3.45)
=1

{P(xt]sp—a)}e T T —

Note that above described controlled Markov chain is time-homogenous, and hence
the optimal channel input distribution is time-invariant, and consequently the ca-

pacity expression reduces to the one in (3.23).
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CHAPTER 4

A capacity-achieving posterior matching scheme:

No inter-symbol interference (ISI) case

In this chapter we describe a transmission scheme which achieves the capacity of
the finite-state channel with unit feedback delay when there is no ISI. This case can
be thought of as the special case of general FSC with ISI. In order to appreciate the
difficulties involved in proving capacity achievability for the channels with memory
we present in Appendix A the corresponding scheme for the discrete memoryless
channel (DMC). In [49,50] a proof of capacity achievability was established using
Lyapunov function, contraction mapping and the strong law of large numbers (SLLN)
of Markov chains. Our goal is to provide a extended version of this proof for the case
of channels with memory. As will be seen in Chapter 5, overall situation changes
significantly from the DMC case when there is ISI. Before going into that let’s look

at the no ISI case as a rather simple generalization of the DMC case.
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4.1 A posterior matching scheme for channels
with memory

In this section we describe a transmission scheme which achieves the capacity of
the finite-state channel with unit feedback delay. The scheme which achieves the
capacity of the finite-state channel with arbitrary feedback delay can be thought as
a slight generalization of the scheme presented here. With unit feedback delay, the

capacity expression in (3.23) becomes

C= sup I(X;Y]S,9) (4.1)
{P(X]5)} s

where the mutual information is evaluated using the joint measure
P(Y,S8,X,5) =Q'(Y|S, X)Q(S|S)P(X|S")P(S"). (4.2a)
The distribution P(S) is the solution of the equation
Z P(5)Q(S|S"). (4.2b)

We assume that the capacity achieving distributions { P(X|S")}¢ have been found for
all values of (S") and the corresponding steady-state distribution on X, P(X|S’) and
on Y; conditioned on Sy, S;_1, P(yls, ') = 3. Q' (y|x, s) P(z|s') have been evaluated.
Define the random variable F; € F as Fy(w) = F(w|Y*, S"), where F(-|Y*, S%) is the
a-posteriori cdf of W conditioned on Y* S*, and F is the set of all valid cdfs over
[0,1).
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The channel input X; is generated as

_ el
X = Ff:’(-\St,l)(E_1<W))

where the inverse cdf F~'(y) = inf{z : F(x) > y}.

At the receiver, the message estimate is obtained as
W, = d(F;, 271 /2),

where the message estimate function d(F)€) is defined as

d(F,e) = argmgx{F(w +e)— F(w—e)}.

Lemma 4.1. For the PMS scheme we have

P(X,|Y*!, 871 = P(X,|S,_1)
P Y71, 8" = P(Y3|St, Si1)

E = ¢(E—17 1/;57 St7 St—l)'

where Fy = Uniform|0,1).
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Proof.

P(Xt|Yt_1, St—l)

Il
e

(X Y1 S Fy)

P(X Y"1 S B, W = w)P(dw|Y*™ !, S F )

and similarly

P(y, [y, 8")

=Y PMIY" S X, = 2)P(X, = 2|y, 57

= > QIS x) Pr]S,-)

= P(Y}|S), Si).
Then, F; is updated as

Ft = ¢<Ft717 1/;‘/7 St7 Stfl)-
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(4.7d)
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(4.9)



where ¢ is given implicitly through the corresponding pdf update

dfi(a)

_ Py slla)da 2 t|8“t)>d“ (4.10a)
Q' (s e(fioi(a),s _1))Q(s¢|si—1) P(y' 1, s Ha)da

- Pl sy, 50 Py, 51) (4105
_ Q (ytystae(ftfl(a)a 3t71))Q(5t\5t71)dft71(a) (4.100)

P(y, se|yt=1, s71)
(a) Q' (ye]s¢, e( fe-1(a), StA—l))Q(St"St—l)dft*(a) (4.10d)
Qstlst-1) P(yelse, s1-1)
_ Qs elfia(@), sea))dfin (a) (4.10¢)
P(yt|8ta St—l)

where (a) is from (4.6b), and explicitly through

0@ (el )P il s ) +Q (il st @) i1 () Doy Plilsin)]

ft(a) ~ )
(Z/t|3t73t 1)
r—1
P(ilsi_1) < fioi(a <ZP ilsi1),2=0,..., Kx — 1. (4.11)
=0
O

Observe that f;(a) is a function of f;_; only through f; 1(a). In the following
we will also use the notation fi(a) = ¢(fi—1, Y, St, Se—1)(w) = &(fi—1(a), Y, St, St—1)-
Observe also from (4.3) that the transmitted symbol X; is a function of W and F;_,
only through the quantity F;_;(W). This has important implications for the analysis
of the PMS scheme.

Assuming that the channel and state transition probabilities @Q'(y|z,s) and
Q(s|s) are non-zero for all x,y,s,s’, the recursion (4.11) guarantees that for ev-
ery realization of the random variables of interest, F; will always have a pdf; in

addition the pdf will be non-zero everywhere in (0, 1].
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4.2 Achievability Result

Let W, be the message point estimate at the receiver at time ¢. Then, a trans-

mission scheme achieves rate R if
lim P(|[W — W,| > 27'%) = 0. (4.12)
t—o00

In particular, we say that a transmission schemes achieves zero rate if

Ve>0  lim P(|W —W,| > €) = 0. (4.13)
—00

4.2.1 Zero Rate Result

For a cdf h : [0,1] — [0, 1] define a Lyapunov function V) as follows.

W@%jAAWWWM, (4.14)

where A : [0,1] — [0, 1] is onto, strictly concave and symmetric about 0.5. This
definition implies that A\(z) is 0 at x = 0, 1 and 1 at x = 1/2. Furthermore, for
a cdf F € F, Vo\(F) is small if F' resembles a step function (it is exactly 0 for a
step function). A function & : [0, 1] — [0, 1] is called contraction if it is nonnegative,

concave, and {(z) < x for x € (0, 1).

Definition 4.2. A channel is called fixed-point free if for any f;(w), s;

P(gb(ft(w),Y}H, Sti1,8t) = ft(w)> <1l (4.15)
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Lemma 4.3. If the channel is fixed-point free, then for e > 0 and for all f € F,
tli)m PVA(F) > €lFy = f) =0. (4.16)

Proof. See 4.3. [

The intuitive interpretation of the above lemma is that the probability of having
an F} that does not resemble a step function is zero at the limit of large ¢.

For any t5 > t; > 0 we can write F}, as a function of F;,_; and the quantities
Y;tf, S,fl{l through a repeated application of the ¢ recursion, i.e.,
F, = Gyt (Fr—1, V)2, Sff_l). Let Ft{h be the random variable defined as Ft];tg =
Gto—t, (f, Y2, S2_1). Clearly F, = F{',, where u denotes the uniform distribution over
(0,1). In addition, due to the recursion implied by the PMS, we will denote F},(a) =
Doty (Fry—1, Y2, 5% 1)(a) = bpy—t, (Fi_1(a), Y2, S8,?_,) with some notational abuse.

With the above notation, the function ¢z, 4, (-, Yt’f, S{2_,) is monotonically increasing.

We now prove the following lemma which is a stronger version of Lemma 4.3.

Lemma 4.4. If the channel is fixed-point free, then for e > 0,
lim P(max Vi(Fyiq (14ay) > €) = 0. (4.17)

t—oo  1<t/<t

Proof. Let V', ,, = supy V/\(Ft{,@)- Note that V7, is a deterministic function of
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Y2, 8_,, hence there exists a sequence of cdfs {f, yt2 ¢ }72; such that
1ty Mt —1

* . fk ttf Sﬁf 1
V)\7t17t2 = kll_{gO V/\(F;fl to ) (418&)
. ¢(fk Yt2 S:z L Yty 55t1,5t 1)
= k}l—{go VA(F;,l—l-l to v ) (418b)
< sup VA<Ft1+1 ') (4.18c)
= V):k,t1+1,t2' (418d)

Note that there exists a sequence of cdfs {fy yar got }32; such that

at gat
kY 5§ )

Vet = VA(F] o > V{1 ot — 1/k. Therefore,

P(lrgt?i(t VA(FY 1 (14ay > €) < P(1I£?§t Vi1, (i4ay > €) (4.19a)
= P(V{ i1 (tsay > ©) (4.19b)
= P(s?p V,\(FtJrl (tayt) > €) (4.19¢)
@ P(sup VA(F I >e) (4.19d)

= P(Jim Vy(F 1) > o (4.19)
< PR > ¢ (4.100)
“o, (4.19g)

where (a) is due to the fact that Ftil (1+a)t = Gar—1(f, Y;(J:fa)t,St(Ha)t), Ffiat =
bor_1(f, Y4, S81), and (Y, SEH) | (vet, Sat) have the same statistics; (b) is
true for &' > 1/(Vy, ,, —¢) ; and (c) is due to the fact that Lemma 4.3 holds for any

. [l

Observe that indeed this lemma is stronger than Lemma 4.3, since P(V)\(F;) >
€) = P(V)\(Fﬁt) €) = P<VA<F1+t t+t) > €) < P(maxi<y<; V/\(Fturl at) > €).
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Proposition 4.5. If the channel is fixed-point free, then for e,d > 0

}E}; P(&lﬁ%{t Ft'+1,(1+a)t (Ft’(W) - 5) > 5) =0, (4.20a)
tlg(r)lo P(gﬁ%{t Fl o oy (Ftl(W) + 5> <1l- e) = 0. (4.20b)
Proof. See 4.4. [

The intuition behind the above proof is that for an error to occur, either the cdf
F; does not behave as a step function (first, third and fourth terms in (4.42d)) or

the step does not occur at the transmitted message W (second term in (4.42d)).

4.2.2 Rate R < (' achievability

So far we have established zero-rate result. We now prove the rate R achievability.
Lemma 4.6. (F,(W),Si™ Y1) is a Markov chain.

def

Proof. Let ©; = F(W). We have

P(eta S€+17 yt-‘rl |0t_1’ Slt7 yt)

= Q/(yt+1|6(9t7 St)a 5t+1)Q(5t+1|St)P(9t, St|9t_1, S/t, yt) (4.21&)
= Q' (Yer1le(0r, 51), 5141)Q(5141156) 0681 .05, ) (01) 95 (51) (4.21b)
= P(0r, 5, yera|0e-1, 5121, ve). (4.21c)

m

Lemma 4.7. E{log dgg(ll(ym)/) |} = C if the PMS is used as a transmission scheme.

Proof. See 4.5. [

Definition 4.8. An invariant distribution Py of a Markov chain {W¥;}; is called

ergodic if for every invariant set A either Py(A) =0 or Py(A) = 1.
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Lemma 4.9. If a Markov chain (F;(W), S{t!Yi41): has ergodic invariant distribu-

tion, then
.1
lim —logdFy (W) = C a.s. (4.22)
t—oo ¢
Proof.
11og dF,(W Z log ———————— W) (4.23)
t i dFS . W) ‘

If (F,(W), S Yi41), is ergodic, then by the strong law of large numbers for Markov

chains [67]
1 B dF (W) |
tlgélo Elog dF,(W) = Elog dFt_l(W)} =C a.s. (4.24)
where (a) is from Lemma 4.7. O

Lemma 4.10. If a Markov chain (F,(W), SI™ Y1), has ergodic invariant distri-

bution, then for any 6 > 0 and rate R < C — § there exists € > 0 so that for all

e<é
lim P( O{FS(W) — F,(W —27"%) < e}) =0 (4.25a)
lim P(H{FS(W + 27 — F (W) < e}) =0. (4.25b)
=0
Proof. See 4.6. O

The above lemma guarantees that at some time before ¢ there will be a jump of
at least € in the posterior message cdf in the interval of 27*% around W. Using this

lemma we show the main result.
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Proposition 4.11. If a Markov chain (F,(W), St Y1) has ergodic invariant dis-

tribution, then for é,a > 0

lim P(Fyap(W - 2717y > §) =0,

lim P(Fyian(W +27") <1-4) =0.

t—o00

Proof. See 4.7.

4.3 Proof of Lemma 4.3

E[Ft‘st_17 yt_l] = E[¢<ft—17 }/t? Stu St—1|8t_17 yt_l)]

= E[Qs(ft—l;}/ta St, St—1>|5t—1]'
Then,

EldFy(w)|s"™", y'™]
= E[¢(dft—1(w)7 Yi, St, St—l) |5t—1]

> Quilse w)Q(selse—1) Plaelsi)

" Q’(ytlst,6({t_1(w),st_1))dft_1(w)
P(yt|3t73t—1)

= dft—l (w) .
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(4.28b)
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Similarly, we get

E[Fy(w)|s"™" 4] = E[¢(fe-1(w), Yz, S, 1) 5¢-1] (4.29a)

= fii(w). (4.29b)

We would like to find a contraction mapping £ such that for every w and f;_; we
have EN@(fi—1(w),Ys, St, si-1]si-1))] < E(A(fi—1(w))). Let us assume for now that

such a contraction mapping exists. We have

E[V/\(Qb(ft—l, Yi, St7 3t—1))|3t—1]

- g / A(O(frs(w), Yio o $11))|5en (4.30a)
< / EOfrr (w)))duw (4.30b)
< EValfe-1)), (4.30c)

where the first inequality is due to the assumption for the property of £ and the

second inequality is due to the concavity of £&. Then

E[V\(F)]

PUAR) = < (4.31a)
_ E[E[VA(E)leSt‘l,Yt‘l]] (4.31D)
_ BIEVA(O(fie1, Ye, St, Si-1))|Se-1]] (4.31¢)
- E[f(VAEFt—l))] (4.31d)
< f(E[VAEFt—l)]) < ét(E[V:(Fo)]) @ g, (4.31¢)

where the first inequality is the Markov inequality, the second inequality is due

to (4.30), the third inequality is due to the concavity of £, the fourth inequality is
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due to repeated application of the above inequalities and the convergence to 0 is due
to the property of the contraction [50, Lemmag8]|. Observe that the convergence is
true for any initial distribution F{, which implies that the convergence is uniform in
the initial distribution.
It remains to find the contraction £ with the property

ENo(fi—1(w), Yy, Siy si-1]8i-1))] < EA(fi1(w))). To this end let X' : [0,0.5] — [0, 1]
be a restriction of A on [0,0.5]. Then, X becomes one-to-one and onto hence it has
inverse. Let € : [0,1] — [0, 1] be &(a) = max,, , E[\(¢(a,Y:, Sy, 5¢-1))|s:—1]. Consider

now a following function.

&*(a) = max {é()\’l(a)), £(1— )\'l(a))}. (4.32)

Clearly, £*(x) > 0. We will now show that £* satisfies the aforementioned property.
Indeed, let a = f,_1(w). If @ € [0,1/2] then N~ (A\(a)) = a and the first term in
the maximization on the r.h.s. of (4.32) equals maxs, , F[\(¢(a, Yz, St, st—1]s:-1))].
If a € [1/2,1] then 1 — N7'(\(a)) = a and the second term in the maximization of
the r.h.s. of (4.32) equals max,, , E[A(¢(a, Yy, Sty si—1|st-1))]. Thus the property
holds. We now need to show that £*(x) < x for all x € (0,1). This is equivalent to
showing that for every z € (0,1),E[AN (N1 (x),Y:, Si, s¢-1]s¢-1))] < x and E[X(p(1—
N7Yx), Yy, Sy, s¢-1]8¢-1))] < x, which is equivalent to showing that for all a € (0,1/2)
we have E[X(¢(a, Yy, S, si-1]s:-1))] < N(a) and EN@(1 — a, Y, St, si-1]se-1))] <
X(a). This in turn is equivalent to showing that E[A(¢(N (), Y;, St, si-1]s:-1))] <

Aa) for all a € (0,1). To show this, since the channel is fixed-point free, F;(w) is
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not a.s. constant. Hence, using Jensen’s inequality we get

EN@(fi—1(w), Yy, S, si-1))|5¢-1]

< ME[@(fim1(w),Ys, Sy, 86-1)]51-1]) (4.33a)
= M fi-1(w)). (4.33b)

Hence,
§(a) <a. (4.34)

Finally, we need to establish the concavity of €. Since this property does not hold for
&* we define £ as the supremum of the convex hull of £*. Let £ be the upper convex

envelope of £*, i.e.,

&(a) = sup{b: (a,b) € L}, (4.35a)

L = conv{(a,b) : a € [0,1],b € (0,£"(a))}. (4.35Db)

Then ¢ is concave and from the definition of £

EM(fra(w), Yy, Sty s1-1))[811] < EA(fr-a(w)))- (4.36)

For any a € (0, 1], there must exist some constant o € [0, 1] such that a = aag +

(1—a)ay

€(a) < af(ap) + (1 — a)&™(a1) < aap + (1 — a)a; = a, (4.37)

where we used the definition of he upper convex envelope in the first inequality. Since
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¢ is nonnegative, it is contraction.

4.4 Proof of Proposition 4.5

Using the symmetry of A, we can write

VA(Ft7f+1,(1+a)t>

Wt*’,t 1
= [N Dot [ A0 = R o),

max Vi (FY
1<t A( t’+17(1+a)t)

1

Wt*,,t
= max [/0 A(Fty+17(1+a)t(w))dw + / Al = Fﬂ—&—l,(l—l—a)t(w))dw]?

1<t/'<t *
Wt’,t

where W7, is the unique solution of £

41,140yt (w) = 0.5. Then, we have

P(fgﬁi{t Fyir yay(Wiy —0) > v)

< P(max /\(Ft7f+1,(1+a)t( tf,t —4)) >v)
Wt’,t
< P(max / AF (o (W) dw > v6)

1<t'<t Wy s

< P(max VA(Fi'yy (11ay)) > V0).

1<t/<t

Similarly,

P 1—F7 ; 1 —
<1123§t 1,4y Wey +0)| <1-v)

< P(lrgtefl%{t VAFY 1, (14)t)) > V0).
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(4.40D)
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For any n € (0,0.5)

F (W) 1
P< max [/0 th’t+1 (1+a)t ( )dw ‘|‘/ (1 - t?+1,(1+a)t(w)>dw]

I=tst Fy (W)

. V) (4.42a)
Wt’ t !
A L I

> 1//2) + P( max |[Fu (W) — Wi | > 1//2) (4.42b)

1<t'<

< P( max VA(Fy g (1hay) > y/2)

1<t'<t

1<t'<t

P ({Foan(OV) < s, P sV~ v/2)}

1<t'<t

0 {Fusan(0V) > iy Fs (Wi + /2 }) (4.420)

< P( max VA(Fjuy (1 ay) > ,,/2) + P<F(1+a)t(W) ¢ (n1- n))

1<t/<t

+ P( max Fyfyy gy (W, — v/2) > 77)

1<t'<t

1<t'<t

< P(max Vi(Fiiyy (11ayp)) > v/2)

1<t’'<t

+ 20+ 2P(max Vi(Fi 1 q1ay)) > vn/2). (4.42¢)

1<t'<t

I0)



Thus,

P(lrgggt Ft/+1,(1+a)t(Ft’(W) - 5) > 6)

Fy (W)

< P(Eﬁi{t /Ft/(W)_(s F (tay(w)dw > 56) (4.43a)
Ft’(W)

< P(gﬁ%/o b1, (e (W) dw > 56) (4.43Db)

Fy (W) 1
< P( max [/ Fy i (g (w)dw +/ (1= Fi oy (w))dw
U > 0 Ft/(W)
> 56) (4.43¢)
< P(max Vi(Fyi (14ay) > 0€/2)

+2n+ 2P(1I£lt£}%{t VA(FY 11 (14ay)) > 0€n/2). (4.43d)
From Lemma 4.3, we have for any v > 0

lim P(max VA(Fy,q (15a))) > V) =0. (4.44)

t—oo  1<t/<t

Setting 7 = 4 /Supye(o.1 §'(a)/(d¢€), together with Lemma 4.4 completes the proof of

the first assertion of the proposition. The proof of the second assertion is similar.
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4.5 Proof of Lemma 4.7

First we show that I(W;Y;,1, Spa|Y?, S%) = E{log Letli

dF:(W)
I(W§ Y1, St+1‘Yt7 St)
= H<Y;+17 St+1|Yt7 St) - H(}/H-la SH-I‘W? Yta St) (445&)
1
- P"g PVrn, S|V, StJ
| tog {Q Vil el FUOV), 50)QUS151) ) (4.45D)
(QinlSenr, e(FLV), $))Q(S1115))
=FE [log { H (4.45¢)
(P(ir, Seaalyt, 59)
_ E[log{Q/(Y;Jﬂl'SHl’e(Ft(W)’St))H (4.45d)
P(K+1‘St+17 St)
B dFy 1 (W)

where the last equality is due to (4.10c).
Now we show that I(W;Y;, S;|Y*~! St=1) = C. Note that for a given Y1 St=1

X = Fzg(l-\s 71)(Ft_1(W)) is P(-|S;_1) distributed and hence is independent of Y*~!,
S'=2. Then,

I(W;Y;, S|yt st=h)

= H(Y, S,|Y"™, 8" — H(Y,, S,|y*™ 1, =1 W) (4.46a)
@ H(Y,, S|y, S — H(Y,, S|y, 8 WL X) (4.46b)
O H(Y;, Si|Si-1) — H(Ys, Si|Sp-1, Xy) (4.46c¢)
= I(X,; S, Y| S,1) (4.46d)
(X, VIS (4.46¢)
=0, (4.46t)
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where (a) is due to the fact that X; is a function of Y1 S™=1 1¥: (b) is due to the
channel characteristics and (4.6b); and the last equation is due to the fact that the

channel input sequence for the PMS has distribution which is capacity-achieving.

4.6 Proof of Lemma 4.10

Let ©, = F,(W) and Py ensttt = @Y, 11511.¢(0r,5) For any € > 0, define

Pe to be
Yit1]©¢,50H!

0,s,8') = inf Pn+1‘9t755+1(y|8',8,5’). (4.47)

PE
Yit1]©:,5( (. 0—e<0'<6

Similarly, define +PE ¥ie1 00,81 to be

TP s (Wlf, s, ) = poinf Py et (y]0,s,s). (4.48)

From now on we prove the first assertion of lemma, the second assertion follows in a

similar way. Define

C- = E|log P (YO, 5T (4.49a)
‘ P(Ya ]S '

- P 6,, sttt
[ X Plalbsi s o { I o)
yey1,stT? P(yt+1|8t )

Note that

P<Y;ﬁ+1|®t7st+1)
C=F {log{ P, +t1) (4.50a)

P 9’ t+1
/ Z P (Y1110, 57 P (6, t+1)10g{ o] s ))} (4.50b)
t+1

p<yt+1 ’5?1

Yt+1,5¢
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Then we have,

C - CE_ == D(Pyvt+1|®t St+ H Y;&+1|@t St+1|P6t7S:+1) Z 0 (451)
Assume that
12£D(PYH1|®,5 St+1|| Y+1|@t St+1|Pet7S:+l) < Q. (4.52)

— pe

t41
Then,—oco < C7 < C. Therefore, Py,,, s, 0.5, log{M} is finitely in-

P, t4+1
Yt+1|5t+

tegrable and converges to Py, , s,.,,0,.5 log{ a.e. in a monotonically

Yiy1lSy
nondecreasing fashion as ¢ — 0. Hence, by the monotone convergence theorem,

limC, = C, (4.53)

e—0

and there exists €5 such that for all € < €
C->C—6/2. (4.54)

Furthermore, we can apply the strong law of large numbers for Markov chains to get

s+1
lim — Zlo { (¥541/0s, 55 )}:CE_ a.s. (4.55)

t—oo ¢ P(Yor|S5H)

Note that if Fy(W) — F,(W —27#) <efor 0 <s<t—1

1 1 P(Yy11]0s, S50
inf —log dF; > — 1 inf - 4.56
Wty £ (w) 2 t ; o8 FS(WfZ*tg)l<6’S<FS(W) P(Ys41]S5H1) (4:56a)
1 i—1 7P€(sz+1|@s Ss+1)
>->» 1 — : 4.56b
x> Og{ P(Yor 1551 } (4.56)
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Therefore,

P@{Fsm - R -2 <)

< P(H{Fsm ~E(W -2 < ¢
A0 SR Sy R

( Zl { ;*i%s’jszﬂ)} <C— 5/2) (4.57a)

(a) 1
< P(W 2iitrl_i1)1“<w<wglongt(w) >C — 5/2>
Q,, 55H1)
lo X110, 5, } <C-9¢ 2) 4.57b
( Z g { s+1|S§+1) / ( )
(0) 1
<P . 1tr}%f< w Zlog dFy(w) > C —6/2 ) 4 o(1) (4.57¢)
< P( dF,(w) > 2t<0“/2>) +o(1) (4.57d)
W 2—tR
< P( dFy(w) > 2“5/2) +0(1) (4.57e)
_9—tR

0, (4.57f)

where where (a) is due to (4.56), (b) is due to (4.55), and (c) is from the fact that

[l en dFy(w) < 1.
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4.7 Proof of Proposition 4.11

For every € > 0 we have

P(F1yap(W —27") > 6)

< P( N {E,(W — 2Ry S F,(W) — e})

t'=1

~+

+ P({F(1+a)t(W - 27tR) > 6)}
t
N U {Ft/(W — 27y < Fy(W) — e}) (4.58)
=1
Regarding the first quantity we have
t
P( N {Ft/(W — 27’ > B (W) — e}) “ o, (4.59)

t'=1

where (a) is from Lemma 4.10.

Consider an event J;,_, {Ft/(W — 271 < B (W) — e}. This event is equivalent
to Jy_ {W — 27" < W'} where W' = F,;*(Fy(W) — ¢). Then by the monotonicity
of cdf it is equivalent to | J,_, { F;(W —2-*%) < F,(W’)} which again is equivalent to
{Ft(W — 27R) < max, ey I (W’)) }

Therefore, regarding the second quantity we have

P({F(Ha)t(W —27) > )}
nlUJ {Ft,(w — 2t < B, (W) — e})

_ ({F(Ha)t(W _gtR) 5 5)}

A {E0v -2 < s (57 (e07) - ) )} (4.60)
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1<#/<
- P(gﬁ;{t Flipa (Fgl <E/(W) - e)) > 5) (4.60¢)
® P(lrg% Fl'orsa (E,(W) - e) > 5> “y. (4.60d)

where (a) is from the monotonicity of cdf, (b) is due to the PMS update, and (c)
is from Proposition 4.5. P(EFian(W + 27%) < 1 — §) can also be evaluated in
a similar way. Note that the fixed-point free nature of the channel is required for
zero-rate result, but it can be easily verified that ergodicity of invariant distribution

of (F,(W), Si™,Y;41); implies fixed-point free channel as in Lemma 14 of [50].
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CHAPTER 5

A capacity-achieving posterior matching scheme:

ISI case

In this chapter we describe a transmission scheme which achieves the capacity
of the finite-state channel with unit feedback delay. The scheme which achieves the
capacity of the finite-state channel with arbitrary feedback delay can be thought of
as a slight generalization of the scheme presented here. With unit feedback delay,

the capacity expression in (3.16) becomes

C= sup I(X,X";5Y|S,0) (5.1)
{P(X‘X/vslve)}x’,s’,(-)

where © € P(X), and the mutual information is evaluated using the joint measure

P(Y,S, X, X', S, dO)

= Q'(Y]S, X)Q(S|S', X")P(X|X', S",©)0(X")P(S',dO). (5.2a)
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The distribution P(S,d©) is the solution of the equation

P(S,do)

:/ P(S/,d@)Z(Sw(e7P(X|X’,S’,®),Y,S,S’)(®/>
5.0 v

x> QY|X, 9> Q(S]S, X)P(X|X', S, 0)0(X)). (5.2b)

Let W be a random message point uniformly distributed over the unit interval. A
transmission scheme is a sequence of functions {¢&; : [0,1) x Y1 x S — X},
such that

X, =& (W, Y=t g7ty (5.3)

We now describe a simple sequential transmission scheme. We assume that
the capacity achieving distributions {P(X '1X,5,0)}xse in (5.1) have been found
for all values of (X,S,©) and the corresponding steady-state distribution on X,
P(X\X, S,0) and on Y}, S; conditioned on S; 1,01,

P(y,s|s',0) = > Q' (Ylz, $)Q(s|s', ') (P(x|2’, ', 0)0(x') have been evaluated.

Define the random variable F;, € F as Fy(w) = F(w|Y", S*), where F(-|Y*, S is
the a-posteriori cdf of W conditioned on Y, St, and F is the set of all valid cdfs over
0,1). Also define ©, € P(X) with ©,(z;) = P(x;]S*,Y"). At time ¢t = 1 the channel

input X, is generated as

X1 = FI;(1|SO)(FO(W>) (54&)
= e(Fo(W), So) (5.4b)

where the inverse cdf F~'(y) = inf{x : F(z) > y}, Fy = Uniform[0,1) and Sy ~
P(So).
Define F} ,(w) = P(W < w|X, = x,5",Y"). Then F,(w) = > . O:(x)F] (w).
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Let F}(w) = (Fg(w), ..., Fe, 1 ,(w)). Note that Fj(w) can be found from Fy(w) and
So-

Assuming that the channel and state transition probabilities Q'(y|z, s) and
Q(s'|s, x) are non-zero for all x,y, s, ', the recursion (5.40) guarantees that for every
realization of the random variables of interest, F; will always have a pdf; in addition
the pdf will be non-zero everywhere in (0, 1].

The channel input X; for t > 2 is generated as

Xt = Fg(]:|Xt—1yst—1yet—l)(F;{t_l’t_]'(W)) (553")
z—1
=T, P(i|Xt—1aSt—17®t—l)
=0

< F),(t,l,t—1(W) < Zﬁ(ﬂXt_l, Si—1,04-1)

i=0
r=0,..., Kx—1 (5.5b)
S o(Fly (W), PCIX i1, Sir, ©40) (5.50)
For t > 2, ©, are updated as
O; = w(@t—lap('|'75’t—la ©:-1),Ys, St, Si-1) (5.6)

where w is given in (3.34).

At the receiver, the message estimate is obtained as
W, = d(F,,271/2), (5.7)
where the message estimate function d(F)€) is defined as
d(F,e) = arg rnuz}X{F(w +e)— F(w—e)}. (5.8)
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Lemma 5.1. Under the PMS the following is true for 0,_, corresponding to s'=1, y*~*.

P(Xt|Xt—17 Yt_17 St_l) - P(Xt’Xt—17 St—17 @t—l) (59)

P(Y;fu St|Yt_17 St_l) = P(}/ta St|St—17 @t—l) (510)

F = ¢(Fy_1, Y, St Sp-1,041). (5.11)

Proof. See 5.2. [

With slight abuse of notation we also say that F} is updated as
Fy = ¢(F/ 4, Y:, Sty Si-1,01-1) (5.12)

because F} is determined by F} and 6.

Note that f/(a) is a function of f] ; only through f/ ,(a). In the following we will
also use the notation f/(a) = o(fl_1, Ys, St, St—1,0-1)(a) = o(f_1(a), ys, St, St—1, 0r—1).
Observe also from (5.5) that the transmitted symbol X; is a function of W and F}_,
only through the quantity F;_,(W). This has important implications for the analysis
of the PMS scheme.

5.1 Achievability Result

Let W, be the message point estimate at the receiver at time ¢. Then, a trans-

mission scheme achieves rate R if

lim P(|W — W, > 271 = 0. (5.13)
—00
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In particular, we say that a transmission schemes achieves zero rate if

¥e>0  lim P(|W —W,| > ¢€) = 0. (5.14)

5.1.1 Zero Rate Result

For a cdf h : [0,1] — [0, 1] define a Lyapunov function V) as follows.

Vi(h) = /0 Ah(w))dw, (5.15)

where A : [0,1] — [0,1] is onto, strictly concave and symmetric about 0.5. This
definition implies that A\(z) is 0 at x = 0, 1 and 1 at * = 1/2. Furthermore, for
acdf F € F, VoA(F) is small if F resembles a step function (it is exactly 0 for a
step function). A function & : [0, 1] — [0, 1] is called contraction if it is nonnegative,

concave, and ¢(z) < x for x € (0,1).

Definition 5.2. A channel is called fixed-point free if for any f/(w), s, 0;
P(Qb(ft{(w)?}/t-&-hst-i-laStaet) = ft(w)> <L (5.16)
Lemma 5.3. If the channel is fixed-point free, then for e > 0 and for all f € F,
tlg?o PV\(F) > ¢€lFy = f)=0. (5.17)

Proof. See 5.3. O

The intuitive interpretation of the above lemma is that the probability of having
an F; that does not resemble a step function is zero at the limit of large ¢.
Define the function H; : [0,1] — X as follows. Since there is no w and w’ such

that Fi(w) = Fi(w') with w # w' (that would imply that dF;(w) is zero in an
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interval), we can set Hq(Fj(w)) = Fzg(lacl\so)(F()(w))' For t > 2,

Hy(Fy(w)) = e(Fly,_ (5 (w))a—1 (@), Hio1 (Fioa (w)), Si-1, ©41), (5.18a)

which implies that H; can be recursively updated as

Hy = ¢'(Hi-1,S1-1, Fi_1, 011, 51, V). (5.18Db)
With slight abuse of notation, we say F} is updated as
Ft - d)(Ft—l?YtaSt7St—17®t—1)Ht—l) (519)

because F}_; is determined by F;_; and H;_; as shown below.

dF, ;1 (w) = Pldw|X;_; = 2, V") (5.20)
=P(X; 1 =2|W =w, Y HP(dw|Y"™ ) (5.21)
= 001,y (P (w)) (2)dFy 1 (w). (5.22)

Furthermore we also say H; is updated as
Hy = ¢'(Hi—1, 51, Fi-1,0,1) (5.23)

from the same reason.

For any t; > t; > 0 we can write [}, as a function of F; _; and the quanti-
ties YZ", Sff_l, @if:%, Hff:ll through a repeated application of the ¢ recursion, i.e.,
F, = ¢t2_t1(ﬂl_1,Yff,Sff_l,@ﬁfj,Hff:ll). Let F}{’tz be the random variable de-
fined as Ft{’tQ = e, ([, Y2, 8P, 00271, H?Z!). Clearly F, = F, where u de-
notes the uniform distribution over (0,1). In addition, due to the recursion im-

plied by the PMS, we will denote F},(a) = ¢p,—s, (Fi,—1, Y2 S, 0201 HpP 7 ) (a) =
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ta to—1 prta—1y - : :

Gry—t, (Fr—1(a), Y, 521,021, H;?_}) with some notational abuse. With the above
. . 2 1 —1\ - . . .

notation, the function ¢y, (-, Y\, S;*_,, ©;*"1, H;>"}) is monotonically increasing.

We now prove the following lemma which is a stronger version of Lemma 5.3.

Lemma 5.4. If the channel is fixed-point free, then for e > 0,

lim P(max VA(F/ 1 (14a)) > €) = 0. (5.24)

t—oo  1<t/<t

Proof. Let V', , = sup; V,\(E’;Q). Note that VY, . is a deterministic function of

t t to—1 to—1 .
Y2, S 1,007, Hi? 7y, hence there exists a sequence of {f, yi2 gl gt Hfz’ll}zozl
b 1 b 1— b 17 b 17
such that
I o oto to—1 to—1
kY, .S H
* BT Yo% 10O 1 e
Vit = i VA(E, ) (5.254)
¢<fk,Yf2,3f2 1,932},Hf2}%1752179t117Ht11>
= lim Vi (B 3,0 o (5.25b)
k—o0 ’
f
< sup Va(Fy 114,) (5.25¢)
f
_ *
=Vttt (5.25d)

Note that there exists a sequence of cdfs {f, yot+l gatlgat, H?t}zozl such that
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T yot+l gat+l gat prat

Vi atil = W(Fomiy 70 TP ) > Vo ate1 — 1/k. Therefore,

P(lrgf}%{t VAU 11,140yt > €) < P(lrggi{t Viv1,asay > €) (5.26a)
= P(VXii1,04ay > €) (5.26D)
- P<SUP VA( t+1, 1+a)t) > €) (5.26¢)
= P(sup VA(F at41) > ©) (5.26d)

fi yoat+l gattlgat gat

= P(lim Vy(Fyl2, 0 o0y 5 ¢ (5.26¢)

k—oo
(b) f, attl gattlgat pat
< P(V(F,2 i sientaty 5 g (5.26f)
) (5.26g)

where (a) is due to the fact that

= ¢ar—1(f, t”"‘ t(lm)t Q(+a)i-1 Ht(1+a)t71)’

f
F, +1 > » Mt )

t+1,(1+a)t
« o « o 1+a)t 1+a)t 1+a)t—1 1+a)t—1

F2f7at+1 - gbat—l(faYZt+1781t+17@1taH1t)7 and (Y;(—&-;_ ) 7St( ) aGE ) aHt( ) )

, (Y 5P et Hp') have the same statistics; (b) is true for & > 1/(Vyy 4p41 —€)

; and (c) is due to the fact that Lemma 5.3 holds for any Fj. O

Proposition 5.5. If the channel is fized-point free, then for €,d > 0

}EEO P(f?ﬁi(t Ft'+1 (1+a)t (Ft’(W) - 5) > 6) =0, (5.27)
tg}n%P(lIgz}é Florira (Ft/(W) 5) <1- e> ~0. (5.28)
Proof. See 5.4. O

The intuition behind the above proof is that for an error to occur, either the cdf
F; does not behave as a step function (first, third and fourth terms in (5.57¢)) or the

step does not occur at the transmitted message W (second term in (5.57c)).
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5.1.2 Rate R < C achievability

Lemma 5.6. E{log dFt“ W) |} =C.

Proof. See 5.5. O]
Lemma 5.7. (F/(W),0,, X;, Si™ Yi11): is a Markov chain.

Proof.

P(dft/(w>7 deta L, S?_la yt-I—l ‘f,t_l(w)7 9t_17 mt_la S/ta yt)
= Q’(yt+1|e(f,f(w),xt, 5¢,0¢), 5141)Q(St415¢, 74)

x P(df{(w), d;, z¢, s¢| f*(w), 671 271 8" o) (5.29a)

= Q/(yt-l-lle(ft/(w)7xta St Qt), 3t+1)Q(3t+1|3t; $t>

X 5¢(ft,71(w)’yt7st782717‘915*1) (dft,<w))5w(0t,1,15(~|~,s;71,9#1),yt,st,sgil) (dgt)

X 5e(fglgt_1,tfl(w):wtfl,sg,l,91571)(xt)és;(St) (529b>
= P(dft,(w)a d9t> Ty, Si—Ha yt+1|ft/—1(w)’ et—h Ti—1, Sf—l? yt) (529C>
L]

Lemma 5.8. If a Markov chain (F/(W), 0, X;, Sttt Yii1): has ergodic invariant

distribution, then

1
lim — longt(W) =C a.s. (5.30)
t—o0
Proof.
Lo dF(W)—lilo W) (5.31)
g e T S R Wy '
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If (F/(W), 0y, X;, S, Y;41): has ergodic invariant distribution, then by the strong

law of large numbers for Markov chains

. 1 . dFt(W) @
where (a) is from Lemma 5.6. O

Lemma 5.9. (F/,0,, H,, S{™ Y, 11, W), is a Markov chain.

Proof.

P(df],d0,, dhy, st yypr, dw| f171 01 R Syt w)
= Q' (Yer1le(fhy (g (W) P (fr(w)), 51, 04), S141)
X Q(se1]st, e (fe(w')))
x P(df}, d0y, dhy, s, dw|f*1, 071 R Sy w) (5.33a)
= Q' (Yerrle(fr, oy (W)s he(fe(w')), 84, 64), 8141)
X Q(se+1]st, e (fe(w')))

/
X 6¢(f{,17yt,8tu3;,1,9t—1) (dft)éw(atfl,lf’(ﬂ-,s;fl,thl),yt,st,s,’sil) (det)

X 5¢/(ht71,52717f£7179t71)(dht)(ssg(St)(sw/(dIU) (533b)
= P(dft/7 dgta dht7 Si—i_la Yt+1, dw‘ft/—la 915—17 ht—la Sf—l? Yt, ’l,U/). (533C)
]

Lemma 5.10. If a Markov chain (F!, Oy, Hy, St Y11, W), has ergodic invariant

distribution, then for any § > 0 and rate R < C' — ¢ there exists € > 0 so that for
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alle < ¢€

lim P< h{FS(W) — F(W —27"7) < e}) =0 (5.34a)
s=0
lim P( h{Fs(W + 27 — F(W) < e}) = 0. (5.34D)
s=0
Proof. See 5.6. O

The above lemma guarantees that at some time before ¢ there will be
a jump of at least ¢ in the posterior message cdf in the interval of 27
around W. Note that assumption of ergodicity of invariant distribution of
Markov chain (F/, O, Hy, S{™', Y, 1, W), is stronger than the same assumption on
(F/(W), 0y, X;, S/ Y1), or the corresponding assumption in no ISI case. Latter
assumptions are related to recurrence of F/(W) or Fy(W) which implies fixed point
free nature of the system which is violated only in several pathological cases. Using

this lemma we show the main result.

Proposition 5.11. If a Markov chain (F!,©,, H,, it Y, 11, W), has ergodic invari-

ant distribution, then for d,a > 0

lim P(Faqay(W - 277y > §) =0, (5.35a)
—00

lim P(Fyap(W + 27y <1 -6)=0. (5.35b)
Proof. See 5.7. O
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5.2 Proof of Lemma 5.1

P(X4| X;q, 571 Y

(a)
= /66(F3(t1,t—1(w):Xt—1,St—1,@z—1)(Xt)dF)/(t1,tl(w) (536&)
(_) wg ) wy )
- 60<Xt)dFXt 1,t—1<w) + 51(Xt)dFXt 1 t—l(w)
w=0 w=wy
1
bt / Sree 1 (X)dFY 1 (w) (5.36D)
“’:w}}xﬂ
Kx—1
= 02 (Xe) P(2]| Xi—1, St-1, O4-1) (5.36¢)
=0
- P(Xt‘Xt_l,St_l,@t_l). (536d)

where w} is the solution of Fy,  , j(w) = > 77, P(2'|X,_1,5_1,0,_1), (a) comes
from the fact that F/ ,,0;_; are determined by S*™', Y1 and (b) comes from (5.5),

and similarly

P(}/;g, St|yt—17 St—l)

- ZP(Y”Yt_la S, Xe =x)P(SIY"™H S Xy = 2, Xy g = 2)

x (Xy=2lY"H SN X, =2 )P(X, = 2|y S (5.37a)
= QYIS 2)Q(Si|Si—1, ) P(z]2’, Si—1,01-1)O_1 (') (5.37b)
= P(ift, St’St—la @t—1)~ (5370)

In order to define ¢ we need to look at how dF}, ,(w) is updated. Consider the
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. . . .. , ,
following recursive expression for the realization fzm,t 4 of i

dfa/ﬁt,t(a)

P t—1 t—1
_ Plays, st zly™" s (5.38a)
P(yt7staxt|yt_178t_1)

= < Z Q’(ytlst, ) Q(Se|st-1, T-1)

Tt—1

X 56( ;t_l,t1(60),1151,Sz1,9t1)($t)9t—1(xt—1)dfg/3t1,t—1<a)>
/(P(yt7 S¢, $t|yt_1a St_l)) (538b)
& ( Z Q' (ye|st, 76)Q(s¢]51-1, 74-1)

Tt—1

x 55( ;t71,t_l(a)yaft—hst—lyet—l) (xt)etfl (xtfl)df;t_l,tfl (CL))

/(Qt(fft)ﬁ(yta St|se—1, 9t—1))7 (5.38¢)
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where (a) is from (5.10). This implies that f, , can be recursively updated as

fg/: ,t(a>
/ » df,, (a) (5.39a)

( Z Q/(yt|5t, ajt)Q(St‘Stfla $t71)9t71(1t71)

&

X // Oée(fg/ct1,t_1(a’),mt—1,8z—1,9t—1)(xt)df:::t1,t1<a,)>
/(Qt(mt)p(ytaSt|3t—170t—1)) (5.39b)
_ ZQ yt|3t,35t)Q 3t|3t 1, Tg— 1)9t 1(£Ut 1)
Ti_1 et xt)P(yt75t|5t 1,00 1)
x {1(f;t_l,t_1(a> > Y Plorfeir s b)) (Pladai, s 00))
=0
xi—1
+ 1( P(xt|xt—178t—170t—l) S f;tfl,t—l(a>
=0
P($t|$t71>5t71,9t71)>
=0
z—1
X (f:;t,l,t—l(a) - Z P(xy|zy—q, 4-1, ‘gt—l))} (5.39¢)
=0
(5.39d)

@ ¢(ft/_1(@)a?/t, Sty St—1, 91&71),

where we used in (a) the fact that 0; is determined by v, sy, $4—1,6;—1. Then,

ft/ = ¢(ft/717 Yt, Sty Se—1,0¢-1). (5.40)
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5.3 Proof of Lemma 5.3

B[Ry = E[8(fi_1. Ve, St se-1,00-1)]s" 1y (5.41a)

= E[gb(ft,fl? Y;fa Stv St—1, et—l) |St—1, et_l]. (541b)
Then,

EldF,(w)|s"™", 5"

= Z Z Z Q/(yt|5t7 xt)Q(8t|3t—1, $t—1)p($t|xt—17 St—1, 9t—1)9t—1($t—1)

s t
Yt t Ty g

X( Z Q/(yt"Su €(f£t_1,t—1(w), Tio1, 841, 9t—1))

21

X Q(5¢] 51, ft—l)gt—ﬂft—l)dfg%t1,t—1(w)) / ( Z Q' (yelse, T¢)

X Q(8¢|81-1, F1 1) P(F4-1|F11, 811, 9t—1)9t—1(57t—1)> (5.42a)
=Y O (@n)dff, () (5.42b)
= dfi—1(w). (5.42¢)

Similarly, we get

E[F(w)|s"™",y"
= B(f{_1(w), Yy, Sty 81-1,0:1) 811, 0r-1] (5.43a)

= fi-1(w). (5.43D)

We would like to find a contraction mapping £ such that for every w and f;_; we

97



have E[A(o(f_1(w), Ys, St, Se—1,0i-1]8t-1,0:-1))] < E(A(fi—1(w))). Let us assume for

now that such a contraction mapping exists. We have

E[V)\(¢(ft/_17 tha St7 St—1, etfl))|st717 etfl]

=E [AA<¢(f£—l(w)7 Yy, Sty St-1, 015—1))|8t—17 i1 (544&)
< / EOfor(w)))dw (5.44)
(%) EWa(fi-1)), (5.44c)

where the first inequality is due to the assumption for the property of £ and the

second inequality is due to the concavity of £&. Then

EV\(F)]

PR > 9 < (5.45)
_ BEMA(F)[ST Y] (5.45b)
_ BIEVAS(f1-1, Y3, Sty ft—l’ O1-1))[Se-1, Or-1] (5.45¢)
- E[f(VAEFtl))] (5.45d)
< SEMEL]) SEME) @ (5.45¢)

where the first inequality is the Markov inequality, the second inequality is due
to (5.44), the third inequality is due to the concavity of &, the fourth inequality is
due to repeated application of the above inequalities and the convergence to 0 is due
to the property of the contraction [50, Lemmag8]. Observe that the convergence is
true for any initial distribution F{, which implies that the convergence is uniform in
the initial distribution.
It remains to find the contraction £ with the property

ENo(fl_1(w),Y:, Sy, st-1,0r-1|51-1,0:-1))] < EA(fi—1(w))). To this end let N :
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,0.5] — |0, e a restriction o on |0,0.5]. en, ecomes one-to-one an
[0,0.5] [0,1] b icti fA [0,0.5]. Th AN'b d

onto hence it has inverse. Let £ : [0,1] — [0, 1] be

&(a)

= sup EX¢(ag, a1, ..., ax—1,Ys, Sty 8-1,00-1))|5¢—1,0e—1].  (5.46)
st—1,0t—1,04,0<i<Kx—1
:0<a;<1,>", 0 1(d)a;=a

Consider the above supremum. Space of s;_; is finite, and spaces of 6;,_; and
(ag, ...,ax,—1) are compact. Since ¢ is continuous with respect to 6;_; and

(ao, .., axy 1) given that Px|xs se(:|-, -, ) is continuous with respect to 6. Therefore
the above supremum belongs to space of s;_1, 0;_1, (ag, ..., ax, 1), and hence f(a) <a

because of (5.48). Consider now a following function.

£ () = max { £V (@), - ¥ a) . (5.47)

Clearly, £*(z) > 0. We will now show that £* satisfies the aforementioned property.
Indeed, let a = f,_;(w). If a € [0,1/2] then X~'(\(a)) = a and the first term in the
maximization on the r.h.s. of (5.47) equals £(a). If a € [1/2,1] then 1-N"'(A(a)) = a
and the second term in the maximization of the r.h.s. of (4.32) equals £(a). Thus
the property holds. We now need to show that {*(a) < a for all @ € (0,1). To show
this, since the channel is fixed-point free, Fi(w) is not a.s. constant. Hence, using

Jensen’s inequality we get

ENEF(w)|s" "]
< ME[Fy(w)[s" 1y 71) (5.48a)
—A(fra(w)). (5.48b)
Therefore, £(X~'(a)) < a from (5.48) and the definition of £&. We also have £(1 —
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XN7(a)) < a. Hence,

£*(a) < a. (5.49)

Finally, we need to establish the concavity of €. Since this property does not hold for
& we define £ as the supremum of the convex hull of £*. Let & be the upper convex

envelope of £, i.e.,

&(a) = sup{b: (a,b) € L}, (5.50a)

L = conv{(a,b):a €[0,1],b € (0,£"(a))}. (5.50b)

Then £ is concave and from the definition of &

EXo(fi_i(w), Y, Sty 8t-1,0i-1))|st-1, 0—1] (5.51a)
< EA(fir(w)))
< A(fia(w)). (5.51b)

For any a € (0, 1], there must exist some constant o € [0, 1] such that a = aay +

(1—a)ay

E(a) < af*(ap) + (1 — )¢ (ar) < aap + (1 — a)a; = a, (5.52)

where we used the definition of he upper convex envelope in the first inequality. Since

¢ is nonnegative, it is contraction.
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5.4 Proof of Proposition 5.5

Using the symmetry of A, we can write

V,\( t1f+1,(1+a)t)

Wy, 1
:/0 )\(Es1f+1,(1+a)t(w))dw+/ A1 - t1f+1,(1+a)t(w))dwa

Wt*’,t
lfgggt Vi (Ft7f+1,(1+a)t) (5.53)
Wt*’,t 1
= max [ [ AE waDdw+ [ A= P gaw))du], (550
=r= 0 Wt*’t

where Wy, is the unique solution of F}/

t41,(14ay (W) = 0.5. Then, we have

P(max Fji o yay(Wiy —0) >v)

1<t'<t
< 5 . — )
= P(&lﬁé)‘(ﬂ 1t (Wig —96)) > v) (5.55a)
Wt*;,t
< Y )
< Pl [ A gl > ) (5.55b)
< P(lfg}i{t VA(FY 1 (1 4ayt)) > v0). (5.55¢)

Similarly,

P(max |1— Fﬁ—&-l,(l—i—a)t(WJ,t +9)| <1-v)

1<t'<t

S P( max VA<thf+1,(1+a)t)) > 1/5) (556)

1<t/<t
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For any n € (0,0.5)

F (W) 1
P< max [/0 th’t+1 (1+a)t ( )dw ‘|‘/ (1 - t?+1,(1+a)t(w)>dw]

lstst Fy (W)

-v)

Wt’t L
<P [ Faommtito [ 0= oo

> 1//2) + P( max |[Fu(W) — Wi | > y/2) (5.57a)

1<t'<

< P( max VA(Fy g (1hay) > y/2)

1<t'<t

1<t'<t

P ({Foean(OV) < s, P 1oV~ v/2)}

1<t'<t

U {F(H-a)t(W) > min Fif g g (Wi, + V/2>}) (5.57b)

< P( max VA(Fjsy (1ay) > ,,/2) + P<F(1+a)t(W) ¢ (n1- n))

1<t’'<t

+ P( max Fyiyy (W, — v/2) > 77)

1<t'<t

+ P( max [1 — F'yy qqay (Wi +v/2)) <1 - 17) (5.57c)

1<t'<t

< P(max Vi(Fiiyy (11ayp)) > v/2)

1<t’'<t

+ 20+ 2P(max Vi(Fi 1 q1ay)) > v0/2). (5.57d)

1<t'<t
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Thus,

P( max Fty+1,(1+a)t(Ft’(W) — 5) > (—:)

1<t/<t
Fy(W)
< P(Eﬁi{t /Ft/(W)_(s F (tay(w)dw > 56) (5.58a)
Ft’(W)
< P(gﬁ%/o b1, (e (W) dw > 56) (5.58Db)

Ft’(W) 1
< P( max [/ Fy i (g (w)dw +/ (1= Fi oy (w))dw
U > 0 Ft/(W)

> u> (5.58¢)

< P(max VA(EfL (14a))) > 0€/2)

1<t/<t

+2n + 2P(1I£t&}§t VA(FY 11 (14ay)) > 0€n/2). (5.58d)

Setting 7 =y /supye(o.1 §'(a)/(d¢€), together with Lemma 5.4 completes the proof of

the first assertion of the proposition. The proof of the second assertion is similar.

5.5 Proof of Lemma 5.6

First we show that I(W; Y11, Si1]Y", S?) = E{log dﬁ{é%) 1}

I(W; Y2+1, St+1 |Yt7 St)

= H(Yi1, S|V, 5%) = H(Yign, Sea [W, Y7, 57) (5.59a)

1
(Y1, Sea[YE, SY)

=F [logp

8 o {Q (Vi (P V). X081, 80)QUSe IS X0} (5.590)
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Q' (Yerd S, e(F, (W), Xy, St ©4))Q(Se41| Sk, Xi)
P(K+17 StJrl’Sta @t>

—E [log (5.59¢)

(5.59d)

=F {log 4Fin (W) }

dF(W)

Now we show that I(W;Y;, S;|Yt~! St=1) = C. Note that for a given Y1 St=1
X, is P(-|X,_1,S,_1,©,) distributed and hence is independent of Y=, §=2 Then,

I(W; Yy, Syt 81
= H(Y;, S|Y'"™, 8" 1) — H(Y,;, S|y, S 1L, W) (5.60a)

@ H(Y;, S, [V, S0, 1) — H(Y:, S,V 870 W, X! ,0,1)  (5.60b)

O H(Y;, 8|S, 1,011) — H(Yy, S, 1, X! 1,0, 1) (5.60c)
= I(Xfﬁl; St, Y;‘St_l, ®t—1> (560(1)
=C, (5.60e)

where (a) due to the fact that ©;_; is a function of Y*~ ! S*! and X/ ; is a func-
tion of Y1 S*=1 1¥/; ((b) is due to the channel characteristics and (5.10); and the
last equation is due to the fact that the channel input sequence for the PMS has

distribution which is capacity-achieving.

5.6 Proof of Lemma 5.10

Consider

_ !/
PYt+175t+1|Ft’7Ht,St,@t7W = Q}Q+1|St+1,g( (W),Ht(Ft(W)),St,et)Q5t+1|5t,Ht(Ft(W))' For

!/
Fry(mow e
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— €
any € > 0, define PYt+LSt+1|Ft/7Ht75t7®t7W to be

P§e/t+1,st+1|Ft/,Ht,St,@t,W(y7 S|f/7 h7 S, 07 U))

- ffl(f(wi)IE£)<w’<w P}Q+1,St+1|Ft',Ht,St,@t,W (% S|f/7 h7 S, 97 U},)7 (561)

where f(w) =) 0(z)f.(w). Similarly, define * Py to be

Yit1,Se41|F],He,St,0¢,W

- ;}+1,St+1|F{,Ht,St,6t,W(ya S|f/’ h» S, 0: w)

_ : / !
= w<w/<f1—nlféf(w)+5) PYt+1,St+1|Ft',Ht,Sz,9t,W(y7 S|f s h, S, ‘9, w ) (562)

From now on we prove the first assertion of lemma, the second assertion follows in a

similar way. Define

_ 7P6(}/;5+17St+1|Ft/7HtaSt7@t7W) }:|
C-=F|lo 5.63a
|: g{ P(}/lf+1aSt+I|St7®t) ( )
= P(yt+1>$t+1’ft/7htaStaetaw)P(ft/vhtastaetaw)
fi,he, 0w t+1
Yt+1,5¢
y log{Pe(yH—la Ser1|ff, s e, 0, w) } (5.63b)
P(yt+1a3t+1|5t79t)
Note that
P(E+17St+1|F¥7Ht7Sta@t7W> }:|
C=F]|lo 5.64a
[ g{ P(Yit1, Se41]St, ) ( )
_/ Z P(Yir1, se41lfis hey 56,00, w) P(fL, by 50, 01, 0)
fi,ht 0w t+1
Yt+1,5¢
% log{P(yt+178t+1|ft/ahtastagtvw) } (5.64b)
P(yt+173t+1|3t;9t)
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Then we have,

- €
D(PYt+1,St+1\F{,Ht,St,Gt,W|| P)Q+1,St+1|Ft’,Ht,St,9t,W|PF{,Ht7St,9t,W)

—C—-C->0. (5.65)
Assume that

. — €
inf D(Py, 1 801175000 | By s 00w | PR HLs 00w ) < 000 (5.66)

Then,—oco < C- < (C. Therefore, P / lo
) e = » LYi41,8041,F] He,S¢,0,W 108 Py, 15041150

~ pe
Yiq1,Se41|F] He,St,04,W

P
Yiy1:Si411F/, Hy, 54,04 W
PYt+1aSt+1|St!6t

is finitely integrable and converges to Py, ., s, r/ 1,,5,.0,w 108 {
a.e. in a monotonically nondecreasing fashion as ¢ — 0. Hence, by the monotone

convergence theorem,

lim C, = C, (5.67)

e—0

and there exists €5 such that for all € < €
C->C—-4§/2. (5.68)

Furthermore, we can apply the strong law of large numbers for Markov chains to get

1 ~ P (Yoq1, S| Fy, Hy, S5, 05, W)
1- - l ) S S Sy Sy S — —_ s, .
o T ; ©8 { P(Yor1, 54115, 0,) } Cooas (5.69)

106



Note that if Fy(W) — F,(W —27#) <efor 0 <s<t—1

1
inf - log dF;
W—2*1t1P1z<w<Wt 08 t(w)

1 P(Yyi1, Sy1|F., Hy, Sy, O, w)
> - 1 . f 9 S S S Sy S 570
>0 log il P(Yor1, 81115, ©,) (5.70)

1 Pe(}/s-i-laSs+1|FI7HSa387@S7W)}
> — lo 5 )
ot Z g{ P(Y5+1,SS+1|SS,@5)

(5.70b)

Therefore,

P - Ror -2 <)

s=0

< P(H{FS(W) — F,(W—=2""") < ¢}

s=0

1 ~P(Yyy1, o1 |F, Hy, Sy, O, W)
- s Sy MsH CR) > .
s glog{ } > C 5/2})

P<Y:9+17 Ss+1|Ssa @s)

1 — “P(Yai1, Sep1|F!, Hy, S, © W)} >
+P(=Y 1o et e e e <C—04/2 5.71a
(t ; g{ P<}/;+17SS+1|58763) / ( )
(a)
< P( inf llongt(w) 20—6/2)
W —2—tR<yw<W
1 — “P(Yai1, Sep1|F!, H,, S, © W)} )
+P(=N 1o etll s e e e <C—6/2 5.71b
(t 2 g{ P(Vor1, So:1154, ©2) /2 (57Ib)
2p( . liogdrw) > c—6/2) +o(1) (5.71¢)
- W—2*1tr1%<w<W 08 GEW) = © e
w
< P( / dF,(w) > 2t<C—R—5/2>> +o(1) (5.71d)
W—2—tR
w
< P(/ dF,(w) > 2t5/2> + 0(1) (5.71e)
W—2-tR
“o, (5.71f)

where (a) is due to (5.70), (b) is due to (5.69), and (c) is from the fact that
[l en dFy(w) < 1.
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5.7 Proof of Proposition 5.11

For every € > 0 we have

P(F1yap(W —27") > 6)

< P( N {E,(W — 2Ry S F,(W) — e})

t'=1

~+

+ P({F(1+a)t(W - 27tR) > 6)}
t
N U {Ft,(W — 27y < Fy(W) — e}) (5.72)
=1
Regarding the first quantity we have
t
p( N {Ft/(W — 2R S F(W) — e}) @y, (5.73)

t'=1

where (a) is from Lemma 5.10.

Consider an event J;,_, {Ft/(W — 271 < B (W) — e}. This event is equivalent
to Jy_ {W — 27" < W'} where W' = F,;*(Fy(W) — ¢). Then by the monotonicity
of cdf it is equivalent to | J,_, { F;(W —2-*%) < F,(W’)} which again is equivalent to
{Ft(W — 27R) < max, ey I (W’)) }

Therefore, regarding the second quantity we have

P({F(Ha)t(W —27) > )}
nlUJ {Ft,(w — 2t < B, (W) — e})

_ ({F(Ha)t(W _gtR) 5 5)}

A {E0v -2 < s (57 (e07) - ) )} (5.74)
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1<#/<
- P(gﬁ;{t Flipa (Ft71 <E/(W) - e)) > 5) (5.74¢)
® P(lrg% Fl'orsa (E,(W) - e> > 5> “y. (5.74d)

where (a) is from the monotonicity of cdf, (b) is due to the PMS update, and (c)
is from Proposition 5.5. P(F(1an(W + 27#) < 1 — §) can also be evaluated in a
similar way. Note that the fixed-point free nature of the channel is required for zero-
rate result, but it can be easily verified that ergodicity of invariant distribution of
(F/(W), Oy, X;, ST, Y1), implies fixed-point free channel as in Lemma 14 of [50],
and ergodicity of invariant distribution of (F}(W), 0y, Xy, S{*!, Yii); is implied by
that of (F/, Oy, Hy, SIT, Y1, W),.
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CHAPTER 6

Conclusion

6.1 Summary of results and comments

In this chapter, a summary of the obtained results is provided, together with

comments and future research directions.

6.1.1 Capacity achieving codes for finite-state channels

without feedback

In Chapter 2, we presented SIR-achieving and capacity-achieving code ensembles
for FSCs. We first established an upper bound on the average block error probability
of coset code ensembles transmitted through FSCs. We used this bound to show
that coset ensembles generated by regular LDPC, punctured LDPC, and LDPC-GM
ensembles which achieve the capacity of MBIOS channels also achieve the SIR of
FSCs. Next, we presented a method of quantization that enables the construction
of code ensembles inducing a Markov distribution. We established an upper bound
on the average block error probability of quantized coset code ensembles transmitted

through FSCs. Using this bound, we showed that the sequences of quantized regular
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LDPC, punctured LDPC, and LDPC-GM coset ensembles can achieve the capacity

of FSCs as the order of the induced Markov distribution approaches infinity.

6.1.2 A single-letter capacity expression for finite-state

channels with feedback

In Chapter 3, a single-letter expression for the capacity of the FSC with delayed
feedback was derived. This study was motivated by the fact that the capacity expres-
sion for the general class of such channels given in (3.3a) and derived in [54] involves
a measure on the space of channel states and a measure on the space of measures
on channel states as well. Our derived expression given in (3.16) only involves a
measure on the previously transmitted channel input. Although this is an infinite
“state space” (even for finite state alphabets), this methodology results in a capacity
expression that does not depend on an ever-expanding sequence of random variables
X4yt st

The methodology was based on reformulating the capacity problem as a stochastic
control problem. Although this methodology was based on the one proposed in [54],
the key difference was to identify the information state and action directly instead of
considering a stochastic control problem with a state dependent action space, as was
done in [54]. We believe that our approach reflects the basic principles of Markov
decision theory better and hence is more natural. This methodology is quite general
and will likely be useful in finding single-letter expressions for the capacity of other
channels, such as the multiple-access channel with feedback.

We finally applied this methodology to the evaluation of the capacity expression
for the case with no ISI, and the resulting expression agrees with the previous result
given in [52]. It turns out that the corresponding control problem is a simple Markov

decision process problem, and our methodology is considerably simpler than that
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of [52].

6.1.3 A capacity-achieving posterior matching scheme

In Chapters 4 and 5, we proposed a feedback transmission scheme based on the
simplified capacity expression found in Chapter 3. In both cases (i.e., with and
without ISI), the proposed schemes can be thought of as generalization of the PMS
proposed in [50]. We first considered the no ISI case in Chapter 4. As we saw earlier,
the corresponding scheme is a rather straightforward generalization of its DMC coun-
terpart. We followed the same methodology as in [50] to show capacity achievability:
first establishing the zero-rate result and then the rate R < C achievability. The
zero-rate result is based on identifying an appropriate Lyapunov function V), whose
convergence implies zero-rate achievability. The intuition can easily be seen from the
definition of the Lyapunov function, i.e., the fact that a small V)(f) means that f is
almost a step function. As seen in this thesis, the same Lyapunov function can be
used for channels with memory, and the main difficulty of proving the zero-rate result
comes from identifying an appropriate contraction mapping to show convergence of
the Lyapunov function.

In Chapter 5 we turn our attention to the case with ISI and observe that the
differences from the previous cases are considerable. First, the PMS itself looks a
lot different from its DMC (or no-ISI) counterpart. The reason for that is because
the optimal transmitter must use information of the previous channel input when
it generates the current channel input because information of the previous channel
input is delivered to the receiver through the presence of ISI. The general structure of
the proof of capacity achievability follows the structure of the no ISI case. Regarding
the zero-rate result, the identification of an appropriate contraction mapping is the

main difficulty. Regarding the rate R < C' result, however, a number of unique
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difficulties arose that were not present in the no-ISI case. The first is that unlike
the DMC or no-ISI case the transmitted symbol X, is not only a function of F (V).
This difficulty posed the dilemma of either studying a Markov process related to
the entire cdf F}, or construct (and study) a Markov chain involving an appropriate
set of sufficient quantities. Another problem arose when considering the quantity
H;(F;(W)) relating to the value of this function in the 27 neighborhood of the
message point W. We have not resolved this issue conclusively but we strongly

believe this is the case.

6.2 Future research directions

First, consider the case when there is no feedback. Although we showed that
our scheme achieves the capacity of FSC without feedback we have not studied the
corresponding error exponents. Because error exponents give information on how fast
the error probability converges to zero, this study is important in practical situations
where we cannot assume infinitely long transmission time. Therefore, investigating
error exponents for our proposed schemes would be a meaningful future direction. To
follow this direction, one must come up with better upper bounds on error probability
than the one we derived. The main objective and difficulty would be the derivation
of a random coding bound in single letter form, and the corresponding development
of a stronger SF bound.

In the case where there is feedback, we started our investigation by simplifying
the capacity expression. As mentioned in the summary, the methodology used here
is quite general, so it may be useful when trying to simplify the capacity expression
for non point-to-point channels. One may have to combine information theoretical
concepts and concepts from stochastic control in order to come up with a simplified

expression, since both these areas have their own strengths and weaknesses.
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Consider now the derivation of the capacity-achieving scheme for channels with
memory and feedback, especially the analysis of generalized PMS. As discussed
above, the current methodology might have weaknesses for more general channels
with memory. One might follow a different approach to the analysis of the PMS:
recently Coleman provided one example of such an alternative analysis in [51]. It
would be interesting to see if Coleman’s methodology resolves some of the unre-
solved issues at hand. Another direction of research would be investigation of error
exponents of the PMS. This is partially done for the DMC case in [50], however
the authors did not provide closed form expressions for the error exponents and did
not show any kind of optimality of the exponents. One might consider a completely
different PMS-like scheme that aims at optimizing the finite-length performance of
the communication system as opposed to achieving capacity. Other future directions
include applying the PMS-like schemes for non point-to-point channels. One such

example can be found in [68] for broadcast channels.

114



APPENDICES

115



Appendix A

The posterior matching scheme (PMS) for the

discrete memoryless channel (DMC)

Consider a DMC with input/output alphabets X = {0,1,...,Kx — 1}, Y =
{0,1,..., Ky — 1}, transition matrix {Q(y|z)}sex yey and unit delay noiseless feed-
back. Let W be a random message uniformly distributed over the unit interval. A
transmission scheme over this channel is a sequence of functions {é&; : [0,1) x V=1 —
X' }22, such that

X, =W, Y1), (A.1)

Let W, be the message point estimate at the receiver at time ¢t. We now describe

a simple sequential transmission scheme, namely the posterior matching scheme

(PMS). We assume that the capacity achieving distribution P(X) has been found,

and we denote the corresponding output distribution by Py (y) = 32, Q(ylz)P(x).
def

Define the random variable F; € F as F,(w) = F(w|Y"), where F(:|Y") is the a-

posteriori cdf of W conditioned on Y* and F is the set of all valid cdfs over [0,1).
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Then, at time ¢ > 1 the transmitter generates and transmits the channel input X; as

where the inverse cdf F~'(y) < inf{z : F(z) > y}.

Lemma A.1. For the PMS scheme we have

P(X,|Y"Y = P(X,)
PY;|Y*™!) = Py (V)

Ft = qb(Ft—la}/;f)a

where Fy = Uniform|0, 1).

Proof.

P(Xt’Ytil) — P(Xt’Ytil,Ft,1>
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(A.2b)

(A.2¢)

(A.3)
(A4)

(A.5)

(A.6a)

(A.6b)
(A.6c)

(A.6d)

(A.6e)



and similarly

PY,[Y'"™) =) PV X, = 2)P(X, = z[Y"™") (A.7a)
= Q(Yi|z)P(x) (A.7b)
= py(yt) (A.7c)

The transmitter subsequently updates the quantity F;_; according

F = ¢(F1,Yy) (A8)

where ¢ is given implicitly through the corresponding pdf update

P(y'la)da

dilo) = =g (A.92)
_ Qyile(fi-1(a))) P(y*|a)da
- Pluly P (A9
_ Que(fi—1(a)))dfi-1(a) .
= Pluly) e
Qyle(fi-1(a)))dfi—1(a)
= T Qe (@) s () (A:9)
_ Qullfiradios) A00)
Py ()
and explicitly through
Y(Z/t)
ZP < ft 1 < Z P

ZEZO,...,Kx—l.
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]

Observe from the above equation that f;(a) is a function of f;_; only through
fi—1(a). In the following we will also use the notation fi(a) = ¢(fi—1,y:)(a) =
&(fi-1(a),y:). Observe also from (A.2a) that the transmitted symbol X; is a function
of W and F;_; only through the quantity F;_1(W). This has important implications
for the analysis of the PMS.

Note that from Lemma A.1, Y;’s are i.i.d. random variables, each with distribu-
tion py.

Assuming that the channel transition probabilities Q(y|z) are non-zero for all
x,y, the recursion described by (A.5) and (A.9) guarantees that for every realization
of the random variables of interest, F; will always have a pdf; in addition the pdf
will be piecewise constant and non-zero everywhere in (0, 1].

At the receiver, the quantity F; is updated according to (A.5), and the message

estimate is obtained as
W, = d(F,, 275 /2), (A.11)
where the message estimate function d(F,0) is defined as
d(F,0) = argmuz}x{F(ijcS) — F(w—9)}. (A.12)

In the following figure, a directed acyclic graph is shown describing the generation

of all random variables of interest.
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A.0.1 Special Case: BSC

In the special case of BSC the capacity achieving input distribution is ]5(0) =

P(1) = 1/2, and the encoding function becomes

Xy = F N F (W) (A.13a)
0, F,_ (W) <1/2

- mW) <1/ (A.13b)

1, else
Z e(F_ (W), (A.13c)

Also, the update function ¢(-,-) simplifies to

2Q(Y:|0)F;_1(a), F, 1(a) <1/2

Fila) = Q(Y:[0)Fi-1(a) t-1(a) <1/ (A14)

QVi|0) + 2Q(Vi[1)(Fi_1(a) — 1/2), clse

A.1 Capacity achievability of the PMS (according

to [50])

This is a modified version of Shayevitz’s original proof in [50]. The only difference
from the original proof is notation. For simplicity we will consider DMC from now
on. Shayevitz’s original proof is for general memoryless channels.

A transmission scheme achieves rate R if
lim P(JW — W, > 271 = 0. (A.15)
In particular, we say that a transmission schemes achieves zero rate if
Ve > 0 tlggopqvv—vm > ¢) = 0. (A.16)
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A.1.1 Zero rate result

Let ¢y(-) = ¢(-,Y). Then F; = ¢y, (dy, ,(--- ¢y, (Fy))). For a non-decreasing

function A : [0,1] — [0, 1] define a Lyapunov function V) as

Va(h) = /0 A(h(w))dw, (A.17)

where A : [0,1] — [0, 1] is onto, strictly concave and symmetric about 0.5. This
definition implies that A(x) is 0 at = 0, 1 and 1 at z = 1/2. Furthermore, for
a cdf F € F, Vo\(F) is small if F' resembles a step function (it is exactly 0 for a
step function). A function & : [0, 1] — [0,1] is called contraction if it is nonnegative,

concave, and {(x) < z for x € (0,1).

Definition A.2. A channel is called fixed-point free if for any f;(w)
Py (filw)) = fulw)) <1 (A18)
Lemma A.3. If the channel is fized-point free, then for e > 0, and for all f € F
lim P(VA(F}) > e[Fy = f) = 0. (A.19)

Proof. We would like to find a contraction mapping & such that for every w and f;_;
we have E[A(Fy(w))|fi—1(w)] < E(A(fi—1(w))). Let us assume for now that such a
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contraction mapping exists. We have

BV = B[ AR @)dulfi]
= [ BE@) )
< [ et
<[ Aawnan

- éu(V)\(ft—l))?

(A.20a)
(A.20b)
(A.20c)

(A.20d)

(A.20e)

where the first inequality is due to the assumption for the property of £ and the

second inequality is due to the concavity of £. Then,

P(VA(F) > ¢€) < M

€

EIEVA(dy, (F-1)[Y"1]]

€

_ EFt71[EK[VA<¢Yt(Ft—1)>|E—1H

€

EE(VA(Fi-1))]

< PRAT
E(E[VA(Fi-1)])

<

<<

€

§EWR))

(A.21a)

(A.21b)

(A.21c)

(A.21d)

(A.21e)

(A.21f)

where the first inequality is the Markov inequality, the second inequality is due

to (A.20), the third inequality is due to the concavity of &, the fourth inequality

is due to repeated application of the above inequalities and the convergence to 0 is

due to the property of the contraction. Observe that the convergence is true for any

initial distribution Fy, which implies that the convergence is uniform in the initial

distribution.
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It remains to find the contraction £ with the property FE[A(¢y,(fi—1(w)))] <
E(A(fi—1(w))). To this end let X' : [0,0.5] — [0,1] be a restriction of A on [0, 0.5].

Then, X' becomes one-to-one and onto hence it has inverse. We define £* as

¢"(z) = max{E[A(dy, (N (@), By, (1 = X7 (@)} (A.22)

Clearly, £*(z) > 0. We will now show that £* satisfies the aforementioned property.
Indeed, let § = f_i(w). If & € [0,1/2] then N"1(A(A)) = 6 and the first term
in the maximization on the r.h.s. of (A.22) equals E[A(¢y,(0))]. If 6 € [1/2,1]
then 1 — N~1(A\(#)) = 0 and the second term in the maximization of the r.h.s. of
(A.22) equals E[A(¢y,(#))]. Thus the property holds. We now need to show that
£*(z) < x for all z € (0,1). This is equivalent to showing that for every z € (0, 1),
EM oy, (N7H2)))] < x and E[A(¢y,(1-N"(2)))] < z, which is equivalent to showing
that for all # € (0,1/2) we have E[X(¢y,(6))] < N (0) and E[A(¢y, (1 —8))] < N(0).
This in turn is equivalent to showing that E[X(¢y,(0))] < A(#) for all 8 € (0,1). To
show this, since the channel is fixed-point free, Fi(w) is not a.s. constant. Hence,

using Jensen’s inequality we get

EMov (0))] < A(El¢v, (0)]) (A.23a)
=2 Pr(y)oy(0)) (A.23b)
= \(0), (A.23c)

where the last equality is due to (A.10). Thus, &* satisfies all requirements for a

contraction mapping except concavity. To this end we define £ to be the upper
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convex envelope of £* i.e.,

&(a) =sup{b: (a,b) € L}, (A.24a)

L = conv{(a,b) : a € [0,1],b € (0,£"(a))}. (A.24D)

Then, £ is non-negative and concave. In addition, since £*(a) < £(a), it is clear that
E[X( ¢y, (fi1(w)))] < E(A(fi—1(w))). To show that £(0) < 0, we observe that for any
6 € (0,1], there must exist some constant « € [0, 1] such that § = afy + (1 — «)b;.

Then
£(0) < ag*(bh) + (1 — )€™ (61) < aby + (1 — )by =0, (A.25)

where we used the definition of the upper convex envelope in the first inequality.

]

The intuitive interpretation of the above lemma is that the probability of having
an F; that does not resemble a step function is zero at the limit of large .

We now state the zero rate result.

Proposition A.4. If the channel is fived-point free, then for €,§ >0

lim P(F,(W —0) > ¢€) =0, lim P(F,(W +9J) <1—¢€) =0. (A.26)

t—o00 t—o00

Proof. Using the symmetry of A\, we can write

Wi 1
VA(F,) = /U A Ey(w))dw + / A1 — Fy(w))dw, (A.27)

Wy
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where W} is the unique solution of F;(w) = 0.5. Then, for any v > 0 we have

P(F(W? — 6) > v) < PNF(W; — 6)) > v) (A.284)
< P( / N NEw)dw > vd) (A.28)
Wp—s
< P(Vy(F)) > v5), (A.28¢)
and similarly,
P(E,(W* +6) < 1—v) < P(Va(F) > v6). (A.29)

For any n € (0,0.5) we have

P(/OWFt(w)der/V:(l—Ft(w))dw > V)

< p(/wf'* Fy(w)dw + /1 (1 - Fy(w))dw > y/2> +P(IW — W;| > v/2) (A.30a)

0 1%s

< P(VA(Fy) > v/2) + P(F,(W) ¢ (n,1—n))

+ P(F,(W} —v/2) >n)+ P(F,(W; +v/2) <1-n) (A.30Db)

< P(VA(F}) > v/2) 4+ 2n + 2P(VA(Fy) > vn/2). (A.30¢)
Thus

P(E(W —5) > €) < P( / Y Rw)dw > 56) (A.31a)

< P(/W Fy(w)dw > 56) (A.31Db)

< P(/W Fy(w)dw + /1(1 — Fy(w))dw > (56) (A.31c)

< P(VA(F) > 6¢/2) + 20 + 2P(VA(F)) > en/2).  (A.31d)
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Setting n =\ /sup,e(o1 §*(@)/(€), together with Lemma A.3 completes the proof of

the first assertion of the lemma. The proof of the second assertion is similar. O

The intuition behind the above proof is that for an error to occur, either the cdf
F; does not behave as a step function (first, third and fourth terms in (A.30b)) or
the step does not occur at the transmitted message W (second term in (A.30b)).

Although the previous proposition is sufficient to show achievability of R = 0, in
the following we provide a stronger version of it, that will be used in the next section
for the proof of rate R > 0 achievability. For any t; > ¢; > 0 we can write F}, as a
function of Fy,_; and the observations Yt? through a repeated application of the ¢
recursion, i.e., F, = Gyt (Fiy—1, Y;";Q) Let Ft{h be the random variable defined as
Ft{@ = by, (f, Y2). Clearly F, = F{,, where u denotes the uniform distribution
over (0,1). In addition, due to the recursion implied by the PMS, we will denote
F,(a) = éu,i,(Fy 1, Vi) (a)

With the above notation, the function ¢y, ¢, (-, thf) is monotonically increasing. We

£ Gtyt,(Fr,—1(a),Y,?) with some notational abuse.

now prove the following lemma which is a stronger version of Lemma A.3.

Lemma A.5. If the channel is fixed-point free, then for e > 0 and for any a > 0,
lim P(max Vi(Fyiq (14an) > €) = 0. (A.32)

t—oo  1<t/<t

Proof. Let VY, ., = sup; V,\(Ft{,tz). Note that V¥, is a deterministic function of
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V)2, hence there exists a sequence of cdfs {f, . }72, such that
sty

. Yt2

V;tlth = llm V)\(Ftl to ) (ASS&)
) vy (fk,yttf)

= khrf)lo VA(Ft1+1,t2 ) (A.33Db)

= sup VA(F 11,0,) (A.33c)

= Vit (A.33d)

Note that there exists a sequence of cdfs { fk’ylat}zozl such that

Tryo
Vitat 2 V/\(Fl,zzll t) > V¥ o — 1/k. Therefore,

P(lrélggt VA(Ff i1 (ray > €) < P(gtz}i(t Vivit(avay > €) (A.34a)
= P(V¥i1 1oy > ©) (A.34D)
= P(sup Vi(F! Pl (lrayt) > €) (A.34c)
@ P(Sup VA(F{ ) > ) (A.34d)

= P(lim (FLE) > o (A 34e)
2 POAEEE) > o (A.341)
“y, (A.34g)

where (a) is due to the fact that FtJfH (1tay = Pat—1(/f, Yt(jfa)t) F{at = Gas_1(f, YY),
and Y;(J:fa)t , Y1 have the same statistics; (b) is true for &' > 1/(Vy, ,, —¢€); and (c)

is due to the fact that Lemma A.3 holds for any Fj. O]

Observe that indeed this lemma is stronger than Lemma A.3, since P(V)\(F};) >
€) = P(VA(FY,) > €) = P(Va(F1y s 10e) > €) < P(maxi<p< V/\(Fturl at) > €).
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Proposition A.6. If the channel is fived-point free, then for e,d >0

}E}; P(fgﬁ%(t Ft'+1,(1+a)t (Ft’(W) - 5) > 5) =0, (A.35)
lim P(gﬁé Florira (Ft/(W) + 5) <1- e) ~ 0. (A.36)

Proof. Using the symmetry of A\, we can write

max V/\(Ft7f+1,(1+a)t)

1<t'<t
Wt*’,z 1
= e [ [T NE @)+ [N g w)du], (37
SUS 0 wx

t/t

where Wy, is the unique solution of F}/

t+1,(1+a)t(w) = 0.5. Then, we have

P(max Fjiy o yau(Wi, —06) > v)

1<t'<t
< s . — .
< P(glf}%(t)\(Ft 1t (Wi = 96)) > v) (A.38a)
Wt*;,t
< u .
< Pl | A sl > ) (A.38)
< P(max VA(Fy i1 avap) > ¥0); (A.38¢)

and similarly

P 1—F7 ; 1 —
(fgf};{t Pt ray (Wi +9)| < V)

< P(max Vi(Fyiq (14ay) > V9). (A.39)

1<¢/<t
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For any n € (0,0.5)

F (W) 1
P< max [/0 th’t+1 (1+a)t ( )dw ‘|‘/ (1 - t?+1,(1+a)t(w)>dw]

I=tst Fy (W)

-v)

W, 1
§P( max [/ Fi atan ( )dw—l—/ (1—-Fiy (1+a)t ( ))dw]
0 ;;,t

1<t/<t

> 1//2)

+ P( max |Fy (W) — Wi, | > l//2) (A.40a)

1<t'<t

< P( max VA(Fy g (14ay) > V/2>

1<t'<t

+P({Fa+a>t<w> < mis Py (Wi —v/2)}

1<t'<t

U {F(1+a)t(W) > 112}% Ft1f+1,(1+a)t( vet V/Q)}) (A.40Db)

< P(fgf}é ValFi 1 (gaye) > V/2> (F(1+a)t(W) ¢ (n,1 - 77))

P EY S —v/2
+ (Eﬁi{t vt (ray(Wey — v/ )>77)

+ P(lrgt.z}%(t[l — By oy We +/2)] < 1= 77> (A.40c)
< P<1123§ Va(Ff 1 (ivaye) > v/2)
+ 2 + QP(lrgg%(t VA(E1’L+1,(1+a)t) > vn)/2). (A.40d)
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Thus,

P( max iy (1 ay (Ft/(W) — 5) > (—:)

1<t/<t
Fy (W)
< 7 .
< P(Eﬁi{t /Ft/(W)_ F (tay(w)dw > 56) (A.41a)
Ft’(W)
< P(lrgtét/o b1, (e (W) dw > 56) (A.41Db)

Ft’(W) 1
< P( max [/ Fy 1 (g (w)dw +/ (1= Fi1 oy (w))dw
0 Ft/(W)

> 56) (A.4lc)

< P(max VA(Fy iy (14a)) > 0€/2)

1<t’'<t

+ 20 + 2P(1T£13§t VA(FY 1, (14ap) > 0€n/2). (A.41d)

Setting 1 = , /sup,e(o,1) §'(a)/(d¢€), together with Lemma A.5 completes the proof of

the first assertion of the proposition. The proof of the second assertion is similar. []

A.1.2 Rate R < C achievability

Lemma A.7. (E,(W), Y1) is a Markov chain.

dcf

Proof. Let ©, = F,(W). We have

PO, 91101, y")

= Qr41]€(0:)) P (04|61, y") (A.42a)
= Q(Ur+11€(01))0p0,_, ) (0) (A.42D)
= P01, yr+1101-1, 91)- (A.42¢)

O

Lemma A.8. E{log dnglwvg) |} = C if the PMS is used as the transmission scheme.
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Proof. First we show that I(W;Y;1|Y") = F [log dgg(lévm)/)}

I(W; YY)

:EP%{%%ﬁ%ggﬂ (A43a)
—E {log { Qm}gﬂfgf)w))) H (A.43b)
—F {log %} , (A.43c)

where the last equality is due to (5.40).
Now we show that I[(W;Y;|[Y'"!) = C. Note that for a given Y1 X, =
Fy Y(F,_1(W)) is P distributed and hence is independent of Y*~!. Then,

(W3 YY)
— HYGY'Y) — HYGYL W) (A4a)
W Hy Yt - HY YL W, X (A.44b)
2 H(Y,) ~ H(Y;|X) (A.44c)
— (X, Y)) (A.44d)
=C, (A.44e)

where (a) is due to the fact that X; is a function of Y*=!, W; (b) is due to the channel
being DMC and (4.6b); and the last equation is due to the fact that the channel input

sequence for the PMS has distribution which is capacity-achieving. m

Lemma A.9. If the Markov chain { F;(W), Y111} has ergodic invariant distribution,

then
li ! logdF,(W) =C A.45
fim - log (W) =C as. (A.45)

131



Proof.

t

1 1 dF,(W
i log dF, (W) = . Z log W&ME) (A.46)

s=1

If (F;(W),Yy1): has ergodic invariant distribution, then by the strong law of large

numbers for Markov chains

o1 B dE,(W) . (@
where (a) is from Lemma A.8. O

Lemma A.10. If the Markov chain {F;(W),Y:+1}3° has ergodic invariant distribu-

tion, then for any § > 0 and rate R < C — § there exists € > 0 so that for all

e<¢
lim P( h{FS(W) — F,(W —27"%) < e}> =0 (A.48)
lim P< ({E(W +27) — F,(W) < e}> = 0. (A.49)

Proof. Let ©, < F,(W), and Py,,,j0, = @y, (0, For any € > 0, define ~ Py,

t+1|O¢

to be

- 3€/t+1\9(y‘9) = inf GPYzH|9<y’9/)' (A.50)

f—e<'<

Similarly, define * Py, o, to be

+ pe — ;
Py, o wl0) = ,_inf  Pyyje,(yl0). (A51)

From now on we prove the first assertion of the lemma; the second assertion follows
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in a similar way. Define

_ 7P6(}/t+1|@t) }}
C - =F|logd —————= A 52a
- =5 |log { ] (A.52)
s 0
/ > P(yi6:) log {M} (A.52b)
Or y P(?Jt+1)
t+1
Note that
P(Y141]6y) H
C=FE|llogd ————~ A .53a
{ g{ P(Vii1) (A.53a)
P 0
— [ Plaloon { Tt (A.53b)
Or 4 P(yt+1)
t+1
Then we have,
O - Ce_ D(P}/':f+1|@t|| t+1|®t|P®t) Z O (A54)
Assume that
me(PYtHIGtH Py t+1|@t\P@t) < 0. (A.55)

P
Then,—oo < C7 < C. Therefore, Py, o, log {Yt—“et} is finitely integrable and

Yt+1

PYt+1\9t

v } a.e. in a monotonically nondecreasing fashion as
t+1

converges to Py, , e, log {

e — 0. Hence, by the monotone convergence theorem,

limC =C, (A.56)

e—0

and for § > 0, there exists €§ such that for all e < €
Co>C—46/2. (A.57)

133



Furthermore, we can apply the strong law of large numbers for Markov chains to get

lim — Zlo {ﬂ}:q— a.s. (A.58)

t—)OO S+1)

Note that if Fy(W) — Fs(W — 27y < efor0<s<t—1

| 1 P(Yy11)0s)
f - log dF; > - 1 _ A.59
W—Q—lt%<w<Wt 08 t(w) = Z Og (W —2- fkn<0 <Fs(W) P(YS-H) ( a)

p Zlo {ﬂ} (A.59D)

s+1>

Therefore,

(ﬂ{F F,(W — 2718 < e})

< P( ﬂ{mv) SR -2 <)

ﬂ{ Zl {ﬂ} > 0—5/2}>

s+)

( Zlo {ﬂ} <C - 5/2) (A.60a)

s+1)
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(a) 1
< P( inf —longt(w)ZC—(S/Q)

W—2-tR<w<W t

I\ P€<YS+1|@S>} )
+P( =Y logd —HZA <0 —5/2 A.60b
(tZ P / (A.60b)
(t) , 1
<P W72—£%£w<w n logdFy(w) > C —46/2 ) + o(1) (A.60c)
w
< P( dF,(w) > 2t<0“/2>> +0(1) (A.60d)
W—2-tR
w
< P(/ dF,(w) > 2t5/2) +0(1) (A.60e)
W—2-tR
“y, (A.60f)

where (a) is due to (A.59), (b) is due to (A.58), and (c) is from the fact that
Jor o dFy(w) < 1. .

The above lemma guarantees that at some time before ¢ there will be a jump of
at least € in the posterior message cdf in the interval of 27'% around W. Using this

lemma we show the main result.

Proposition A.11. If a Markov chain {Fy (W), Yi41}5° has ergodic invariant distri-

bution, then for é,a > 0

lim P(Fyyap(W = 27 > §) =0, (A.61a)
— 00
lim P(Fiyap(W + 27y <1 -§)=0. (A.61b)
—00
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Proof. For every € > 0 we have

P(Fupap(W —27") > §)

< P( N {Fo(W —277) > Fu(W) - e})

t'=1

+ P({F(Ha)t(W _ 9ty 5 5)}

nU {Ft/(W —97R) < B, (W) — e}> (A.62)

=1
Regarding the first quantity we have

P( ﬁ {Ft/(W — 27 > (W) - 6}) “ o, (A.63)

t'=1

where (a) is from Lemma A.10.

Consider an event |J;,_, {Ft/(W — 271y < B (W) — e}. This event is equivalent
to U _ {W — 27" < W'} where W’ = F,*(Fy(W) — ¢). Then by the monotonicity
of cdf it is equivalent to | J,_, { F;(W —2*) < F,(W’)} which again is equivalent to

{E(W — 27R) < max, <y (W’)) }
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Therefore, regarding the second quantity we have

P({F(Ha)t(w gty 5 5)}

N U {Ft/(W _ 2—tR) < Fy(W) — 6})

t'=1

:P({F(Ha)t(W _9tR) 5 5)}

N {Ft(W —271R) < max Ft<Ft,‘1 (Ft/(W) - e)> }) (A.64a)

1<t'<t

(a)
< P({F(Ha)t(w — 27 > 5)}

N {F(Ha)t(W — 97 < max F(Ha)t(Ft,‘l (Ft/(W) . e)> }) (A.64b)

~1<t<t
= P(lrglta}%ct F(Ha)t(Ft,_l (Ft/(W) — 6)) > 5) (A.64c)
O) u _ (c
_ P(fg% Floyiea (MW) e) > 5) “y, (A.64d)

where (a) is from the monotonicity of cdf, (b) is due to the PMS update, and (c)
is from Proposition 5.5. P(F(141a(W + 27) < 1 — §) can also be evaluated in a

similar way:. O
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ABSTRACT

Capacity-Achieving Schemes for Finite-State Channels

by

Jung Hyun Bae

Chair: Achilleas Anastasopoulos

The main goal for the communication engineer is to design the encoder and
decoder so that the system can transmit data reliably at the highest possible trans-
mission rate. To achieve this goal, channel coding, which is the focus of this thesis,
strategically adds redundancy to the transmitted data, and coding theory has pro-
vided specific transmission schemes that approach the capacity for point-to-point
links.

Historically, most of the aforementioned schemes are designed for the case of
memoryless channels. For channels with memory, however, few results exist on
capacity-achieving codes. This is the first direction explored in this thesis, i.e. find-
ing capacity-achieving scheme for channels with memory. In particular, capacity-
achieving codes are constructed for channels with memory when the receiver em-
ploys maximum likelihood decoding. The codes are derived from the corresponding
capacity-achieving codes for memoryless channels by using block-wise Markov quan-

tization. The constructed quantized codes induce Markov distribution on the channel



input sequence and are shown to achieve the corresponding information rate.

It has been well known that feedback can improve the error performance and/or
simplify the transmission scheme, and may increase the capacity. There have been
several remarkable results on designing transmission schemes with feedback, but
again, most of these results are for the case of memoryless channels. The second di-
rection in this thesis, therefore, is to design simple transmission schemes for channels
with memory in the presence of feedback. As the starting point of the investigation, a
single-letter capacity expression is derived for the channel in consideration. Based on
this capacity expression and corresponding capacity-achieving distribution, a feed-
back transmission scheme which achieves the capacity of channels with memory and
feedback is proposed. For the case of channels with no inter-symbol interference (ISI)
it is shown that the proposed transmission scheme is a straightforward generalization
of the one proposed for memoryless channels. For the case where ISI is present a

substantially different scheme is proposed and shown to achieve the channel capacity.



