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CHAPTER 1

Introduction

Information theory deals primarily with systems transmitting information or data
from one point to another. A rather general block diagram for visualizing the be-
havior of such systems is given in Figure 1.1. The source output in Figure 1.1 might
represent, for example, a voice waveform, the output of a set of sensors or a sequence
of binary digits from a magnetic tape. The channel might represent a telephone line,
a communication link or a high frequency radio link. The encoder represents any pro-
cessing of the source output performed prior to transmission. The decoder represents
the processing of the channel output with the objective of producing an acceptable
replica of the source output at the destination.

Noise

Source Encoder—— Channel Decoder Destination

Figure 1.1: Block diagram of communication systems.

In the early 1940’s, it was thought impossible to send information at a positive
rate with negligible probability of error. C. E. Shannon surprised the communications
theory society by presenting a theory for data transmission over noisy channels and
proving that probability of error could be made nearly zero for all transmission rates
below channel capacity. However, Shannon’s channel coding theorem is of asymptotic

nature; it states that for any transmission rate below the channel capacity, the proba-



bility of the error of the channel code can be made arbitrary small as the block length
becomes large enough. This theorem does not indicate how large the block length
must be in order to achieve a specific error probability. Furthermore, in practical sit-
uations, there are limitations on the delay of the communication and the block length
of the code cannot be arbitrarily large. Hence, it is important to study how the prob-
ability of error drops as a function of block length. A partial answer to this question
is provided by examining the error exponent of the channel. It is well-known that
the optimum error exponent F(R), at some fixed transmission rate R, (also known
as the channel reliability function) gives the decoding error probability exponential
rate of decay as a function of block-length for the best sequence of codes.

Error exponents have been meticulously studied for point to point discrete mem-
oryless channels (DMCs) in the literature [1,17,22,23,25,45,46]. Lower and upper
bounds on the channel reliability function for the DMC are known. A lower bound,
known as the random coding exponent F,.(R), was developed by Fano [23] by upper-
bounding the average error probability over an ensemble of codes. This bound is loose
at low rates. Later, Gallager [27] considerably reduced the mechanics of developing
this bound. Gallager [29] also demonstrated that the random coding bound is the true
average error exponent for the random code ensemble. This result illustrates that the
weakness of the random coding bound, at low rates, is not due to upper-bounding
the ensemble average. Rather, this weakness is due to the fact that the best codes
perform much better than the average, especially at low rates. Two upper bounds,
known as sphere packing exponent E,,(R) and minimum distance exponent E,,,(R)
were developed by Shannon, Gallager, and Berlekamp [45,46]. The random coding
bound and the sphere packing bound turn out to be equal for code rates greater than
a certain value R..;, but are distinctly different at lower rates. Gallager [27] partly
closed this gap from below by introducing a technique to purge poor codewords from
a random code. This resulted in a new lower bound, the expurgated bound, which
is an improvement over the random coding bound at low rates [13,26,28]. The ex-
purgated bound, E.,(R), coincides with the minimum distance bound, FE,.(R), at
R = 0 [16, pg. 189]. Shannon, Gallager, and Berlekamp [46] further closed this
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gap from above by combining the minimum distance bound with the sphere packing
bound. They proved that a straight line connecting any two points of E,,(R) and
Ena(R) is an error exponent upper bound. This procedure resulted in a new upper
bound, the straight line bound, which is an asymptotic improvement over the sphere
packing bound at low rates. Barg and Forney [8] investigated another lower bound
for the binary symmetric channel (BSC), called the “typical” random coding bound
Er(R). The authors showed that almost all codes in the standard random coding
ensemble exhibit a performance that is as good as the one described by the typical
random coding bound. In addition, they showed that the typical error exponent is
larger than the random coding exponent and smaller than the expurgated exponent at
low rates. Figure 1.2 shows all the upper and lower bounds on the reliability function
for a DMC. As we can see in this Figure, the error exponent lies inside the shaded
region for all transmission rates below the critical rate.

, B(R)

Rm'zﬁt ical C "R

Figure 1.2: Upper and Lower bounds on the error exponent for a DMC.

In the special case of binary codes, extensive study has been devoted not only
to bounds on the probability of decoding error but also to bounds on the minimum
Hamming distance. The asymptotically best lower bound on the minimum distance

was derived by Gilbert [31]. For many years, the asymptotically best upper bound on



the minimum distance was the bound first given in an unpublished work by Elias [9],
subsequently improved by Welch, et al. [35] and Levenshtein [36]. The best upper
and lower bounds remain asymptotically different, so the actual asymptotic behavior
of the best obtainable minimum Hamming distance remains unanswered.

Recent work on communication aspects of information theory has concentrated on
network information theory: the theory of simultaneous rates of communication from
many senders to many receivers in the presence of interference and noise. Examples
of large communication networks include computer networks, satellite networks and
phone systems. A complete theory of network information would have wide impli-
cations for the design of communication and computer networks. In this thesis, we
concentrate on a communication model, in which two transmitters wish to reliably
communicate two independent messages to a single receiver. This model is known as a
Multiple-Access Channel. A schematic is depicted in Figure 1.3. A common example
of this channel is a satellite receiver with many independent ground stations, or a set
of cell phones communicating with a base station. In this model, the senders must

contend not only with the receiver noise but with interference from each other as well.

Source 1 Encoder 1
Multiple
Access Decoder Destination
Channel
Source 2 Encoder 2

Figure 1.3: A schematic of two-user multiple-access channel.

The first attempt to calculate capacity regions for multiuser systems were made by
Shannon in his fundamental paper [44]. The capacity region for discrete memoryless
multiple-access channels was found by Ahlswede in [3] and Liao in [37]. A symmetric
characterization of the region was given by Ahlswede, in [4]. In their coding theorem,

they proved that for any rate pair in the interior of a certain set C, and for all



sufficiently large block length, there exists a multiuser code with an arbitrary small
average probability of error. Conversely, for any rate pair outside of C, the average
probability of error is bounded away from 0. The set C is called the capacity region
of the channel.

Regarding discrete memoryless multiple-access channels (DM-MACs), stronger
versions of Ahlswede and Liao’s coding theorem, giving exponential upper and lower
bounds for the error probability, were derived by several authors. Slepian and Wolf [47],
Dyachkov [20], Gallager [30], Pokorny and Wallmeier [41], and Liu and Hughes [38]
studied random coding bounds on the average error exponent. Haroutunian [33]
studied a sphere packing bound on the error probability.

Comparing the state of the art in the study of error exponents for DMCs and
DM-MACs, we observe that the latter is much less advanced. We believe the main
difficulty in the study of error exponents for DM-MACs is due to the fact that error
performance in a DM-MAC depends on the pair of codebooks (in the case of a two-
user MAC) used by the two transmitters, while at the same time, each transmitter
can only control its own codebook. This simple fact has important consequences. For
instance, expurgation has not been studied in MAC, because by eliminating some of
the “bad” codeword pairs, we may end up with a set of correlated input sequences

which is hard to analyze.

1.1 Dissertation overview

This dissertation has four main chapters along with the Introduction chapter and
a conclusion statement.

In Chapter 3, we study lower bounds on the average error exponent of DM-MACs.
First, we present a unified framework to obtain all known lower bounds (random
coding, typical random coding and expurgated bound) on the reliability function of a
point-to-point DMC. By using a similar idea for a two-user discrete DM-MAC, three
lower bounds on the reliability function are derived. The first one (random coding) is

identical to the best known lower bound on the reliability function of DM-MAC [38].



It is shown that the random coding bound is the performance of the average code in
the constant composition code ensemble. The second bound (typical random coding)
is the typical performance of the constant composition code ensemble. To derive the
third bound (expurgated), we eliminate some of the codewords from the codebook
with larger rate. This is the first bound of this type that explicitly uses the method
of expurgation for MACs. It is shown that the exponent of the typical random coding
and the expurgated bounds are greater than or equal to the exponent of the known
random coding bounds for all rate pairs. Moreover, an example is given where the
exponent of the expurgated bound is strictly larger. These bounds can be universally
obtained for all discrete memoryless MACs with given input and output alphabets.

The concept of typicality and typical sequences is central to information theory.
It has been used to develop computable performance limits for several communication
problems. In Chapter 4, we formally introduce and characterize the typicality graph
and investigate some subgraph containment problems. The typicality graphs provide
a strong tool in studying a variety of multiuser communication problems. Transmit-
ting correlated information over a MAC, transmitting correlated information over a
broadcast channel and communicating over a MAC with feedback, are three prob-
lems in which the properties of typicality graphs play a crucial role. The evaluation
of performance limits of a multiuser communication problem can be thought of as
characterizing certain properties of typicality graphs of random variables associated
with the problem. The techniques used to study the typicality graph is applied in
Chapter 5 to develop tighter bounds on the error exponents of discrete memoryless
multiple-access channels.

In Chapter 5, we study two new upper bounds on the error exponent of a two-
user discrete memoryless multiple-access channel. The first bound (sphere packing)
is an upper bound on the average error exponent, while the second one (minimum
distance) is valid only for the maximal error exponent. To derive the sphere packing
bound, first, we revisit the point-to-point case and examine the techniques used for
obtaining the sphere bound on the optimum error exponent. By using a similar

approach for two-user DM-MACs, we develop a sphere packing bound on the average



error exponent of such channels. This bound outperforms the known sphere packing
bound derived by Haroutunain [33]. This is the first bound of its type that explicitly
imposes independence of the users’ input distributions (conditioned on the time-
sharing auxiliary variable) and, thus, results in tighter sphere-packing exponents when
compared to the tightest known sphere packing exponent in [33]. We also describe a
simpler derivation of the Haroutunian’s sphere packing bound and we show that we
can easily make it tighter by using the properties of the typicality graphs we obtained
in Chapter 4. We, furthermore, derive an upper bound (minimum distance) on the
maximal error exponent for DM-MACs. To obtain this bound, first, an upper bound
on the minimum Bhattacharyya distance between codeword pairs of any multi-user
code is derived. For a certain large class of two-user (DM) MACs, an upper bound
on the maximal error exponent is derived as a consequence of the upper bound on
Bhattacharyya distance. This bound is tighter than the sphere packing bound at low
transmission rates. Using a conjecture about the structure of the typicality graph,
a tighter minimum distance bound for the maximal error exponent is derived and is
shown to be tight at zero rates. Finally, the relationship between average and maximal
error probabilities for a two user (DM) MAC is studied. As a result, a method to
derive new bounds on the average/maximal error exponent by using known bounds

on the maximal/average one is obtained.



CHAPTER 2

Background: Error Exponent

2.1 Preliminaries

For any alphabet X', P(X) denotes the set of all probability distributions on X.
The type of a sequence x = (21, ...,x,) € X™ is the distributions Px on X defined by

Pu(z) 2 %N(:z:\x), rex, (2.1)

where N(x|x) denotes the number of occurrences of = in x. Let P,(X) denote the

set of all types in X", and define the set of all sequences in X™ of type P as
Tp = {x € X": P, = P}. (2.2)

The joint type of a pair (x,y) € X™ x Y™ is the probability distribution Py, on X' x Y
defined by

1
Px,y(wi é EN(:L‘7y|X7 Y)7 (‘Tay) € X X ya (23)

where N(z,y|x,y) is the number of occurrences of (z,y) in (x,y). The relative

entropy or I-divergence between two probability distributions P, @ € P(X) is defined



as

-’E)

D(P||Q) £ P(x) log

reX )

(2.4)

Let W(Y|X) denote the set of all stochastic matrices with input alphabet X and
output alphabet ). Then, given stochastic matrices V, W € W()|X), the conditional

I-divergence is defined by

D(V||W|P) £ " P(x)D (V(-|a)[[W(-|z)). (2.5)

zeX
Definition 2.1.1. A discrete memoryless channel (DMC) is defined by a stochastic
matrix W : X — Y, where X, the input alphabet, and ), the output alphabet, are

finite sets. The channel transition probability for n-sequences is given by

n

W (ylx) & T W (yilz),
i=1
where X = (T1,...,7,) € X",y 2 (y1,..,yn) € Y. An (n, M) code for a given
DMC, W, is a set C = {(x;,D;) : 1 < i < M} with (a) x; € X", D; C Y" and
(b) D; N\ Dy = & fori # i'. The transmission rate, R, for this code, is defined as
R = %log M.
When message 1 is transmitted, the conditional probability of error of code C' is
given by
ei(C, W) & W™(DS|x;). (2.6)

The average probability of error for this code is defined as

W) 2 % S e(C, W), (2.7)

=1



and the maximal probability of error is defined as
em(C, W) £ max W"(D¢|x;). (2.8)

An (n, M, \) code for W : X — Y, is an (n, M) code C with e,,(C,W) < X\. The

average and maximal error exponents, at rate R, are defined as:

1
E;(R) £1i ——loge(C,W 2.9
aw(B) = limsup max ——log ¢(C, W), (2.9)
1
E* (R) = lim sup max —— log e,,,(C, W), (2.10)

nooo CEC M

where C 1is the set of all codes of length n and rate R. The typical average error

exponent of an ensemble C, at rate R, is defined as:

1
ET (R) 2 liminflimsup  max min —— log e(C, W), (2.11)
6—0 n—oo CCCP(C)>1-8§ CeC N

where P is the uniform distribution over C. The typical error exponent is basically the
exponent of the average error probability of the worst code belonging to the best high

probable collection of the ensemble.

Definition 2.1.2. A two-user discrete memoryless multiple-access channel (DM-
MAC) is defined by a stochastic matriz W : X x Y — Z, where X, ), the input
alphabets, and Z, the output alphabet, are finite sets. The channel transition proba-
bility for n-sequences is given by

W"(zlx,y) £ [ W (zili, va), (2.12)

=1

where X 2 (21, ..., 2,) € X", y 2 (Y1, ooy Yn) €EV", and z = (21, ..., 2,) € Z".
An (n, M, N) multi-user code for a given MAC, W, is a set C = {(x;,y;,D;;) : 1 <
i< M,1<j<NY} with

ex, €X" y; €V, Dy C 2"

10



® Dij N Dyy =@ for (i,7) # (i, j').

The transmission rate pair is defined as (Rx, Ry) = (%log MX,%log My). When
message (i,7) is transmitted, the conditional probability of error of two-user code C
18 given by

€@'j<C, W) WTL(DC |X17y.7) (213>

The average and maximal probability of error for the two-user code, C, are defined as

| MN
L
dam_MN;]f¢W/ (2.14)
em(C, W) £ maxe; (C, W). (2.15)
ij

An (n, M, N, \) code, C, for the DM-MAC, W, is an (n, M, N) code with

e(C, W) <\ (2.16)

Finally, the average and mazximal error exponents at rate pair (Rx, Ry), are defined

as:

E* (Rx, Ry) = hfzn—igp Juex _ﬁ log e(C, W), (2.17)
E* (Rx, Ry) = limsup max —— log en(C, W), (2.18)
n—oo

where Cyy is the set of all codes of length n and rate pair (Rx, Ry). The typical

average error exponent of an ensemble C, at rate pair (Rx, Ry), is defined as:

1
ET (Rx, Ry) £ liminflimsup  max min —— log e(C, W), (2.19)
=0  pnooo CcCP@)>1-6 CeC N

where P is the uniform distribution over C.
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2.2 Summary of Known Result

2.2.1 Capacity Region for DM-MAC

The typical results of information theory are of asymptotic character and relate
to the existence of codes with certain properties. Theorems asserting the existence of
codes are called direct results while those asserting non-existence are called converse
results. A combination of such results giving a complete asymptotic solution is called
a coding theorem. In particular, a result stating that for rates above capacity, or
outside the capacity region, the probability of error, as a function of block length,
goes exponentially to 1, is called a strong converse theorem.

The capacity region for discrete memoryless multiple-access channels was charac-
terized by Ahlswede [3] and Liao [37]. In their coding theorem, they proved that for
any rate pair (Rx, Ry) in the interior of a certain set C, and for all sufficiently large
blocklength n, there exists a multiuser code with an arbitrary small average proba-
bility of error. Conversely, for any rate pair outside of C, the average probability of

error is bounded away from 0. The set C, called the capacity region [47], is defined as

0< Ry < I(X AZ|Y,U)
c2 |J S(Rx,Ry): 0<Ry<IVAZIX,U) ¢,  (2.20)
Pyxy€B
0< Rx+ Ry <I(XY AZ|U)

and B is the set of all distributions defined on U x & x Y such that (a) X —U —Y
form a Markov chain, (b) U —(X,Y) — Z form a Markov chain, (¢) U € U = {1, 2, 3}.

In this single-letter characterization, U is called an auxiliary random variable. Un-
like the case of point-to-point communication, where the single-letter characterization
involves random variables associated with the channel input and the channel output,
in many-to-one communication, the single-letter characterization of the capacity re-
gion involves, in addition, an auxiliary random variable. This random variable can be

interpreted as a source of randomness that all the terminals can share to maximize

12



the transmission rates. The first Markov chain can be interpreted as imposing the
condition on the channel input distribution that the two encoders do not commu-
nicate with each other while transmitting data. The second Markov chain can be
interpreted as imposing the condition that channel does not look at the source of
randomness shared among the terminals.

For a given channel input distribution Pyxy in B, the rates that are achievable
belong to a pentagon. This is depicted in Figure 2.1.

Ry &

(Y ANZ|U)

I(Y A Z|XU)

I(X AZ]YU) I(XAZIU) Ry

Figure 2.1: Achievable rates for a fixed channel input distribution Py yy .

Since the capacity region uses the average error probability as performance crite-
rion, this type of capacity region is called the average capacity region. For maximal
error probability, the capacity regions are generally smaller and their determination
is a challenging problem. In fact, for a general transmission system, there is a theory
of coding for the average error probability and another for the maximal error proba-
bility. The drawback of the average error concept is that a small error probability is
guaranteed only if both senders use their codewords with equal probabilities. For a
DMC, it is unimportant whether we work with average or maximal error. However,
for compound channels, the average performance generally does not coincide with the
maximal performance. In particular, for discrete memoryless multiple-access chan-
nels, Dueck [19] proposed an example in which the maximal error capacity region was
strictly smaller than the average error capacity region.

The converse theorems in [3,37] are weak converse theorems. Dueck [19] proved a

13



strong converse theorem by using the Ahlswede-Gacs-Korner [43] method of “blowing
up decoding sets” in conjunction with a new “wringing technique”. Later, Ahlswede [5]
proved Dueck’s result without using the method of “blowing up decoding sets”.
Ahlswede used his old method to derive upper bounds on the length of maximal
error codes in conjunction with a “suitable wringing” technique to derive an upper
bound on the length of average error codes. The heart of his approach was the fact

that multi-user codes for MAC have subcodes with a certain independence structure.

2.2.2 Known Bounds on the Error Exponents of DM-MAC

The first lower bound on the error exponent of DM-MAC was derived by Slepain
and Wolf [47] for a communication situation in which a third information source is
jointly encoded by both users of the multiple-access channel. They proved that when
the third source is not present, their bound yields an achievable error exponent for
the MAC. Their bound does not reflect the possibility of time sharing; hence, it is
loose for certain channels. In particular, for some rate pairs interior to the capacity
region, their exponent was negative. This problem was remedied by Gallger [30] who
presented a tighter random coding bound. All other random coding exponents have
been derived by using the method of types. Dyachkov [20] obtained a random coding
exponent, improving upon the one of Slepian and Wolf. However, it suffered from a
lack of positivity in the interior of the capacity region. Pokorny and Wallmeier [41]
derived a random coding bound which could be achieved universally for all MAC’s
with given input and output alphabets. They observed that the position of the
codewords, not the channel itself, plays a crucial role in determining the magnitude
of the decoding error. They used the joint type of the codewords as the measure of
distance. The approach used in their proof can be decomposed into a packing lemma
and the calculation of the error bound. Pokorny and Wallmeier’s packing lemma
establishes the existence of codewords with some specified property, i.e., they showed
that not too many codeword pairs are at a small distance from a given pair. They used

the maximum mutual information decoding rule to bound the average probability of
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error. Later, Liu and Hughes [38] derived another random coding bound for the
average error exponent of DM-MACs. Like Pokorny and Wallmeier’s result, their
bound is universally achievable, in the sense that neither the choice of codewords nor
the choice of decoding rule is dependent on the channel statistics. Their approach
was very similar to Pokorny and Wallmeier’s approach. The main differences are that
their packing lemma incorporated the channel output into all packing inequalities and
was proved by using a different random code ensemble which leads to a tighter result.
They used the minimum equivocation decoding rule to bound the probability of error.
This random coding exponent is greater than or equal to those of previously known
bounds. Moreover, they presented examples for which their exponent was strictly

larger [38]. In the following, we present their random coding bound:

Fact 2.2.1. For every finite set U, Pxyy € Pn(X X Y x U) satisfying X —U =Y,

Rx >0, Ry >0,0>0, andu € T}.?U, there exists a multi-user code
C= {(Xi,yj, DZ]) D= ]_, ceey Mx, j = ]., ...,My}, (221)

with x; € TPX|U(u) and y; € TpY‘U(u) for all i and j, Mx > 2"Ex=9) and My >
2By =9) " quch that for every MAC, W : X x) — Z

e(C, W) < 27 nlBr" (B oy, W.Pxyu)=0], (2.22)
whenever n > ni(|X|, |V, |Z],|U|, ), where

Erflzu(RX7 RY7 W7 PXYU) é —?%/DXY Efoléu(RXa RYa W7 PXYU)? (223)
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and EE(Rx, Ry, W, Pxyy), a = X,Y, XY are defined respectively by

Ef)lfu(Rx, Ry,VV, PXYU) = min D(V2|XYU||W|VU)(y) + Iv(X N Y|U)

VuxyzeVE(Pxyu)

+ |Iy(X ANY Z|U) — Rx|", (2.24a)

Efil/u(RX, Ry,VV, PXYU) = min D(VZ|XYUHW|VUXY) + [V(X A Y‘U)

Vuxyz€VE(Pxyu)

+ |Iy(Y A XZ|U) — Ry|", (2.24b)

ER4 (Rx, Ry, W, Pxyy) = min D(Vaxyul W Vixy) + I (X AY|U)

VuxyzeVl(Pxyu)

+ [ Iy(XY A Z|U) + Iy(X AY|U) — Rx — Ry|™, (2.24c)
where VE(Pxyy) is defined as
VI Pxyy) £ {Vuxyz : Vxu = Pxv, Veu = Pyu}. (2.25)

Liu, and Hughes [38] proved that the average error exponent of MAC, W : Xx) —

Z satisfies
E* (Rx,Ry) > E¥(Rx, Ry, W), (2.26)
where
EF“(Rx,Ry,W) 2 sup max E"“(Rx,Ry,W,Pxyy). (2.27)
=1 0

On the other hand, Haroutunian[33] has derived an upper bound for the reliability
function of MAC W. This result asserts that EY (Rx, Ry) is bounded above by

Eg(RX,Ry,W) £ max min D(Vzxy||W|Pxy). (2.28)

Pxy Vzixy

Here, the maximum is taken over all possible joint distributions on A x ), and the

16



minimum over all channels V| xy which satisfy at least one of the following conditions

Iv(Y AZ|IX) < Ry, (2.29D)
Iv(XY AZ) < Rx+Ry. (2.29¢)

This bound tends to be somewhat loose because it does not take into account the

separation of the two encoders in the MAC.

17



CHAPTER 3

Lower Bounds on the Error Exponent of

Multiple-Access Channels

In this chapter, we develop two new lower bounds for the reliability function of
DM-MACs. These bounds outperform the best known random coding bound derived
in [38].

Toward this goal, we first revisit the point-to-point case and look at the tech-
niques that are used for obtaining the lower bounds on the optimum error exponents.
The techniques can be broadly classified into three categories. The first is the Gal-
lager technique [29]. Although this yields expressions for the error exponents that
are computationally easier to evaluate than others, the expressions themselves are
harder to interpret. The second is the Csiszar-Korner technique [16]. This technique
gives more intuitive expressions for the error exponents in terms of optimization of
an objective function involving information quantities over probability distributions.
This approach is more amenable to generalization to multi-user channels. The third
is the graph decomposition technique using a-decoding [15]. a-decoding is a class of
decoding procedures that includes maximum likelihood decoding and minimum en-
tropy decoding. Although this technique gives a simpler derivation of the exponents,
we believe that it is harder to generalize this to multi-user channels. All three classes
of techniques give expressions for the random coding and expurgated exponents. The

expressions obtained by the three techniques appear in different forms.
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0.7

0.8

Figure 3.1: Lower bounds on the reliability function for point-to-point channel (ran-
dom coding —-, typical random coding —, expurgated ——.

In developing our main result, we first develop a new simpler technique for deriving
the random coding and expurgated exponents for the point-to-point channel using a
constant composition code ensemble with a-decoding. We present our results in the
format given in [15]. This technique also gives upper bounds on the ensemble averages.
As a bonus, we obtain the typical random coding exponent for this channel. This
gives an exact characterization (lower and upper bounds that meet) of the error
exponent of almost all codes in the ensemble. When specialized to the BSC, this

reduces to the typical random coding bound of Barg and Forney [8]'.

Figure 3.1
shows the random coding, the typical random coding, and the expurgated bounds for
a BSC with crossover probability p = 0.05, which is representative of the general case.
All three lower bounds are expressed as minimizations of a single objective function
under different constraint sets. The reasons for looking at typical performance are
two-fold. The first is that the average error exponent is in general smaller than the

typical error exponent at low rates, hence, the latter gives a tighter characterization

of the optimum error exponent of the channel. For example, for the BSC, although

!Barg and Forney gave only a lower bound in [8].
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the average performance of the linear code ensemble is given by the random coding
exponent of the Gallager ensemble, the typical performance is given by the expurgated
exponent of the Gallager ensemble. In this direction, it was also recently noted in [12]
that for the 8-PSK Gaussian channel, the typical performance of the ensemble of group
codes over Zg equals the expurgated exponent of the Gallager ensemble, whereas the
typical performance of the ensemble of binary coset codes (under any mapping) is
bounded away from the same. The second is that in some cases, expurgation may
not be possible or may not be desirable. For example, (a) in the MAC, the standard
expurgation is not possible, and (b) if one is looking at the performance of the best
linear code for a channel, then expurgation destroys the linear structure which is not
desirable. In the proposed technique, we provide a unified way to derive all the three
lower bounds on the optimum error exponents, and upper bounds on the ensemble
average and the typical performance. We wish to note that the bounds derived in this
chapter are universal in nature. The proposed approach appears to be more amenable
to generalization to multi-user channels.

A brief outline of the technique is given as follows. First, for a given constant
composition code, we define a pair of packing functions that are independent of the
channel. For an arbitrary channel, we relate the probability of error of a code with
a-decoding to its packing functions. Packing functions give pair-wise and triple-
wise joint-type distributions of the code. This is similar in spirit to the concept of
distance distribution of the code. Then, we do random coding and obtain lower and
upper bounds on the expected value of the packing functions of the ensemble without
interfacing it with the channel. That is, these bounds do not depend on the channel.
Finally, using the above relation between the packing function and the probability of
error, we get single-letter expressions for the bounds on the optimum error exponents
for an arbitrary channel.

Toward extending this technique to MACs, we follow a three-step approach. We
start with a constant conditional composition ensemble identical to [38]. Then, we
provide a new packing lemma in which the resulting code has better properties in

comparison to the packing lemmas in [41] and [38]. This packing lemma is similar
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to Pokorny’s packing lemma, in the sense that the channel conditional distribution
does not appear in the inequalities. One of the advantages of our methodology is that
it enables us to partially expurgate some of the codewords and end up with a new
code with stronger properties. In particular, we do not eliminate pairs of codewords.
Rather, we expurgate codewords from only one of the codebooks and analyze the
performance of the expurgated code.

Contributions: In summary, the key contributions of the results of this chapter are

e An exact characterization of the typical error exponent for the constant com-

position code ensemble for the DMC.
e A new lower bound on the optimum error exponent for the DM-MAC.

e An upper bound on the average error exponent of the constant composition

code ensemble for the DM-MAC.

e A characterization of the typical error exponent for the constant composition

code ensemble for the DM-MAC.

This chapter is organized as follows: Section 3.1 unifies the derivation of all lower
bounds on the reliability function for a point-to-point DMC. Our main results for
the DM-MAC are introduced in Section 3.2. Some numerical results are presented in

Section 3.3. The proofs of some of these results are given in Section 3.4.

3.1 Point to Point: Lower Bounds on reliability

function

3.1.1 Packing functions

Consider the class of DMCs with input alphabet A and output alphabet ). In
the following, we introduce a unified way to derive all known lower bounds on the
reliability function of such a channel. We will follow the random coding approach.

First, we choose a constant composition code ensemble. Then, we define a packing
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function, 7 : C x P(X x X) — R, on all codebooks in the ensemble. The packing
function that we use is the average number of codeword pairs sharing a particular
joint type, Vyg. Specifically, for P € P,(X), Vyg € Po(X x X), and any code

C = {x1,%3,...,xy} C Tp, the packing function is defined as:

M
RO, Vig) = 17 50 3 Iy, (xi%,). (3.1)
=1 ji
We call this the first order packing function. Using this packing function, we prove
three different packing lemmas, each of which shows the existence of a code with some
desired properties.

In the first packing lemma, tight upper and lower bounds on the expectation of
the packing function over the ensemble are derived. By using this packing lemma,
upper and lower bounds on the expectation of the average probability of error over the
ensemble are derived. These bounds meet for all transmission rates below the critical
rate?. In the second packing lemma, by using the expectation and the variance of
the packing function, we prove that for almost all codes in the constant composition
code ensemble, the bounds in the first packing lemma are still valid. By using this
tight bound on the performance of almost every code in the ensemble, we provide
a tighter bound on the error exponent which we call the “typical” random coding
bound. As we see later in the chapter, the typical random coding bound is indeed the
typical performance of the constant composition code ensemble. In the third packing
lemma, we use one of the typical codes and eliminate some of its “bad” codewords.
The resulting code satisfies some stronger constraints in addition to all the previous
properties. By using this packing lemma and an efficient decoding rule, we re-derive
the well-known expurgated bound.

To provide upper bounds on the average error exponents, such as those given

below in Fact 3.1.1 and Theorem 3.1.1, for every Vi ¢ € P, (X x X x X), we define

2This is essentially a re-derivation of the upper and lower bounds on the average probability of
error obtained by Gallager in a different form. The present results are for constant composition
codes.
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a second packing function A : C x P(X x X x X') — R on all codes in the constant

composition code ensemble as follows:

M
1
A
)\(07 VX)E'X) = MZZ Z 1TVX}'{X (Xi,Xj,Xk). (32)
i=1 ji ki
We call this the second order packing function. As it is clear from the definition,
this quantity is the average number of codeword triplets sharing a common joint

distribution in code C.

3.1.2 Relation between packing function and probability of

error

First, we consider the decoding rule at the receiver, and secondly we relate the
average probability of error to the packing function.
Decoding Rule: In our derivation, error probability bounds using maximum- like-
lihood and minimum-entropy decoding rules will be obtained in a unified way. The
reason is that both can be given in terms of a real-valued function on the set of
distributions on X x ). This type of decoding rule was introduced in [15] as the
a — decoding rule. For a given real-valued function «, a given code C', and for a
received sequence y € V", the o — decoder accepts the codeword x € C for which the

joint type of x and y minimizes the function «, i.e., the decoder accepts x if
x = argmin o(P - Vyx). (3.3)
xeC

It was shown in [15] that for fixed composition codes, maximum-likelihood and

minimum-entropy are special cases of this decoding rule. In particular, for maximum-
likelihood decoding,
a(P-V)=DV||W|P)+ H(V|P), (3.4)
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and for minimum entropy decoding,

a(P-V)=H(V|P), (3.5)

where P is the fixed composition of the codebook, and V' is the conditional type of y
given X.

Relation between probability of error and packing function: Next, for a given
channel, we derive an upper bound and a lower bound on the average probability of
error of an arbitrary constant composition code in terms of its first order and second
order packing functions. The rest of the chapter is built on this crucial derivation.
Consider the following argument about the average probability of error of a code C'

used on a channel W.

e(C,W) = W*(Di[x)

==

s
Il
i

wm ({y ca(P - Vyx,) > aP - Vy,) for some j # z} |Xl)

I
==

=1

- Z (2—H[D(Vyx|IWP)+Hv(YX)]

Vi xvEPL

where P! and A; (Vy gy, C) are defined as follows

P2 {Viey €PalX x X x W) Vi = Vg = P, a(P- V) < al(P, V) |
(3.7)
A Vigy,C |{y (xi,%5,y) € Ty, . for some j # z}‘ : (3.8)
From the inclusion-exclusion principle, it follows that A;(Vy ¢y, C') satisfies
Bz’(VXXy>C) - Oi(vx)”(yac) < Ai(VX)Zya O) < Bi<VXXY7 C)a (3'9)
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Bi(Vyzy,C) = Z lr, (x4,%;) {y Yy € TVY\X}? (Xi,Xj)}‘ , (3.10)
J#i

Ci(Vx gy, C) = Z Z I, (%0 %5) 17, (X5, %)
J# k#i,j

{y iy e Ty (xx) N Ty xoxo | (3.11)

Next, we provide an upper bound on the second term on the right hand side of

(3.6) as follows.

B; (Vy %y, C) (3.12a)

XXY’

||M§
é?~
M=

1

-
Il

M
MZZ - (xi, %) {y y € TVY‘XX<X1',X]')}‘ (3.12Db)
i=1 j#i
M ~
< M Z Dy (%) 20T (3.12c)
=1 j#i
= 7(C, Vy ¢ )2"HIXX) (3.12d)
On the other hand
{y: (xi,x;,y) € Ty, ., for some j # i} C Ty (%4), (3.13)
so we can conclude that
M
i D A(Vigy, C) < 20V, (3.14)
i=1

Combining the above with (3.6), we have an upper bound on the probability of error

in terms of the first order packing function as follows.

lCwy< Y 2*”[D<VYwX”W|Pﬂnlin{2*"IV<XAY|X>7r(C,VX;(),1} (3.15)

Vyxv€Pn
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Next, we consider the lower bound. For that, we provide a lower bound on B; and

upper bound on C; as follows.

1 M

MZBZ'G/XXY? ZZlTv g X”HX] {y y € TVY‘XX<XI>XJ)}
=1 i=1 j#i
(C V )2n[H Y\XX) 6}7 (316)
and
1
C'(VXXYvC) =

=

>
vy

Z Z lry, (i, %) 7y (%0, %) Hy y € Ty, (Xi,%;) ﬂTleXX(Xi,Xk)}‘
J#i

i=1 k#i,j
- Z ZZZlTV KRR X“XJvXk)HY yETVY‘XXX<Xi7Xjan)}‘.
Vixxy: i=1 j#i k#ij
VXXYi XXY
(3.17)
By using 2" (YIXXX) a5 an upper bound on the size of {y y € TVY\XXX(X'“ X, Xk)},

it can be shown that (3.17) can be upper bounded by

< D 2 IEONC k) (3.18)

Vxzxy:

Vxxy=Vxxy
Combining (3.6), (3.16), and (3.18) we have the following lower bound on the average
probability of error.

e(C, W) > ZVx;zYEPIL 9—n[D(Vy|x||W|P)+Iv (XAY|X)+6]
JF
W(C, VXX) Z VXXXY 2777'[IV(X/\Y‘XX)])\(07 VXXX) (3]‘9)

XXY_VXXY

Observe that these upper and lower bounds apply for every code C. We have ac-
complished the task of relating the average probability of error to the two packing
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functions. The key results of this subsection are given by (3.15) and (3.19). Next, we

use the packing lemmas to derive the bounds on the error exponents.

3.1.3 Packing Lemmas

Lemma 3.1.1. (Random Coding Packing Lemma) Fix R > 0, § > 0, a suf-
ficient large n and any type P of sequences in X" satisfying H(P) > R. For any
Vi € Pu(X x &), the expectation of the first order packing function over the con-
stant composition code ensemble is bounded by

on(R=Iy (XAX)=8) < | (,/T(XM7 Vig)) < QH(R—Iv(X/\X)-HS)’ (3.20)

where XM & (X1, Xy,...,Xy) C Tp are independent and X;s are uniformly dis-
tributed on Tp, and 279 < M < 2"E_ Moreover, the following inequality holds for

the second order packing function:

E(AXM Vygg)) < 20RR-IVEAD I (XAXX)+49 for all Vi 3 ¢ € Po(XXXxX).
(3.21)

Proof. The proof follows directly from the fact that two words drawn independently
from Tp have a joint type Vy ¢ with probability close to 27 (XAX) | The details are

provided in Section 3.4.1. O

Lemma 3.1.2. (Typical Random Code Packing Lemma) Fix R > 0,0 >0, a
sufficient large n and any type P of sequences in X™ satisfying H(P) > R. Almost
every code, C*, with 2"F=9) < M < 2" codewords, in the constant composition code

ensemble satisfies the following inequalities

2n[R—Iy(X/\X)—25] < ’/T(Ct, VXX) < 2n[R—Iy(X/\X)+25] fO?" all VX}Z e Pn<X > X),

(3.22)
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and

A(C! Vi g i) < 2M2R-Tv (XAK) =Ty (XAXX)+49] for all Vi g ¢ € Pp(X x X x X).

(3.23)

Proof. The proof is provided in Section 3.4.1. In the proof, we evaluate the vari-
ance of the packing function and use Chebyshev’s inequality to show that with high

probability the packing function is close to its expected value. O]

Lemma 3.1.3. (Expurgated Packing Lemma) For every sufficiently large n,
every R >0, 6 > 0 and every type P of sequences in X™ satisfying H(P) > R , there

on(R—35)

exists a set of codewords C°° = {x1,Xg,...,xXp+} C Tp with M* > 5— such that
for any Vy ¢ € Po(X x X),
7_[_(061" VXX) S 27’L(R—IV()(/\j()-i—Q&)7 (324)
and for every sequence x; € C*,
[Ty, (xi) N €] < @nUmIv(XnX)+20), (3.25)

Proof. The proof is provided in Section 3.4.1. The basic idea of the proof is simple.
From Lemma 3.1.1, we know that for every V ¢, there exists a code whose packing
function is upper bounded by a number that is close to 27E-Iv(XAX)  Gince the
packing function is an average over all codewords in the code, we infer that for at least
half of the codewords, the corresponding property (3.25) is satisfied. In Section 3.4.1,

we show that there exists a single code that works for every joint type. O

3.1.4 Error Exponent Bounds

Now, we obtain the bounds on the error exponents using the results from the
previous three subsections. We present three lower bounds and two upper bounds.
The lower bounds are the random coding exponent, typical random coding exponent

and expurgated exponent. All the three lower bounds are expressed as minimization
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of the same objective function under different constraint sets. Similar structure is
manifested in the case of upper bounds. For completeness, we first rederive the well-

known result of random coding exponent.

Fact 3.1.1. (Random Coding Bound) For every type P of sequences in X™ and
0 < R< H(P), 6§ >0, ecvery DMC, W : X — Y, and 2"F70) < M < 2"F
the expectation of the average error probability over the constant composition code

ensemble with M codewords of type P, can be bounded by

9—nlE,(R,PW)+3] < ]36 < 2—n[Er(R,P,W)—26]’ (3.26)

whenever n > ny(|X|,|Y|,0), where

E.(R,P,W) 2 min_ D(Vyx||[W|P)+|Iv(X AXY) R, (3.27)

VX)"(YG,PT

E.(R,PW) & min_ D(Vyx|[W]P) + Iy(XAXY)—R, (3.28)
Iy (RAXY)>R

and
P2 {Vigy EPX XX xY): Vx =Vi =P, a(P,Vy3) < a(P, Vyx)}. (3.29)

In particular, there exists a set of codewords C" = {x1,Xa,...,xpy } C Tp, with M >

2MBE=0) " such that for every DMC, W : X = Y,
e(CT, W) < 9—nlEr(R,PW)-35] (3.30)

Proof. The proof is straightforward and is outlined in Section 3.4.1. O]

It is well known that for R > R..;, the random coding error exponent is equal
to the sphere packing error exponent, and as a result the random coding bound is a

tight bound. In addition, the following is true.
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Corollary 3.1.1. For any R < R,

max FE,..(R,P,W)= max E.(R,P,W). (3.31)
PeP(X) PeP(X)
Proof. The proof is provided in the Section 3.4.1. O]

Next, we have an exact characterization of the typical performance of the constant

composition code ensemble.

Theorem 3.1.1. (Typical random Coding Bound) For every type P of sequences
in X", 9 >0, and every transmission rate satisfying 0 < R < H(P), almost all codes,

C* = {x1,Xo, ..., Xps } with x; € Tp for all i, M > 2"F=9) satisfy
9—nlBrL(R,PW)+46] e(Ct, W) < o nlEr (R,PW)=30] (3.32)
for every DMC, W : X — Y, whenever n > ny(|X|,|V|,6). Here,

Er(R,P,W) & min_ D(Vyx|[W|P)+ |Iv(X AXY)—R[*, (3.33)

Vxxy€P!
Erp(R,P,W) 2 min_ D(Vyix||[W|P) + Iy (X AXY) — R, (3.34)
< Pt
v (XAXY)2R
where
PE {Vigy EP(XxXxY): Vx=Vg =P, Iy(X ANX) <2R,
a(P,Vy ) < a(P,Vyix)}.  (3.35)
Proof. The proof is provided in Section 3.4.1. O

In Theorem 3.1.1, we proved the existence of a high probability (almost 1) collec-
tion of codes such that every code in this collection satisfies (3.32). This provides a
lower bound on the typical average error exponent for the constant composition code

ensemble as defined in equation (2.11). In the following, we show that the typical
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performance of the best high-probability collection cannot be better than that given
in Theorem 3.1.1.

Corollary 3.1.2. For every type P of sequences in X™ and every transmission rate
satisfying 0 < R < H(P),

Er(R,P,W) < E! (R, P) < Erp(R,P,W), (3.36)

where ET (R, P) is the typical average error exponent of the constant composition (P)

code ensemble.
Proof. The proof is provided in the Section 3.4.1. O

Clearly, since the random coding bound is tight for R > R..;, the same is true

for the typical random coding bound. For R < R,.; we have the following result.

Corollary 3.1.3. For any R < R,

max Frp(R,P,W)= max Ep(R,P,W). (3.37)
PEP(X) PEP(X)
Proof. The proof is very similar to that of Corollary 3.1.1 and is omitted. O

It can be seen that the typical random coding bound is the true error exponent
for almost all codes, with M codewords, in the constant composition code ensemble.
A similar lower bound on the typical random coding bound was derived by Barg and
Forney [8] for the binary symmetric channel. Although the approach used here is
completely different from the one in [8], in the following corollary we show that these

two bounds coincide for binary symmetric channels.

Corollary 3.1.4. For a binary symmetric channel with crossover probability p, and

fO?" 0 S R S Rcrit

max FEr(R,P,W) = Ergc(R), (3.38)
PEP(X)

where Erre is the lower bound for the error exponent of a typical random code in [8].
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Finally, we re-derive the well-known expurgated error exponent in a rather straight-

forward way.

Fact 3.1.2. (Expurgated Bound) For every type P of sequences in X" and 0 <
R < H(P), 0 > 0, there exists a set of codewords C°* = {X1,Xa, ..., Xxp+} C Tp with
M* > 22520 quch that for every DMC, W+ X — Y,

2

6(062’ W) < an[Eez(R,P,W)f&ﬂ (339)
whenever n > ny(|X], |V, 0), where

Ee(RPW) £  min  D(Vix|[W|P)+ [Iv(X A XY) — RJ* (3.40)

xXv€

where

a(P,Vyx) < a(P, Vyix)}  (3.41)

Proof. The proof is provided in Section 3.4.1. m

Note that none of the mentioned three bounds have their “traditional format” as
found in [16], [28], but rather the format introduced in [15] by Csiszar and Korner. It
was shown in [15] that the new random coding bound is equivalent to the original one
for maximum likelihood and minimum entropy decoding rule. Furthermore, the new
format for the expurgated bound is equivalent to the traditional one for maximum
likelihood-decoding and it results in a bound that is the maximum of the traditional

expurgated and random coding bounds.

3.2 MAC: Lower Bounds on reliability function

Consider a DM-MAC, W, with input alphabets X and ), and output alphabet Z.

In this section, we present three achievable lower bounds on the reliability function
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(upper bound on the average error probability) for this channel. The method we are
using is very similar to the point-to-point case. Again, the goal is first proving the
existence of a good code and then analyzing its performance. The first step is choosing
the ensemble. The ensemble, C, we are using is similar to the ensemble in [38]. For a
fixed distribution, Py Px |y Py|v, the codewords of each code in the ensemble are chosen
from Tp, , (u) and T, (u) for some sequence u € Tp,. Intuitively, we expect that
the codewords in a “good” code must be far from each other. In accordance with the
ideas of Csiszar and Korner [16], we use conditional types to quantify this statement.
We select a prescribed number of sequences in X™ and )" so that the shells around
each pair have small intersections with the shells around other sequences. In general,
two types of packing lemmas have been studied in the literature based on whether the
shells are defined on the channel input space or channel output space. The packing
lemma in [41] belongs to the first type, and the one in [38] belongs to the second type.
All the inequalities in the first type depend only on the channel input sequences.
However, in the second type, the lemma incorporates the channel output into the
packing inequalities. In this chapter, we use the first type. In the following, we follow
a four step procedure to arrive at the error exponent bounds. In step one, we define
first-order and second-order packing functions. These functions are independent of
the channel statistics. Next, in step two, for any constant composition code and
any DM-MAC, we provide upper and lower bounds on the probability of decoding
error in terms of these packing functions. In step three, by using a random coding
argument on the constant composition code ensemble, we show the existence of codes
whose packing functions satisfy certain conditions. Finally, in step four, by connecting
the results in step two and three, we provide lower and upper bounds on the error
exponents. Our results include a new tighter lower bound on the error exponent for
DM-MAC using a new partial expurgation method for multi-user codes. We also give
a tight characterization of the typical performance of the constant composition code
ensemble. Both the expurgated bound as well as the typical bound outperform the

random coding bound of [38], which is derived as special case of our methodology.
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3.2.1 Definition of Packing Functions

Let Cx = {x1,X2,...,Xny } and Cy = {y1,y2,..., Y, | be constant composition
codebooks with x; € Tp,,(u) and y; € Tp, , (u), for some u € Tp,. In the following,
for a two-user code C' = C'x x Cy, we define the following quantities that we will use

later in this section.

Definition 3.2.1. Fiz a finite set U, and a joint type Vixy 53 € PuU x (X x V)?).

For code C, the first-order packing functions are defined as follows:

| Mx My

Ny (C, Vyxy) 2 Ty 2; 2; Ly, (0,%;,55), (3.42a)

Nx(C,Vyxyx) £ My My 21 Zl kz 1TVUXY)~( (u, %, y5, X)), (3.42b)
e

NY<C> VUXYY’) 2 My My Zl ]Zl ; 1TVUXY§~, (u7 Xir Yjs yl)7 (3'42C)
i=1 j=1 I#j

Mx My

1
Nxy (C, Vyxyxy) £ e D> D e (wxygxy). (342d)

i=1 j=1 k#i l#j

Moreover, for any Vyyysvxy € Pn (U X (X X V)?), we define a set of second-

order packing functions as follows:

1
Ax(C, Vyxyxx) = e D> Iy (wxiyixexy),  (343a)
i ki ki k

1
Wiy 2 ; l;l L, WXy yuyr),  (343b)
b 1ET UG,

lI>

Ay (C, VUXYY/Y)

1
Axy (O, Vyxyzyxy) & [ ZZ Z oy oo (WX Y5 X, Y1, X, Yir)-
XY 5T ki Wik
I£] U]

(3.43¢)

The second-order packing functions are used to prove the tightness of the results
of Theorem 3.2.1 and Theorem 3.2.2. Next, we will obtain upper and lower bounds

on the probability of decoding error for an arbitrary two-user code that depend on
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its packing functions defined above.

3.2.2 Relation between probability of error and packing func-

tions

Consider the multiuser code C as defined above, and a function a : P(U x X' x

Y x Z) — R. Taking into account the given u, a-decoding yields the decoding sets

Dij ={z: a(Pux,y;z) < 0(Paxyy.2) for all (k1) # (i,7)}. (3.44)
The average error probability of this multiuser code on DM-MAC, W can be written

as

1 E n C
,J

1 1
= Wn Dy X Y + Wn Dz X,y
MXMY ; (’g kj’ y]) MXMY ; (g l‘ y])

1
" Dy|xi,yi)- 4
’ I#]

The first term on the right side of (3.45) can be written as

1
Wn D'Xi7 :
MxMinj gg kilXi, ¥5)
1
_ Wn( c (Paxiviz) < (Pax v z), f ki) ux,, >

1
= Vil Z Z W" (z|u,x;,y;)

i’j Z:
a(Pu,xk,yj,Z)Sa(Pu,x,-,yj,Z)

for some k#i

1
- 1 u,X;,yi, Xk, 2)W" (z|u, x;,y;
]wX]wYZVZ ZZ TVUXYXZ( ' Xis Vi Xbes ) (z[u, 27YJ)
i,j < :
lé)]g%(’i(LZ Oé(Pu,xk,yj,z)ga’(Pu,xiyyj’z)

for some k#i

(3.46)
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= Z 9=nD(Vz xyullW[Vxyuv)+Hy (ZIXYU)],

- T
Voxyvxz€V% n

1
2y
where

A;X] Vixysz C) = ‘{z s (u,x5,y5, %Xk, 2) € Ty for some k # z}‘

UXYXZ
Vg(,n = {VUXYXZ ra(Vuxyz) > a<VUXYZ)7 Vix =Vyx = Pux, Vuoy = Pyy}.

(3.48)

Note that Vi, is a set of types of resolution n, therefore, we use a subscript n to
define it. Similarly, the second and third term term on the right side of (3.45) can be

written as follows:

1
w Dyl|x;,y;
MXMY Zz]: (g l| YJ)

— Z 9—nD(VzixyulWVxyu)+Hy (Z|XYU)]

~ s
Vixyvz€V%n

L Y
. |:MXMY Z ]-TVUXy (ll, Xi7 YJ>AZJ <VUXY§7Z7 O) ] , (349)

i,J

where

Afj Voxyyz: ©) = HZ (W, %4,y5,y1,2) € Ty, .. ,for some [ # j}|
12 £ Voxyyz i aVuxyvz) > a(Vixyz), Vux = Pux, Voy = Vyy = Puy}, (3.50)
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and,

wr Dy|xi,
s S P
I#j

— Z 9=nD(VzixyulWVxyu)+Hy (Z|XYU)]

~ ~ s
Vixyxvz€V%vn

1
. [MXMY Z 1TVUXY (u, X"’yﬂ')‘Az{(jY Voxvzyz:C) |, (3.51)
Z7J

where

Ai{jy (VUXYXYZ7C) = ’{Z : (uaxiv}’jaxlmyl? ) € TVUXYXYZ

for some k # i, #j}’
V;(Y,n = Woxyxvz i aVoxyz) 2 aVpgyz), Vox = Vg = Pux, Voy = Vyy = Puv}.

(3.52)

Clearly, A%, (Vi xy x) satisfies

Bng (VUXYXZ7 C) OX (VUXYXZ> C) < AZXJ (VUXYXZv O) < BZXJ (VUXYXZ> C) )

(3.53)
where
BlX( Uxy sz, C ZlTv ok (W, X, yj, Xk) |{z zeTly |nyx(u Xi, Vi,
k#i
(3.54)
CX( vxyxz: C Z Z Lz, (u Xl?Yj?Xk)lTv v s (W, %, ¥, Xx)
k#i k'#k,i

{z:zeT Vy oy x (W Xis Y5 Xe) ﬂTVZlUXYX(u, Xi,¥j,Xw)}|. (3.55)
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Having related the probability of error and the function BZ)Z, BY and BlXJY, our next

task is to provide a simple upper bound on these functions. This is done as follows.

1
Mx My Z Tvy xy (u, xl,y])B Voxyxz: ©)

M M ZZ TUXYX u Xi’Yj’Xk)’{z ZETVZ\UXYX(U’Xi’Yj’Xk)}‘
X Y i k:;éz

H(ZIUXY X)
< gnH(Z] T M DD (WX ysx)
XY ki

= MUY N (C, Vyyy 1) (3.56)

Similarly, we can provide upper bounds for BZY] and ijy. Moreover, we can also
provide trivial upper bounds on A(-) functions as was done in the point-to-point

case.

AX (Voxyxz:C) < onHy (Z|XYU)

The same bound applies to AY and AXY. Collecting all these results, we provide the

following upper bound on the probability of error.

Z 9= nDVzixyulWIVxyo)l hin {2—n1v(XAZ|XYU)NX(C’ Vixys)s 1}

UXXXZ
Vi on

+ Y 2fn[D<vz‘XYU||W|vXYU>1min{2—nzv(?AZ|XYU>NY(C,VUXY?),1}

Voxyvz

eVy

+ Z 9= nDVz xyullWIVxyu)l 1hin {Q*TLIV(XYAZ\XYU)NXY(C’ VUXYXY/)? 1}

VUX}{X?Z
Vv

(3.57)

Next, we consider lower bounds on B(-) functions and upper bounds on C(-)

functions. One can use a similar argument to show the following

1

MXMY Z 1TVUXY (u7 X yJ)Bl),(J (VUXYXZ7 O) Z 2n[H(Z|UXYX)_6]NX(Cv VUXYX)'

0]
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Similar lower bounds can be obtained for BY and BXY. Moreover, we have the

following arguments for bounding from above the function C¥.

1
Mx My Z 1TVny (u,x;,y;) - Cfg Voxysz)

5 1 u,x 5 E u,X;,yi, X))l u,X;, Vi, X
Afxﬂ4y' IVUXY l7§3 YwUXYX Y3 k) TVUXYX( X Y k)
k#i k'#k,i

: ‘{Z VS TVZ|UXYX(u Xi7Yj7Xk) ﬂTVZ‘UXYX(U;Xi»Yjan’)H
MXMY Z Z Z Z Tyxvzz (u Xi’Yj’Xk’Xk/>

/
Vuxyxxz' ki k'#k,i
Vuxyxz=Voxyxz

HZ z€Tv, (W Xianaxkvxk’)}‘

< Z onH(ZIUXYXX)__ L MXMY ZZ Z Ty e (u, X4, ¥, Xp, X' )

Vuxvyixz: 1,7 k#i kK'#k,
Voxyxz=Vuxvyxz
_ Z nH(Z|UXY X X) .
- 2 AX(O»VUXYXX)' (358)
Voxyxxz
v

UXYXZ=YUXYXZ

Similar relation can be obtained that relate C¥ and Ay, C*Y and Axy. Combining
the lower bounds on B(-)-functions and upper bounds on C(-)-functions, we have the

following lower bound on the probability of decoding error.
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e(C, W)

> Z 9=n[D(Vz xyulWIV)+Iv(XAZ|XYU)] Ny — Z 2n1(XAZ\UXY)Z)AX
VbXXXZ Vixyvxxz
EVxon Vixyxz=Vuxvyxz
_l’_
1 2: 9DV xyulWIV)+ T (VAZIXYU)] |y 2: gl (VAZIUXYY) p
Vbxx?z Vixyvyz
Sy Vixyvyz=Vuxyvz
+ E Q*nUKVmXYUHWqVHJVCXYAZFYYUH
Voxyxvz
EV;{Y,n
+
. NXY o E 2nI(XY/\Z‘UXYXY)AXY ) (359)
Voxvxxyvz

Vixyxvz=Vuxvyzvz

This completes our task of relating the average probability of error of any code
C in terms of the first and the second order packing functions. We next proceed
toward obtaining lower bounds on the error exponents. The expressions for the error
exponents that we derive are conceptually very similar to those derived for the point-
to-point channels. However, since we have to deal with a bigger class of error events,
the expressions for the error exponents become longer. To state our results concisely,
in the next subsection, we define certain functions of information quantities and
transmission rates. We will express our results in terms of these functions. The
reader can skip this subsection, and move to the next subsection without losing the
flow of the exposition. The reader can come back to it when we refer to it in the

subsequent discussions.

3.2.3 Definition of Information Functions

In the following, we consider five definitions which are mainly used for conciseness.
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Definition 3.2.2. For any fix rate pair Rx, Ry > 0, and any distribution Vi, vy 33 €
P (U x (X xY)?), we define

Fy(Vuxy) £ I(X AY|U), (3.60a)
Fx(Vyxys) 2 X AY|U) + Iy(X AXY|U) — Ry, (3.60Db)
Fy(VUXYY) L2 (X AY|U)+I(Y AXY|U) — Ry, (3.60c)

Fxy(Vyxysy) 2 IXAY|U)+ (X AY|U) + (XY AXY|U) — Rx — Ry.
(3.60d)

Moreover, for any Vi yyxyvsy € P (U x (X x V)?), we define

EX¥(Vyyysg) EIXAXYX|U)+ (X AXY|U)+ (X AY|U) - 2Rx, (3.61a)

EY(Vyxyss) 2TV AXYYU)+ (Y AXY|U)+ (X AY|U) = 2Ry,  (3.61b)

EXY (Viyxysrsy) 2 IXY AXYXY|U)+ (XY AXY|U)+ (X AY|U)
+I(XAY|U)+ (X AY|U) —2Rx —2Ry. (3.61c)

Definition 3.2.3. For any given Rx, Ry > 0, Pxyy € P (X x Y xU), we define

the sets of distributions V., Vi and Vi as follows:

Vi 2 {Vuxyxz i a(Voxyz) > a(Vygyz), Vux = Vyx = Pox, Voy = Poy}, (3.62a)
Vy {VUXYYZ aVuxyz) 2 a(Vyxyz), Vox = Pux,Voy = Vyy = Puy}, (3.62b)

Vivy & Voxverz : o(Voxvz) = a(Vigy ) Vox = Vyg = Pux, Voy = Vyy = Puy}

(3.62¢)

Moreover, V", Vi¥ and Vi are sets of distributions and defined as
Ve 2 {Viayss € Vi IR AXY ZIU) > Ry} (3.63a)
W2 {Vxyss €W IV AXYZIU) > Ry}, (3.63b)

S
~
[>
—

Voxysrz € Viy - IIXY AXYZIU) + I(X AY) > Ry + Ry} . (3.63¢)

41



Definition 3.2.4. For any given Rx, Ry > 0, Pxyy € P (X x Y xU), we define

the sets of distributions Vi, Vi, and V% as follows

) )
Voxyx+ Vav =Viy = Pxv, VWwu = Pyu
o Fu(Voxy), Fu(Vygy) < Rx + Ry (3.64a)
0 s :
Fx(Vyxyx) < Bx + Ry

a(Vuxyz) > a(Vygyz)

4 3\

Vixyy i Vxu = Pxu,Vvv = Vyy = Pyu

VT & Fy(Voxy), Fu(Vyxy) < Bx + Ry (3.64b)
Y — .

Fy(Vyxyy) < Bx + Ry

a(Vuxyz) 2 a(Vyxyz)

J

Voxyxy Vxv = Vzy = Pxv, Vv = Vyy = Pru
Fo(Voxy ), Fo(Vysy ), Fu(Vyxy), Fu(Vyzy) < Bx + Ry
T a Fx(Vpxyx): Fx(Vyxyx) < Bx + Ry
VXY -
Ey(Vuxyy) By (Vygyy) < Bx + Ry
Fxy (Vy xy) Fxy(Vuxyxy) < Bx + Ry
\ a(Vuxyz) =2 o(Vygyz) )

(3.64c)

Moreover, V¥, VI, and Vit are sets of distributions and defined as
YLt 2 {VUXYXZ e VI (X AXYZIU) > RX} , (3.65a)
YL & {VUXY?Z VL. I(Y AXYZ|U) > Ry} , (3.65)

Vi 2 Wiy grz €V IRV AXYZIU) + (X AY) > Ry + Ry} (365)

Definition 3.2.5. For any given Rx, Ry > 0, Pxyy € P (X x Y xU), we define
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as follows

the sets of distributions V¥, V§*, and V
Vxv = Viy = Pxv, Vwu = Pyu
(3.66a)

(

Voxyx:
Fy(Vuxy), Fu(Vygy) < min{Rx, Ry}
Fx(Vyxyx) < min{Rx, Ry}

v &
Vuxyz) =2 a(Vygyz)

:PYU

VXU = PXU7 VYU = VYU
(3.66b)

Vixyy
F (Vny) FU<VUX}7) S Hlln{Rx,Ry}
FY(VUXYY/) < min{RX, RY}

Vy*
(VUXYZ) > a(VUX?Z)

Vxv =Viy = Pxvu. Vyu =

Fu(Voxy), Fu(Vuzy), Fo (Vuxy), Fu(Vyxy) < min{ Ry, Ry }
( UXYX) < mln{RX, RY}

Viv = Pru

v ( UXYY) < mm{RX»RY}

Vi 2
FXY( UXYXY FXY( UXYXY) < mm{RX>RY}
a(Vuxyz) 2 a(Vyxy ) )
(3.66¢)

);
Fx(Vyxyx) F
By (Vyxyy), F

);
(
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Definition 3.2.6. For any given Rx, Ry > 0, Pxyy € P(X x Y xU), and Vv 3y €
P (U x (X x Y)?), we define the following quantities

Ex(Rx, Ry, W, Pxyu, Vyxyx) = D(Vzixyul|W|Vxyu) + Iv(X AY|U)
(X AXYZ|U) - Ry|*, (3.67a)
Ey(Rx, Ry, W, Pxyu,Vyxyy) = D(VaxyvullW|Vxyu) + Iv(X AY|U)
(Y AXYZ|U) - Ry|*, (3.67b)
Exy(Rx, Ry, W, Pxyy, VUXYXY) D(Vz i xyullW|Vxyu) + Iv(X AY|U)
F XY AXYZIU) + (X AY|U) = Ry — Ry|*.  (3.67¢)

Moreover, we define

EL(Rx, Ry, W, Pxyu, Voxy ) 2 D(Vaxyul W Viye) + Iy (X A Y|U)
+ (X AXYZ|U) - Ry, (3.682)
Ey(Rx, Ry, W, Pxyu, Vixyy) £ D(VzixyulW|Vxye) + Iv(X AY|U)
(Y AXYZ|U) - Ry, (3.68b)
EXY(RX, Ry, W, Pxvy, VUXYXY) D(VZ|XYU||W|VXYU) + Iy (X AY|U)
+I(XY AXYZ|U) + I (X AV|U) = R — Ry, (3.68¢)

and,
Eg(Rx, Ry, W, PXYU; Vg) é v Hl;neva Eﬁ(Rx, Ry, W, PXYU; VUXYB)? (369&)
UxXypz<vs
E"(Rx, Ry, W, Pxyu,V§) £ min_ Ef(Rx, Ry,W, Pxyu,Vyxys), (3.69b)
VUXYBZEVB’

fora € {r,T,ex}, and p € {X,Y, XY}.
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3.2.4 Packing Lemmas

As we did in the point-to-point case, here we perform random coding and derive
bounds on the packing functions. The results will be stated as three lemmas, one for
the average and one for the typical performance of the ensemble, and finally one for
the expurgated ensemble. These results will be used in conjunction with the relation
between the packing functions and the probability of error established in Section 3.2.2

to obtain the bounds on the error exponents.

Lemma 3.2.1. Fiz a finite set U, Pxyy € Pn(X x Y X U) such that X —U =Y,
Rx >0, Ry >0,68 >0, 20BEx=9) < )y < onfix gn(By=0) < N[, < "By gpdu €
Tp,. Let XMx 2 (X, Xy, ..., Xps } and YMY 2 1Y Y, ., Yy} are independent,
and X;s and Yjs are uniformly distributed over Tp,  (a) and Tp,,,(u) respectively.

For every joint type Viyxy sy € Pu(ld x (X x V)?), the expectation of the packing

functions over the random code X™x x YMv qre bounded by

9~ nlFu (Vo) +] < E[NU(XMX XYM Vyxy) | < 27 lFoGoxn)=23 - (3.70q)

9= Fx (Vyxy £)+30] < ]E[NX(XMX x YMy, VUXYX)] < 27X WVoey )40 (3.70D)

9Py (Vyxyy)4+33] < E[Ny(XMX % YMY7VUXY‘?)' < 2l (Vuxys)=49(3.70¢)
2fn[FXy(VUXYX{,)+45] S E[NXY(XMX % }/My7 VUXYX’{/)} S Q*H[FXY(VUXYX{/)*46]’

(3.70d)

whenever n > no(|U|, | X|,|V],0). Moreover, for any Vi vy sy xy € PuUd X (X x V)?)

E[AX(XMX x Yy, VUXYXX)_ < Q_n(Eg(VUXYXX)_M)a (3.71a)
E| Ay (XM s YV, pp)| < 27 (55 Oy =), (3.71b)
E[AXY(XMX XYM VUXYXY/XY): < 2_n<E§Y(VUXYX’7X?)_66)7 (3.71c)

whenever n > no(|U], | X, |V],6).
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Proof. The proof is provided in Section 3.4.2. O]

Lemma 3.2.2. Fiz a finite set U, Pxyy € Pu(X x Y X U) such that X —U =Y,
Rx >0, Ry >0,0 >0, 20Ex=0) < Ny < onfix on(Ry=0) < N < 97By gpdu e
Tp,. Almost every multi-user code C' = Cx x Cy, Cx = {x1,Xa, ..., X1 } C TpX‘U(u)
and Cy = {y1,¥2, -, ¥Yumy } C Tp,,(0), in the constant composition code ensemble,

C, satisfies the following inequalities:

2—n[FU(Vny)+35] S NU(C, Vny) S 2_77«[FU(VUXY)_36}’ (372&)
Z*n[FX(VUij()JF&;] S NX(07 VUXYX) S 277L[FX(VUXYX)756}7 (372b)
27 Vsy )99 < Ny (O V) yoyg) < 27 Y Voxyxy) =53] (3.72¢)
Q—H[FXY(VUXYXY)—’—M] S NXY<C> VUXYX{’) S 2_n[FXY(VUXYX?)_55]> (372d)
for all Vixy 53 € P X (X x Y)?), and

Ax(C, Viyyygg) < 27" (B8 Voxyxx) =59) (3.73a)
Ay (C Vyxyyy) < 2B Vixyyy)=50) (3.73b)
Axy(C Vpxygysy) < 278 Vo) =10), (3.73¢)

for all Vi vy 5y xy € Pn (U X (X X V)?), whenever n > no(U|, | X, |V, ).
Proof. The proof is provided in 3.4.2. m

Lemma 3.2.3. For every finite set U, Pxyy € Pn(X x Y xU) such that X —U =Y,
Rx >0, Ry >0,0>0, and u € Tp,, there exist a multi-user code C* = C% x Cy,
Cx = {x1,%2, ..., xm3} C Tpy,(u) and C5 = {y1,y2, ... ymz} C Tpy,(0) with

* on(Rx —6) " on(Ry —6)
My > 20 My > 20

, such that for every joint type Viyy 3y € Puld X
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(X x )%,

Ny (C*, Vyxy) < 27"FuVoxy)=63] (3.74a)
Nx(C%, Vyxyg) < 271 Vo) =60 (3.74b)
Ny (C*, Vyyyy) < 27 Vuxyy)=69] (3.74c¢)
Nxy (C, VUXYXY) < 27y (Vv sy ) =600 (3.74d)
and for any 1 <i < M%, and any 1 < j < My,
lgy, ., (0,x;, ;) < 27l () mmint i fiy ) =60] (3.75a)
Dolny (e yy,x) < 27 o) Tt ) =60 (3.75b)
P
Soln (W yj,yr) < 20 Viers)omindlix )60 (3.75¢)
1%
Z Z Vuxyxy ll X“yJ’Xk’yl) < 2" e ( UXYXY)_min{RXVRY}_G(ﬂ? (375d)
k#i 1#j
whenever
Proof. The proof is provided in 3.4.2. O

As it is shown in the Section 3.4.2, the above property is derived by the method of
expurgation. Unlike the point-to-point case, expurgation in the MAC is not a trivial
procedure. To see that, observe that expurgating bad pairs of codewords results in a
code with correlated messages, which is hard to analyze. Instead, what we do is a sort
of “partial” expurgation. Roughly speaking, we start with a code whose existence is
proved in Lemma 3.2.1 and eliminate some of the bad codewords from the code with
the larger rate (as opposed to codeword pairs). By doing that, all messages in the

new code are independent, and such a code is easier to analyze.
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3.2.5 Error exponent bounds

We can now proceed in a fashion that is similar to the point-to-point case and
derive a series of exponential bounds based on Lemmas 3.2.1, 3.2.2, and 3.2.3. In
the following, we present three lower bounds, the random coding, the typical ran-
dom coding, and the expurgated bounds. As in the case of point-to-point channels,
here too, all the lower bounds are expressed in terms of the optimization of a single

objective function under different constraint sets.

Theorem 3.2.1. Fix a finite set U, Pxyy € Pn(X X Y xU) such that X —U - Y,
Rx >0, Ry >0,0 >0, 20Ex=0) < Ny < onfix on(ly=0) < Nf < onBy gndu e
Tp,. Consider the ensemble, C, of multi-user codes consisting of all pair of codebooks

(Cx,Cy), where Cx = {x1,X2, ..., Xuy } C Try,(0) and Cy = {y1,y2, ..., ¥} C

TPY\U(u)' The expectation of the average probability of error over C is bounded by

9—nlErL(Rx Ry ,W.Pxyu)+88] P < 9—nlEr(Rx,Ry ,W,Pxyy)—63] (3.76)

whenever n > ny(|Z|,|X],|V], |U|, ), where

E.(Rx, Ry, W, Pxyy) £ ming_x v,xy Ej(Rx, Ry, W, Puxy, Vj), (3.77)

E,(Rx, Ry, W, Pxyy) £ ming_xy,xy EE’L(RX, Ry, W, Puxy, V;’L)- (3.78)

Proof. The proof is provided in 3.4.2. m

Corollary 3.2.1. In the low rate regime,
E,(Rx, Ry, W, Pxyu) = E.(Rx, Ry, W, Pxyu). (3.79)

We call this rate region as the critical region for W.
Proof. The proof is similar to the proof of Corollary 3.1.1 and is omitted. m

Theorem 3.2.2. Fiz a finite set U, Pxyyy € Pp(X x Y xU) such that X —U —-Y,
Ry 20, Ry > 0,0 >0, 2" < My < 20, gnlfv=0) < 0y < 20y,
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and u € Tp,. The average probability of error for almost all multi-user codes C' =

OX X Oy, CX = {Xl,XQ, ...,XMX} C TPX‘U(U) and Cy = {yl,yQ, "'7yMY} C TPY\U(u)f

in ensemble C, satisfies the following inequalities

2*n[ETL(RX,RY>W7PXYU)+76] < e(C W) < 27”[ET(RX,RY,W,PXYU)765} (380)

whenever n > ni(|Z|,|X],|V], |U|, ), where

Er(Rx, Ry, W, Pxyy) £ ming_xy xy E} (Rx, Ry, W, Puxy,V})  (3.81)
Erp(Rx, Ry, W, Pxyv) £ mMing_y,y,xy E§’L(Rx, Ry , W, Pyxy, V;;F’L)- (3.82)
Proof. The proof is provided in 3.4.2. m

Corollary 3.2.2. For every finite setU, Pxyy € Pn(X xY xU) such that X —U =Y
, Rx >0, Ry >0,
Er(Rx, Ry, Pxyu, W) < E!,(Rx, Ry) < Err(Rx, Ry, Pxyu, W). (3.83)

Proof. The proof is very similar to the proof of Corollary 3.1.2. m

Corollary 3.2.3. In the low rate regime,
Erp(Rx, Ry, Pxyu, W) = Er(Rx, Ry, Pxyuy, W). (3.84)

Proof. The proof is similar to the proof of Corollary 3.1.1 and is omitted. ]

Theorem 3.2.3. For every finite setU, Pxyy € Pn(X x Y xU) such that X —U —Y

, Rx >0, Ry > 0,0 >0, and u € Tp,, there exists a multi-user code

withx; € Tp, ,(0), y; € Tp, , (0) for alli and j, My > QH(R;%), and M3 > 27L<R;75),
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such that for every MACW : X xY — Z
e(C, W) < 27 B (R, oy, W-Pxcyu) =50) (3.86)
whenever n > ny(|Z|,|X],|V], |U|, ), where
Eea:(RX, Ry, W, PXYU) = minﬁ:X,Y,XY EEI(RX7 Ry, W, Pyxy, VEI) (3-87)

Proof. The proof is provided in 3.4.2. O]

This exponential error bound can be universally obtained for all MAC’s with given
input and output alphabets, since the choice of the codewords does not depend on
the channel.

In the following, we show that the bounds in Theorems 3.2.1, 3.2.2, 3.2.3 are at
least as good as the best known random coding bound, found in [38]. For this purpose,

let us use the minimum equivocation decoding rule.

Definition 3.2.7. Given u, for a multiuser code
C=A{(xi,y;,Dij) :i=1,...Mx,j=1,.... My}
we say that the D;; are minimum equivocation decoding sets for u, if z € D;; implies
H(x;yj|zu) = nli’iln H(xpy|zu).

It can be easily observed that these sets are equivalent to a-decoding sets, where

a(u,x,y,z) is defined as
a(Vuxyz) 2 Hy(XY|ZU). (3.88)

Here, Viyxyz is the joint empirical distribution of (u,X,y,z).

Theorem 3.2.4. For every finite set U, Pxyy € P(X x Y xU) , Rx >0, Ry >0,
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and W : X x Y — Z, and an appropriate a-decoder (minimum equivocation),

EL(Rx, Ry, W, Pxyy) > ETLgm(RX, Ry, W, Pxyy) f=X,Y, XY, (3.89)

Ef(Rx, Ry, W, Pxyv) > Ef*(Rx, Ry, W, Pxyv) B=X,Y, XY, (3.89b)

E§*(Rx, Ry, W, Pxyy) > EX"*(Rx, Ry, W, Pxyu) B=X,Y,XY.(3.89)
Hence

E.(Rx, Ry, W, Pxyy) > E¥(Rx, Ry, W, Pxyy), (3.90a)

Er(Rx, Ry, W, Pxyy) > EX(Rx, Ry, W, Pxyy), (3.90Db)

E..(Rx, Ry, W, Pxyy) > EX"(Rx, Ry, W, Pxyy), (3.90c)

for all Pxyy € P(X x Y xU) satisfying X —U =Y. Here, EX™ is the random coding
exponent of [38] which is defined in (2.23).

Proof. The proof is provided in 3.4.2. O]

We expect our typical random coding and expurgated bound to be strictly better
than the one in [38] at low rates. This is so, because all inequalities in (3.64a)-
(3.64c) and (3.66a)-(3.66c) will be active at zero rates, and thus (due to continuity)
at sufficiently low rates. Although we have not been able to prove this fact rigorously,
in the next section, we show that this is true by numerically evaluating the expurgated

bound for different rate pairs.

3.3 Numerical result

In this section, we calculate the exponent derived in Theorem 3.2.3 for a multiple-
access channel very similar to the one used in [38]. This example shows that strict
inequality can hold in (3.89c). Consider a discrete memoryless MAC with X =) =
Z ={0,1} and the transition probability given in Table 3.1. First, we choose some

time-sharing alphabet U of size || = 4. Then some channel input distribution
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r y z| Wizlzy)
0 0 0f 099
0 0 1| o001
0 1 0| o001
0 1 1| 099
1 0 0| o001
1 0 1| 099
1 1 0| 050
1 1 1] 050

Table 3.1: Channel Statistics

Py PxyPyy is chosen randomly. Table 3.2 gives numerical values of the random
coding exponent of [38], and the expurgated exponent we have obtained for selected
rate pairs. As we see in the table, in the low rate regime, we have strictly better
results in comparison with the results of [38]. For larger rate pairs, the inequalities
containing min{ Ry, Ry } will not be active anymore, thus, we will end up with result

similar to [38].

3.4 Proof of Theorems

3.4.1 Point to Point Proofs

This section contains the proof of all lemmas and theorems related to point to

point result.

Proof. (Lemma 3.1.1) We use the method of random selection. Define M such that
(=0 < N < 2R, (3.91)

In the following, we obtain the expectation of the packing functions over the constant

composition code ensemble. The expectation of m(X* Vy ;) can be obtained as
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Rx Ry | Ew(Rx,Ry,W,Pyxy) E“(Rx,Ry,W,Pyxy)
0.01 0.01 0.2672 0.2330
0.01 0.02 0.2671 0.2330
0.01 0.03 0.2671 0.2330
0.02 0.01 0.2458 0.2230
0.02 0.02 0.2379 0.2230
0.02 0.05 0.2379 0.2230
0.03 0.01 0.2279 0.2130
0.03 0.03 0.2183 0.2130
0.04 0.01 0.2123 0.2030
0.04 0.04 0.2040 0.2030
0.05 0.05 0.1930 0.1930
0.06 0.01 0.1856 0.1830
0.06 0.06 0.1830 0.1830
0.07 0.01 0.1740 0.1730
0.07 0.07 0.1730 0.1730

follows:

Table 3.2: E,, vs. EL

E (r(XM Vyig)) = %iZE(mX (X, X, )

Similarly, it can be shown that for sufficiently large n,

i=1 j#i

— (M~ 1)P (X2 e Ty

X|x

ZZP <X € Tvy

zl];éz

(X1)> < on(R—Iy (XAX)+6)

E (ﬂ_(XM7 VX)Z)) > 2n(R—IV(XAX')—6)'

The expectation of A over the ensemble can be written as

E(MXY Vigx)) = ZZZ (Xi, X5, Xe) €Ty, ) -

Since

on[H(XX|X)

_5]
onH(X)onH(X)

<P((Xi, X, Xp) €Ty, ) < AR g3

i=1 j#i k#i,j

onH (X X|X)
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it can be concluded that
9nlBs(RVy 3%)-20] < | ()\(XM’ VXXX)) < 9nlBs(RVy 3 5)+26]
where Fg is defined as follows,
Es(R,Vygs) 22R—I(X AX) - (X A XX).

By using (3.92) and markov inequality, it can be concluded that

E (m(XM VXX)

on(R—Iy (XAX)+28 )
VXX

therefore, there exists at least one code, C", with M codewords satisfying

m(cr, VXX) < on(R—Iy (XAX)+26) .

(3.96)

(3.97)

Lo\o.

(3.98)

(3.99)

]

Proof. (Lemma 3.1.2) To prove that a specific property holds for almost all codes,

with certain number of codewords, in the constant composition code ensemble, we use

a second-order argument method. We already have obtained upper and lower bounds

on the expectation of the desired function over the entire ensemble. In the following,

we derive an upper bound on the variance of the packing function. Finally, by using

the Chebychev’s inequality, we prove that the desired property holds for almost all

codes in the ensemble.
To find the variance of the packing function, let us define U;; £ Ly,

and Y;; = U;; + Uj;. We can rewrite 7(XM, Vi 5) as

SESRTRIEES o) SUANILE o) DGR o) S8

i=1 ji i=1 j<i i=1 j<i

o4

)”((Xi’Xj)’

(3.100)



It is easy to check that Yj;’s are identically distributed pairwise independent random

variables. Therefore, the variance of 7(XM Vy ;) can be written as
1 1 (M
M _ _
Var (m(XM, Vyg)) = B ; ; Var(Yy) = 15 ( ) )Var(Ygl). (3.101)
To find the variance of Y3y, let us consider the following two cases for V ¢:

o Vi is a symmetric distribution. In this case U = Uy, therefore,

v 2 with probability p < 27 (XAX)=d]
91 = :
0 with probability 1 — p

and the variance is upper bounded by

Var(Yy) < E(Y2) = 4 x 2 "HXAX)=d] 3.102
21

o V¢ is not a symmetric distribution. In this case, if U;; = 1 = Uj;; = 0.

Therefore,

]P)(YiQ = 1) :P(Ulg =1or U21 = 1) :]P)(Ulg = ].)—I—P(Ugl = 1)

< 2 x 27nHEAX)=0] - (3.103)
therefore,
Var(Ya) < B(YZ) = 2 x 27 (XAX)=0], (3.104)

By using (3.102), and (3.104), we have

1

M ~ ~
Var (ﬂ_(XM’ VXX)) < iV ( ) >4 x 2~ (XAX)=0] < 9 Z*TL[I(X/\X)*(Sh (3.105)
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for any Vy ¢ € P(X x &X). Now, by using Chebychev’s inequality,

P (|m(X", Vyg) — E (7(XM,Vyg))| = 2" for some Vy¢)
< ZP (|7T(XM7 Vix) —E (7T<XM7 VXX’))‘ = 2n5>

Vxx
Var (W(XM, VXX)) 2 x 2 nlI(XAX)=d]
S Z 922né S Z 922né
Vxx Vxx
= N2 x 2 I(XAK) ) < gy for sufficiently large n. (3.106)
Vxx

Moreover, by using (3.96) and Markov’s inequality, it can be concluded that

E)‘(XM7 VXXX)

271[ES (R7VX)E'X' )+45]

P ()\(XM,VXXX) > onlBs(RVy 5 2)+49] for some VXXX) < Z
Vixx

<2, (3.107)

Now, by combining (3.106) and (3.107) and using the bound on E (’/T(XM, VxX)), we
conclude that for any Vy ¢ € P(X x X), any Vi ;¢ € P(X x X x X), for sufficiently

large n

2n(R—I(XAf<)—5) < 7T<XM7 VXX) < 2n(R—](X/\X')+5)7
AXM Vi gg) < 2B Vxe ) 40, (3.108)
with probability > 1 — 2 x 27"3. We put all the codebooks satisfying (3.108) in a set

called CT.
L]

Proof. (Lemma 3.1.3) Consider the code C" = {x;,Xa, ...,X)s} whose existence is

asserted in random coding packing lemma. Let us define

I(Cm) £ Y o Rl XA 1m0, (3.109)

Vxx
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Note that using Lemma 3.1.1 and using the fact that

M
T . M Z Z |TVX|X (Xz) N CT|2*TL(R*I\/(X/\X)+35) 7 (3110>
V.

=1 XX

it can be concluded that

T(CT) < Z 2—n(R—IV(XAX)+35)2n(R—IV(XAX)+25) < l

> (3.111)

Vxx

As a result, it can be concluded that there exists M* > Y 5 codewords in C” satisfying

Z [Ty, (i) N CT[27 0 Tv(XAX)+80) (3.112)

Let us call this subset of the code as C'**. Without loss of generality, we assume C'**

contains the first M* sequences of C”, i.e., C* = {x1, X, ..., Xps+ }. Since

Tvg (%) DO < [Ty (%) NCT[ VX € CF, (3.113)
it can be concluded that for all x; € C°",
Z ’TVX‘X(X’L) N C«ez|2 n(R—1Iy (X AX)+35) < 1. (3_114)

VXX

Since all the terms in the summation are non-negative terms, we conclude that
|TVX‘X( z) N Cfe:l‘| < 277,(R—IV()(*/\)2)-1-35)7 (3115)

for all V¢ € P(X x X), and all x; € C**. Also, by (3.115), it can be concluded that
1 c
m(C Vyx) = 55 D Ty, (xi) N O] < 2nUmIv(XAX)=80), (3.116)
i=1
for all Vi ¢ € P(X x X). O
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Proof. (Fact 3.1.1) We will use the result of Lemma 3.1.1 and the relation between
the probability of error and the packing functions. Let XM £ <X1,X2, vy X M>
be independent sequences of independent random variable, where X;s are uniformly
distributed on Tp.

(Upper Bound): Taking expectation on both sides of (3.15), using Lemma 3.1.1

and using the continuity of information measures, it can be concluded that

E(e(XM,W))g Z 27n[D(Vy‘XHW\P)+|I()~(/\XY)7R|+75}

Vixv€Pn

S 2—n[ET(R,P7W)—25} (3117)
whenever n > ny(|X|, |V, 0), where

E.(R,P,W)2 min D(Vyx||W|P)+|Iv(XY AX) — R|, (3.118)

xxy€EP"

and P" is defined in (3.29).
(Lower Bound): Taking expectation on both sides of (3.19), and using Lemma 3.1.1

we have

VX}?YG/P;
Z g-nlly (XAY[XX)|gn(2R—~I(XAK)~I(XAXX)+45)|
Vizgy:
Vixv=Vxxvy

(3.119)

_l’_

_ Z an[D(Vy‘X||W|P)+IV(X/\XY)7R+26] 1— Z 27n[IV(X/\X)~(Y)7R+36]
Vixxv€Pn Vxzxy
Visv=Vxzy

(3.120)

Toward further simplification of this expression, we have the following lemma.

58



Lemma 3.4.1.

min  [(X AXXY)=I(XAXY).
Vizxy:
Vixy=Vxxy

Proof. Note that, for any Vy ¢ ¢y,

IXAXXY)=I(XAXY)+ (X AX|XY)>I(X AXY),

therefore,

min ~ [(X AXXY)>I(XAXY)=I(XAXY).

Vizxy:

Vitv=Vxzy

Now, consider V' defined as

XXXY

~

V;XXY(xjv T,y) = VX|XY(f|1'a ?J)VX\XY(@W y) Vxy (2, y).

Note that VX 2y

:V*

XXY?

and X — (X,Y) — X. Therefore,
Iy (X ANXXY) =Ty (X AXY) =T, (X AXY).
By combining (3.123) and (3.125), the proof is complete.
Therefore, using the above lemma, (3.120) can be rewritten as

]56 > Z 2*”[D(VY|XHW|P)+IV()~(/\XY)*R+36]_

Vi xy€PL
I(XAXY)>R+36

By using the continuity of information measures, it can be concluded that

E (e(XM,W)) > 2 nlFLEW)+40] for sufficient large n
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where

EL(R,P,W) 2 min_ - D(Vy(x|[W]P) + Iy (XY A X)—-R. (3.128)
~ c T
IRAXY)>R

Now, by using Markov inequality and (3.117), we conclude that

E (e(X™,W))
M —n[Ey(R,P,W)—36] ) —nd
P(e(X™, W) >2 ) < SR ERW S 2 (3.129)

Therefore, with probability greater than 1—27"°, any selected code with M codewords
form the constant composition code ensemble satisfies the desired property. Let us

call one of these codebooks as C". O

Proof. (Corollary 3.1.1) Consider the input distribution P* € P(X) maximizing

the random coding bound, i.e.,

P* £ arg max E,.(R,P,W). (3.130)
PEP(X)
Let us define
¥ ey = arg min E, (R, P*,W). (3.131)
XXY

For any R < R, the random coding bound is a straight line with slope —1, and

the term in |- |* is active. Therefore,
E, (R, P*,W) = D(V{ x|[W|P*) + Iy« (X ANXY) — R. (3.132)

Here, Iy«(X A XY) > R. Tt is clear that V

5y 18 the minimizing distribution in
E. (R, P*,W), and as a result

E,.(R,P*,W) = E.(R, P*,W). (3.133)
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Proof. (Theorem 3.1.1) In the proof of Fact 3.1.1, we used the lower and upper
bounds on the expected value of he first-order packing functions and an upper bound
on the expected value of the second-order packing functions. In the following, we use
similar techniques on the packing function of almost every codebook in the ensemble
by using the bounds obtained in Lemma 3.1.2. Consider the code C' whose existence
is asserted in the typical random coding packing lemma. For all V¢ € P(X x X),

we have

M

1 ~

7 > [Ty (i) N O < 2nEIVIXA0+20), (3.134)
i=1

By multiplying both sides of inequality (3.134) by M, and using the proper upper

bound on the number of sequences in C', we conclude that

Ty, (x;)NC| < 2nCR-Tv(XAX)+20) Vi=1,.., M, (3.135)

X)X

for all V¢ € P(X x X). We will obtain a higher error exponent for almost all codes
by removing certain types from the constraint set P;;. Consider any Vy ¢ € P(X x X)
satisfying Iy (X A X) > 2(R + ). By (3.135),

Ty

X|x

(x;))NC|=0foralli = 7n(C,Vyg)=0. (3.136)

Upper bound: Hence, by using (3.15) on C, and by using the result of Lemma
3.1.2, we have

e(C, W) < Z 9=n[D(Vy | x[[W|P)+ Iy (XY AX)~R|T ~24]
Vx xy €Pr (8)

where

n

PI&) 2 {Vigy €EPAlX XX xY): Vx=Vg =P, [y(XANX)<2R+20
a(P,Vyx) < (P, Vi x) }(3.137)
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Using the continuity of information measures, the upper bound as given by the the-
orem follows.

Lower bound: Using (3.19) on C' and using Lemma 3.1.2, we have

e(C, W)
> Z 9—n[D(Vy | x|[W[P)+Iy (XAY|X)+9] ‘w(C, Veg)
Vxxy€Pn
- ¥ 2—n[IV<XAYX)?>1A(aVX;(X)‘*
> Z 9=n[D(Vy | x|IW[P)+1Iv (XAY|X)+3] |gn(R—1(XAX)~0)

Vi xy €Pn (6)

Z 9-nlIv (XAY X X)]gn(2R— (X AX)~I(XAX X)+26) ‘J“

Vxxgy:
Vizy=Vxxy
+
_ Z 2—n[D(Vy|XHW|P)+IV()~(/\XY)—R+25] 1— Z 2—n[IV(X/\XXY)—R—35]
. T Ve oyt
Vo P VX)‘(};);)%})/()?Y
(3.138)
> Z 2—n[D(Vy‘X\|W|P)+IV()~(/\XY)—R+35]7
Vi xy€Pn (6)
I(XAXY)>R+58
Here, the last inequality follows from Lemma 3.4.1.
By using the continuity argument, and for sufficient large n,
e(C, W) > 2 ELr(RPW)+49] (3.139)
where
Epr(R,P,W) 2 y gng _ D(Vyx[|W|P) + Iv(XY A X) = R. (3.140)
HXAXY)2R
O]

62



Proof. (Corollary 3.1.2) Fix R > 0, 6 > 0. By the result of Theorem 3.1.1 and for
sufficiently large n, there exists a collection of codes, C*, with length n and rate R,

such that
e P(C*)>1-4,
o 2B (RPWIHI] < o(C W) < 2-nEr(RPW)-34] for ol ' € C*.

Note that

1 1
~max  min——loge(C,W) > min ——loge(C,W) > Er(R, P,W) — 34. (3.141)
CP(C)>1-§ CeC M ceCc* n

Now, consider any high probability collection of codes with length n and rate R. Let

us call this collection as C. Note that

P(C)>1-4

) =P(C*'NC)>1-20=C"NC + ¢. (3.142)
P(C)>1-6

Consider a code C(C) € C*NC. Tt can be concluded that

1 1 ~
~max min——loge(C,W) < max ——loge(C(C),W) < Erp(R, P,W) + 46.
CP(C)>1-§ CeC N C:P(C)>1-6 n

(3.143)

~

The last inequality follows from the fact that C'(C) € C*. By combining (3.141)
and (3.143), and by letting 0 goes to zero and n goes to infinity, it can be concluded
that

Er(R,P,W) < ET (R) < Erp(R, P,W). (3.144)

Proof. (Fact 3.1.2) First, we prove the following lemma.

Lemma 3.4.2. Let C" be the collection of the codewords whose existence is asserted

in Lemma 3.1.3. For any distribution Vy ¢ € Pn(XxX), satisfying Iy (XAX) > R+0,
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the following holds:
7(C, Vi) =0. (3.145)

Proof. By (3.25),

‘TV~ (Xz) N Cm‘ < 2n(R—IV(X/\)~()+26)’ (3146)

XX

for every x; € C°*. Since Iy/(X A X) > R + 24, it can be concluded that

Ty, (%) NC%| = 0 for every x; € C° = 7(C", Vi) =0 (3.147)
O
The rest of the proof is identical to the proof of random coding bound. n

3.4.2 MAC Proofs

Proof. (Lemma 3.2.1) In this proof, we use a similar random coding argument
that Pokorny and Wallmeier used in [41]. The main difference is that our lemma
uses a different code ensemble which results in a tighter bound. Instead of choosing
our sequences from Tp, and Tp,, we choose our random sequences uniformly from
Tpy ., (u), and Tp, ,(u) for a given u € Tr,. In [38], we see a similar random code
ensemble, however, their packing lemma incorporates the channel output z into the
packing inequalities. One can easily show that, by using this packing lemma and
considering the minimum equivocation decoding rule, we would end up with the
random coding bound derived in [38].

Fix any U, Pxyy € Po(U x X x V) such that X —U —Y, Ry > 0, Ry > 0,
0 >0, and u € Tp,. Define My, My such that

2n(Rx—§) S MX S 27‘LRX7 2n(Ry—5) S MY S 27'LRY'

First, we find upper bounds on the expectations of packing functions for a fixed

a and Vj, vy g3, With respect to the random variables X; and Yj. Since X;s and Y;s
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are i.i.d random sequences, we have

|
M M A
]E[NU(X XY Y,VUXY)] _E[MXMY Y ln, (u,XZ»,Yj)]

2%
— E |:1TVUXY (u7 X17 }/1>:|

=> Lry,,, (% YWP(X: = x|u)P(Y; = y|u)
X,y

< Z 9—n[Hv (X|U)=68]g—n[Hy (Y|U)-4]
(xY)ETVyy 7 (w)

< 9nHy(XY|U)g=n[Hy (X|U)=8)g=n|Hy (¥ |U)=4

— 9 nllv(XAY|U)=26] _ g—n[Fu(Vuxy)=24] (3.148)

On the other hand,

BN (XM Y™ Vixy)| = 3 1 (6, y[w)P(X) = x[w)P(Y; = ylu)

x7y
> Z g—nHy (X|U)g—nHy (Y|U)
Y)ETvyy 1y ()

> gnlHv (XY U)=d]g—nHy (X|U)g—nHy (Y|U)

— 9 nllv(XAY|U)+6] _ o—nl[Fu(Vuxy)+d] (3.149)
Therefore, by (3.148) and (3.149),
9-nlFu (Vuxy)+9] < IE[ No(XMx x YMY,Vny)] < 9 nlFu(Vuxy)-2] (3.150)
By using a similar argument,
E[NX(XMX XYM VUXY;()] < 97 nlPx (Vixy x)=4] (3.151)
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On the other hand,

E[Nx (X" < Y™,V xyg)| > (My = DE[1ry, (0, X1, Yi) (1, X;, Y3, Xo)

1
Vyxvz

= (Mx —1) Y P(X; = x[u)P(Y; = y[u)lp,  (u,x.y)

e (WX Y, X)

X,y
Y P(Xy = %[u)ly,

> (Mx —1) Z 9—nHy (X|U)g—nHy (Y|U)

x,y€Ty (u)
XY|U

3 o-nHy (X|U)

XETV)-( lUXY (U,X,y)

. gnlHy (X|UXY)=8]g—nHy (X|U)

> an[lv(X/\Y\U)+IV(X/\Y|U)+IV()~(/\X|UY)7RX+36]

_ g nlFx (Vyy 5)+39] (3.152)
Therefore, by (3.151) and (3.152),

2~ nFx Vuxyx) 430 < ]E[NX(XMX x Y My VUXYX)] < 27X (Vuxy )41 (3.153)
By using a similar argument for Ny (.) and Nxy(.), we can show that

2_”[FY(VUXYY)+3§] <E [Ny(XMX % YMY, VUXY}})] < 2—n[FY(VUXY§7)_4(5]’
(3.154)

(3.155)

66



We can obtain an upper bound for E [Axy (XM x YMy V(o oo o0)] as follows

E [AXY(Xan Yy VUXYX?XY)}

- MXMY ZZ Z UXYXYXY Xi’Yj7Xk’Yl7Xk/’Yl,)

7.7 k#’L k’l#l k
5 U#5,

S M?(MXQ/E |:1TVUXY (u7 Xl? }/i)lTV . (u7 X17 }/17 X27 }/27 X37 }/23)]

UXYXYXY
:M)%Ml% Z ]P)(Xl:Xa}/l:anQZiu}/szvX?):f(’}%:y'u)

x?y’i7y’ﬂ7y

.1ﬂ@xy(u'x y)1ﬂ@xyxyxy(uﬂx7y7i7y7&7ﬁ)

- M)2(M§2’ Z]P)(Xl = X|11)P’T’(Y1 = y|u) : 1TVUXY (H,X, Y)

X?y

ZP Xy = X|u Lz, (u7X7Y7)~() ’ ZPO/Q Y|u)1Tv (u7X7y7)~<> S’)
y

UXYX UXYXY

UXYXYX

'EE:E%)Q3::&hJ]qV (u7X7Y7i>y>i)

jE:ED}% yﬁu 1TV ( >X7Y7i>y7&7y>

UXYXYXY

< M2M2 Z o—n[Hy (X|U)-6 }Q—n[Hv(YlU)—él Z o—n[Hy (X|U)-4]

XY E€Tvyy y (0) X€Tvg | xy (WX0Y)

3 o—nlHy (V|U)~4] 3 o—nlHy (X|0)=3]

yeTVY/\UXYX (u,x,y,x) XETVX‘UXYXY/ (U’X,Y,X,Y)

Z (U7X=y,fc,y,fc)z—"[Hv(?\U)—a]
yeTy

YIUXYXYX

< M)Q(Mf/ . gnH(XYIU)an[Hv(X\U)fé}an[Hv(YlU)ftﬂ2nHv(X|UXY)an[Hv(XIU)fé}
) 2nHV(}7|UXYX)27n[HV(§7|U)76}2nHV()A(|UXY)~()7)2fn[HV()A(|U)76]2nHV(Y\UXYX17X)
. Q—n[Hv(YIU)—é}

< 2_n[1(5fhxy|U)+1(X?AXY)ZY/|U)+I(XAY\U)+1(X/\17|U)+1(XA1>\U)—2RX—2Ry—65]

— 9 nlEFY (Vyxy gy xv)—68] (3.156)
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By using a similar argument, we can obtain the following bounds

E [Ax(XMx 5 YMY Vo 0)] < 278 (Voxygx) =19 (3.157)

E [Ay (XM x YMY Voo)] < 277085 Voxyyy)=49] (3.158)

Here, FY, EY and EZY are defined in (3.61a)-(3.61c).
By using Markov inequality, it can be concluded that

P (NU(XMX X YMY, Vny) Z Q_H[FU(VUXY)_S(S} for some VUXY)

E (Ny (XM x YMY Vixy))
Z 2—n[Fy (Vuxy)—34]

< Y 2m<2i (3.159)

Vuxy: Vuxy:
Vux=Pux Vux=Pyx
Vuy=Pyy Vuy=Pyy

Similarly, it can be shown that

P (NX(XMX X YJMY7 VUXYX) > 2_n[FX(VUXY)_()_55] for some VUXYX) < 2_71%,
(3.160)
P (NY(XMX X YMY’ VUXYY’) Z Q—H[FY(VUXY{,)—55} for some VUXY}”/) S 2_7%7

(3.161)

[SI[-9)

P (Nxy (XY™ x Y™ Vv gp) > 27Xy Vuxy 27)75 for some Vixyzy) <272
(3

162)

Now, by combining (3.159)-(3.162), and using the union bound, it can be concluded
that

]P’(NU(XMX x YMY Viigy) > 2~ nFu(Vuxy) =39 o1 some Viryy or
Ny (XMx 5 YMy v o) > 27 Ex Voxyx) =51 for some V, 4y ¢ OF
Ny (XMx s yMy v o) > 27y Voxy ) 759 for some V) yp OF
Ny (XM YMY Vo op) > 277 Wy x9) =590 for some VUXYX§,>

<4x271  (3.163)
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therefore, there exists at least a multi-user code with the desired properties mentioned

n (3.70)-(3.71). 0

Proof. (Lemma 3.2.2) To prove that a specific property holds for almost all codes,
with certain number of codewords, in the constant composition code ensemble, we use
a second order argument method. We already have obtained upper and lower bounds
on the expectation of the desired function over the entire ensemble. In the following,
we derive an upper bound on the variance of the packing function. Finally, by using
the Chebychev’s inequality, we prove that the desired property holds for almost all
codes in the ensemble. To find the variance of Ny (XMx x Y™y Vi vy ), let us define
Wi & 1g, (w0, X;,Y)). Therefore, the variance of Ny (XX x Y™ Vjxy) can be

written as

1
Var (NU(XMX X YMY, Vny)) =Var (MXMY Z ]'TVUXY u X17Y;)>

= N M2 (Z Ww> . (3.164)

Since W;;’s are pairwise independent random variables, (3.164) can be written as

Var (Ng(XM x Y™ Viyy)) = VI M2 > Var (W)

2

< LE )

1

< L9 nlFu(Vuxy)=20] « 9—n[Fu(Vuxy)+Rx+Ry —26]
= MMy S

(3.165)

By defining ka = 1TVUXY;? (u, X;,Y;, Xj), the variance of Nx(XMx x YMY 'V, 1 <)
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can be upper-bounded as follows

1
M M- 5 _ . .
Var (Nx (XM x Y™ V0 ¢)) = Var (MXMY %j: Ek#; lr, (u,XZ,YJ,Xk)>

= m\/ar ZJ; I, o (u,Xi,Yj,Xk)>
- mvm ; Z ; Qifk)

_ m‘/ar ; Z ; Q)+ Qii)

_ mx/ar ;Z;ij) (3.166)

where Jfk = fk + Qfm, k < i. One can show that Jgk’s are identically pairwise
independent random variables. Therefore, the Var (Nx (XM x YMr V(<)) can

be written as

1 ; 1
Var (NX(XMX X YMY’ VUXYX)) = W Z Z Z Var (JZ]J‘?) S MV&T (J21’1) .
J

i k<t
(3.167)

To find the variance of .J; |, let us consider the following two cases for Vj, vy ¢

. e o . .
o Vi vyx is a symmetric distribution, i.e., V vy 5 = Vygyx. In this case Q1 =

Q3,, therefore,

2 with probability p ~ 27y (XAYU)+Iy (XAXY|U)]

Jo1 = | N
0 with probability 1 —p

and the variance is upper bounded by

Var(Jy) < B(J3,") = 4 x 27V (XY I+ (RAXYIV)] (3.168)

e V, vy i1s not a symmetric distribution. In this case, if sz =1= Qii = 0.
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Therefore,

P(Jp=1) =P (Qu=1or @y =1) =P(Qi =1) + P (Q3 = 1)

<9 x 2—n[IV(XAY|U)+1V()ZAXY\U)]

Y

(3.169)
therefore,
Var(Ji,) < B(JL,*) = 2 x 27V I+ (XAXYID)] (3.170)
By combining the results in (3.167)-(3.169), it can be concluded that
Var (NX(XMX % YMy’ VUXYX) < 2—n[IV(X/\Y|U)+IV(X/\XY|U)+Ry—36]' (3_171)
Similarly, it can be shown that
Var (Ny(XMX x Y My VUXYY/)) < o=nllv (XAY|U)+Iyv (Y AY X|U)+Rx ~30] (3.172)

By defining Ri,i = 1TVny5( (u, X;,Y;, Xy, V), the variance of Nxy (XMXxY MY 'V oy o5 )
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can be upper-bounded as follows

Var (Nxy (XM x Y™ Vi ey 59))

=Var MXMYZZ % u, X;, Yj, X, Y))
2k
:mvar Z;%VUXY;'W(H’X“Y;’X’“Y})
Y
1 .
MZ%ME ar Z;;; zk)
1
=z’ ZZ;;{ e+ B+ R%Rﬁ})
J <i J
1
=z’ Z;;;S&i), (3.173)

where Sf,i = Rz,i - R +R + Rkl, k <, 1 < j. It is easy to check that Sjk s are
identically pairwise independent random variables. Therefore, the Var (Nxy(.)) can

be written as

Var (Nxy (XM x Y™ Vv 29)) M2 M2 Z Z Z Z Var (Sl]’i)

J o k<i l<j

< Var (S13).  (3.174)

By using a similar argument to (3.168)-(3.169), the variance of To find the variance
of 51122 ,can be upper bounded by

VaT (511,22) S 16 % 27n[fv(X/\Y|U)+IV(XA?‘U)+Iv(X?AXY|U)74§], (3175)
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and therefore,

Var (NXY(XMX X YMY7 VUXY)?Y/)) <4 x 2—n[lv(X/\Y\U)-l—lv(X/\?|U)+IV()~(}7/\XY\U)—46}'

(3.176)

Now, by using the Chebychev’s inequality, we can obtain the following

P (’NU(XMX X YMY, Vny) —E (NU(XMX X YMY,Vny))| Z 22n6 for some Vny)

<P (|Nu(XM ) Y Vyxy) = B (N (XM x Y Vgy))| > 277)
Vuxy

VCU” NU XMX X Y Y Vny>)

- Z 924ns

Vuxy

< Z 9= nlFu (V)+Rx+Ry+26] < 9—nd. (3.177)
1%

Similarly, it can be shown that

|NX(XMX XYMy Vo ve) — ENx(XMx x My, VUXYX)\ > 92nd

S 2—n5
for some Vi, vy 5
(3.178)
|NY<XMX XYM Viyy) — ENy (XMx Yy, VUXYY/)| > 2% <o
for some V; vy -
(3.179)
|NXY(XMX X YMY Vo) — ENxy (XMx x YMy, VUXYXY/)‘ > 92nd s
for some V,, vy 2y -
(3.180)

Now, by using the result of Lemma 3.2.1 and Markov’s inequality, it can be concluded
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that
(AX(XMX x My VUXYXX) >

( X UXYXX) 56) for some VUXYXX)

27"
< (XYM Vieygx) 227" n(BE (Vuxyss)= 55))
v

UXYXX
Myx o My
Z x (XM Vi vy xx) < Z 9-nb < o—nd
v 2_”<E§(VUXYXX) 55) - v - N
UXYXZX UXYXYXY

(3.181)

Similarly,

N[

P (Ay(XMX X YMY, VUXYY/Y/) > 27n(E§(VUXY{/Y)*55) for some VUXY??) < 27"

b

(3.182)

and

Ay (XM YW Viyy 3yxy) = o=(ESY Vyxy zvxy)=T9)

N[>

IA
DO
.

(3.183)
for some Vi, vy vy xy

Therefore, with probability > 1 — 7 x 2_”g, a code C' = C'x x Cy from random code

ensemble satisfies the conditions given in the lemma. O]

Proof. (Lemma 3.2.3) Let C% = {x1,Xa,...,Xn, } and Cf = {y1,¥2, ..., Y } be

the collections of codewords whose existence is asserted in Lemma 3.2.1. Let us define

H(C;( X C{;) S Z {NU(C;( x Cy, VUXY)QN[FU(VUXY)—G(S]

Voxyxy
+ Nx(C% X O3, Vi oy ) 21X Voxy ) =09
+ Ny (C X O, Viyyg ) 270 Vi 3)=60]

+ Nxy (Cx x Cy, VUXYXY/)Qn[FXY(VUXYX?)_G(S]} (3.184)

1
< ) ax2mc< 5 (3.185)
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For C" = C% x C%, and the sequence u defined in random coding packing lemma, we

define

LU(C’raVUXY77:7j) é 1TVUXY<u7Xi7Yj)a

LX<OTaVUXY)~(7i7j) = ZlTVUXYX(u’Xi7Yj’Xk)’
ki

Ly(C" Vyxyysind) & Y 1n, (WX y5 ),
£

Lay (C" Vyxysgy i) 2 D> An (WX ¥ X 1),

ki 1]

By definition of N,, (3.184) can be written as
1 &
(C") = i Z G(i), for o« =U, X,Y, XY,
where G(i) is defined as follows:

My
1
G(i) £ My o> {LU(CT, Vixy i, j)2r (Vo) =6

=1 Vpxyxy
+LX(CT7 VUXYX? 'l., j)2n[FX(VUXY5()_65]
+LX(OT7 VUnyf, i, j)2n[FY(VUXYY/)_65]

+LXY(CT7 VUXYX?'? i7j)2n[FXY(VUXY)~(}7)765]}.

(3.186)
(3.187)

(3.188)

(3.189)

(3.190)

(3.191)

By using (3.185), we see that the average of G(i) over C% is upper bounded by £,

therefore, there must exist My > % codewords, x; € C%, for which

G(i) < 1.

(3.192)

Let us call this set of codewords as CY. Without loss of generality, we assume C¢

contains the first My sequences of C%, ie., OF = {x1,X2, ..., Xy }. Consider the
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multiuser code O £ C$® x Cy. By definition of Ly, a = U, X,Y, XY,

La(sza‘/aimj) S La<OTaVYaZ'7j) v (XZYJ> € 01833

By combining (3.192) and (3.193), we conclude that for all i € {1,2, ..., My}

My
1 . . n _
M_YZ Z {LU(CfI,VUXy,Z’j)Q [Fu(Vuxy)—69]

= Vyxyxv

+Lx (O, Viyxy 1, )27 1Ex Vv ) =60]
+LX(016$7 VUny, i, j)2n[FY(VUXYY/)_65]

+LXY(C'1€E’ VUXYXYN i7j)2n[FXY(VUXY)~ﬂ~,)—66}} < 17
which results in

My
Z Z {LU(Clexa Vuxy, 1, j)2"[FU(VUXY)—RY—66}

=1 Vuxyxy

+Lx (CF, Viyxy 8, 5) 2" Vo) =Ry =60
+Lx(CF", Vyxyys i, j)Qn[FY(VUXY?)_RY—%}

+Lxy (CT", Vuxy 2y i,j)Qn[FXY(VUXYX?)_RY_G‘S]} < 1.
Since all terms in the summation are non-negative, we conclude that

La(Clexv ‘/; 'i, j)2_n[Fa(V)_RY_65} <1

(3.193)

(3.194)

(3.195)

(3.196)

foralli e {1,2,....Mx}, j€{1,2,..., My}, allV e PUx X xY x X x V), and all

a=UX,Y, XY. Therefore,

Lo (CE Vi, j) < 27 nFa(V)=Ry =63],
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On the other hand, (3.185) can also be written as
(CT) = — Y H(j), for « = U, X,Y, XY, (3.198)
where H(j) is defined as

Mx
‘ 1 . o B
H(j) £ M_XZ > {LU(C Vixy, i, )2nifv (Voxy)=60]

=1 Vuxyxy
+LX(OTa VUXY)Z? i, j)2n[FX(VUXY)'()_65]
+LX<CT7 VUny/, i, j>2n[Fy(VUXY}7)_65]

+Lxy (C", Vyxy 3¢, §) 2" Vuxvze) =60 } (3.199)

My

By a similar argument as we did before, we can show that there exist My > 5

codewords, y; € Cy., for which
H(j) < 1. (3.200)

Let us call this set of codewords as Cy*. Without loss of generality, we assume Cy*
contains the first My sequences of Cy., i.e., CF = {y1,¥ya, ~-~7YMY}- Consider the

multiuser code C5* = Cx x C¢*. By definition of Ly, a = U, X,Y, XY, we have
Lo (C5%,V,i,5) < Lo (C", V,i,j) ¥V (x:.y;) € C5". (3.201)
By a similar argument as we did before, we can show that
Lo (C5 Vi, §) < 27 nFa(V)=Rx=60] (3.202)

foralli € {1,2,...,Mx}, je{1,2,. . My}, al Ve PU x X x Y x X x ), and all
a=UX,Y,XY.
By combining (3.197) and (3.202), we conclude that, there exists a multiuser code
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C = C% x Cy with M% x My messages

2n(RX—§) . 2n(Ry—6) . . 2n(RX+Ry—2§)
—— MpzTo— MpxMyzT——— (3209

My =
such that for any pair of messages (x;,y;) € C*, all V € P(U X X x Y x X x }Y),
and all a = U, X, Y, XY,

Lo (C, Vi, j) < 27FaV)mmin{fx Ry }=60] (3.204)
It is easy to check that
I(C*) <2 x II(C") < 1, (3.205)

therefore, C*, satisfies all the constraints in (3.74a)-(3.74d).

Here, by method of expurgation, we end up with a code with a similar average
bound as we had for the original code. However, all pairs of codewords in the new
code also satisfy (3.75a)-(3.75d). Therefore, we did not lose anything in terms of
average performance, however, as we will see in Theorem 3.2.1, we would end up with
a tighter bound since we have more constraints on any particular pair of codewords

in our codebook pair. O

Proof. (Theorem 3.2.1) Let us do random coding. Fix any U, Pxyy € Pn(X x Y x
U) such that X —U —Y, Rx >0, Ry > 0,6 >0, and u € Tp,. Define Mx, My
such that

2n(Rx—§) S MX S QnRX 2n(Ry—5) S MY S 2nRY

Let XMx & (Xl, X, ...,XMX> and YMr & (Yl, Y5, ...,YMY> be independent random
variables, where X;s are uniformly distributed on Tp, ,(u), and Yjs are uniformly
distributed on T, , (u).

Upper bound: By taking expectation over (3.57), applying Lemma 3.2.1, and using

the continuity of information measures, we get the desired upper bound.
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Lower bound: By taking expectation over (3.59), applying Lemma 3.2.1, we get

Ee(C, W) > Z o—n(E%+40) 1 _ Z 2—n(IV(XAXY5(Z|U)—Rw—76)
VUX;/XZ Voxyxxz
V% Vixyxz=Vuxyxz
+ Z o—n(Ef+40) |1 _ Z Q—n(lv(?/\XYY/Z\U)—Ry—m)
VUX}{YZ Voxyyyz
Vyn Voxyyz=Vuxyvz
+ Z 2—n(E)L<Y+46) 1— Z 2—n(1v(XY/AXYXY/Z\U)—RX—Ry—m)
VUX}"/XY’Z Voxyxxvyz:
Vv Voxyxyz=Yuxvxvz
(3.206)

Toward further simplification of this expression, we use the following lemma.

Lemma 3.4.3.

min IV XAXYXZ|U)=I,(X AXYZ|U) (3.207)
Voxyxxzt
Voxyxz=Vuxyxz

Proof. Note that, for any V, vy ¢x4,
IV XAXYXZ|U)=I,(X AXYZ|U)+ Iy (X NX|UXY Z), (3.208)
therefore,

min IV XAXYXZ|U) > I,(X AXYZIU) = Iy (X A XY Z|U).
Vixyxxz
Voxyxz=Vuxyxz

(3.209)
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defined as

: *
Now, consider VU XERYZ

*

oy x5z Y T, 8, 2) = Vipxy 2(Z|ws 2,9, 2) Vi oy 2 (2w, 2,9, 2) Voxy z(u, 2, y, 2).

(3.210)

Note that V* o =V7 o and X — (U, X,Y,Z) — X. Therefore,
Iy« (X ANXYXZ|U) = I, (X ANXYZ|U) = Iy (X A XY Z|U). (3.211)
By combining (3.209) and (3.211), the proof is complete. O

Using the above lemma, the average probability of error can be bounded from

below as
Pe > E 2—nE)L( + E 2—nE}L,
~VbXYXZ€v§m ~Vbxy?zevgn
I(XANXY Z|U)>Rx+126 I(YAXY Z|U)>Ry+126
L
+ § 2 "Xy (3.212)

~beYX?ZEV§¥m~
Iy (XY AXY |[U)+Iy (XAY |[U)>
Rx+Ry+146

Using the continuity argument, the lower bound on the average error probability

follows. O

Proof. (Theorem 3.2.2) As was done in Theorem 3.1.1 for the point-to-point case,
here, we will obtain higher error exponents for almost all codes by removing certain

types from the constraint sets V%, Vi and VY. Let us define the sets of n-types V¥,
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Vi and Vi, as follows:

Vixvx:  Vxu =Vzy = Pxv,Vyv = Pyu
Vi = Fo(Vuxy), Fu(Vygy) < Rx + Ry (3.213)
Fx(Vyxyx) < Bx + Ry
Vixyy :© Vxv = Pxv,Vwuv = Vyy = Pyu
Vi, = Fo(Vuxy), Fu(Vyxy) < Rx + Ry (3.214)
Fy(Vyxyy) < Rx + Ry

VA Voxyvzy @ Voxvz Voxvx €V Voxve Vozyy €W (3.215)
7 Fxy(Vyxyzv) Fxy(Vyzyxy) < Bx + Ry

Lemma 3.4.4. Let C' = Cx x Cy be one of the multiuser codes whose existence is

asserted in the Typical random coding packing lemma. The following hold:

[f VUXYX S (ng,n)c = Nx(C, VUXYX) = 0, (3.216)
If Vixyy € W) = Ny (C Vyxyy) =0, (3.217)
If Vuxysy € (V§<Y,n)c = Nxv(C, Vyxyxy) = 0. (3.218)

Proof. Consider Vi, yy 3 € (Vi) If Vxu # Pxu or Vi # Pxu or Vyuy # Pyy, it is

clear that
Nx(C, VUXYX) = 0. (3.219)

Now, let us assume Fyy(Vyxy) > Rx + Ry + 39. In this case, by using (3.72a), we

conclude that

Mx My

NU(C, VUXY) < 2_n(RX+RY) :> ZZ 1TVUXY (u7X27Y,]) < 1
i=1 j=1
Mx My

= Z Z Iy, o, (WX y;) =0, (3.220)

i=1 j=1
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and as a result, Ny (C, Vyxy) = 0. Now, note that

Mx My

1
NX<C7 VUXYX) = MXMY Z ZZ 1TVUXY)'( (u’Xi7yj7Xk)

i=1 j=1 ki
Mx My

1
< Mk Z > iy, (wxi,y;))

i=1 j=1 k#i

= 2"X N (O, Vyxy) = 0,

therefore, Nx(C,V}, vy ) = 0. Similarly, if Fi;(V}, ¢y) > Rx + Ry + 36,

Mx My
NU(07 Vny) < 2—n(Rx+RY) = Z Z 1TVU)2Y (u, Xi, YJ) <1

i=1 j=1
Mx My

= Z Z 1TVUXY (u,x;,y;) =0,

i=1 j=1

and as a result, Ny(Cx, Cy, V 5y) = 0. Also, note that

1 Mx My

NX(C’ VUXYX) = My My ;Zlkz# 1TVUXY)—( (u> Xi7yjﬁxk)
e

= Mxdly ;;; 17y, ¢y (0%, ¥3) = 0,

(3.221)

(3.222)

(3.223)

therefore, Nx(C,V;, xyx) = 0. If Fx(V;xy ) > Rx + Ry +50, by the property of the

code derived in Lemma 3.2.2, we observe that Nx(Cx,Cy,V,xy5) = 0. Similarly,

by doing a similar argument, it can be concluded that
If Vixyy € W) = Ny (O, Vyxyy) =0,
and

If Vixyxy € (Vg(Y,n)c = Nxy(C, Vyxyxy) = 0.

82

(3.224)

(3.225)



Upper bound: We will follow the techniques used in Theorem 3.2.1 to provide lower
and upper bounds on the average probability of error of almost all codes in the random
coding ensemble. For this, we will use the results of Lemma 3.2.3. Consider any
typical two-user code C' = C'x x C'y whose existence was established in Lemma 3.2.2.

Applying (3.57) on C, and using the continuity argument, we conclude that

6(0, W) < Z 2—"[D(VZ|XYU\\W\VXYU)+IV(X/\Y|U)+\IV(X/\XYZ|U)—RX|+—55]
Voxy xz€V%n Wi n
+ Z 2_”[D(VZ|XYUHW‘VXYU)+IV(X/\Y|U)+|IV(Y//\XYZ|U)_RY|+_55]
VbXYYZEVQan?n
+ Z 2*"[D(VZ|XYUHW\VXYU)+IV(X/\Y|U)+|IV(X/\Y\U)+IV(XY/\XYZ\U)*RX*RY|+*55]
1%

UXYX%Z
T
Vv WVixyvon

< 9 nlBr(Rx,Ry WPy xy)~60] (3.226)

whenever n > ni(| 2|, |X|, ||, |U],0), where Er(Rx, Ry, W, Pxyy) is defined in the
statement of the theorem.

Lower bound: In the following, we obtain a lower bound on the average error
probability of code C' = C'x x Cy. Applying (3.59) on C, then using (a) Lemma 3.2.2
and (b) the fact that for V' ¢ Vi, we have A%, > 0, and similar such facts about
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AY and AXY we get

+
e(C, W) > 2: 27n(E)L(+46) 1— }: 2fn(IV(XAXY)~(Z|U)fRIf76)
VUXYXtZ Vixvxxz
Vi MWV, Vixyvxz=Vuxyxz
+
+ Z 27n(E1L/+46) 1— Z 2fn(IV(Y/\XY}7Z|U)fRy775)
Vixyvz Voxyeyz:
VY ,,NVy, Voxyvz=Vuxyyz
+
+ Z 2—n(E)L(Y+46) 1— Z 2—n(IV(X’Y’/\XYX’YZ\U)—RX—Ry—WS)
VUXY)_()_’tZ Voxyxxyvz:
Vv Wiy Vuxyxvz=Vuxvzxvz
(3.227)
This expression can be simplified as follows.
_ L _ L
e(C,W) > § 27" Ex 4 § 2 by
VgXYXZEVS},an)%,n V:UXY)_/ZGV{/,anXt’,n
I(XAXY Z|U)>Rx +126 I(YAXY Z|U)>Ry +125
L
+ > 27 "Exy (3.228)

- VUXYX?ZGygcg,an}t(Y,n
Iy (RVAXY|U)+ Iy (RAY |[U)> Rx + Ry +145

Using the continuity argument, the lower bound on the average error probability

follows. L

Proof. (Theorem 3.2.3) Fix U, Pxyy € Pp(X x Y xU) with X —U —Y, Rx >0,
Ry >0,6 >0,and u € Tp,. Let C* = C% xC§ be the multiuser code whose existence
is asserted in Lemma 3.2.3. Taking into account the given u, the a-decoding yields

the decoding sets

D;j={z:a(u,x;y,,z) <alu,xy,z) for all (k1) # (i,7)}.
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Let us define the collection of n-types Vy ,, Vi, and Vg, as follows:

VUXYX : VXU:VXU:PXUavYU:PYU
Vin = Fy(Vuxy), Fu(Vy5y) < min{Ry, Ry} (3.229)
Fx(Vyxyx) <min{Rx, Ry}

>

Vuxyy : Vxv = Pxvu, Wwu = Vyy = Pyu
Fy(Vyxyy) < min{Rx, Ry }

Vixvey :  Voxvs Vuxvx € V% Voxve: Vuzvy € Wy
Vi, 2 UXYXY UXYXs VUXYX X UXYYs VUXYY Y (3.231)

FXY(VUXYXY)v FXY(VUXYXY/) < min{RX, RY}

Lemma 3.4.5. For the multiuser code C* = C% x CY§, the following holds:

If Vuxyx € (Vi) = Nx(C", Vyxyx) =0, (3.232)

If VUXYY € (Vl:ﬁ,n)c = NY(C*a Vnyff) =0, (3.233)

If Vixyxy € Viva) = Nxv(C*, Vyxyxy) = 0. (3.234)

Proof. The proof is very similar to the proof of lemma 3.4.4. m

The average error probability of C* can be obtained as follows in a similar way

that used in the proof of Theorem 3.2.1 and Theorem 3.2.2.

e(C* W) < Z 9=nD(Vz xyulW[Vxyv)+1Iv (XAY|U)-30)
Voxyxz€V%n WV n
+ Z 9=nD(Vz xyulW[Vxyv)+1Iv (XAY|U)-34]
Vuxyvz€V¥nWVy
+ Z 9—nD(Vz xyullW[Vxyv)+Iv(XAY|U)-36) (3.235)
Voxyxyz

Vv WVXvon

Now using the continuity argument the statement of the theorem follows. m
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Proof. (Theorem 3.2.4) For any Vi, vy 5, € Vi,
Hy(XY|ZU) > Hy (XY |ZU), (3.236)
therefore, by subtracting Hy (Y'|ZU) form both sides of (3.236), we can conclude that
Hy(X|U) = Iy (X NY Z|U) > Hy(X|U) — Iy (X ANY Z|U), (3.237)
Since Vxy = Vg, = Pxy, the last inequality is equivalent to
Iv(XAYZIU) < Iv(X AY Z|U). (3.238)
Since Iy (X A XY Z|U) > I(X AY Z|U), it can be seen that for any Vi, vy ¢, € Vi
Iv(X AXYZ|U) > Iv(X ANY Z|U). (3.239)
Moreover, since
Vi S{Vyxysz: Vuxvz € V(Puxy)} (3.240)
it can be easily concluded that
E%(Rx, Ry, W, Pxyy) > EHY(Rx, Ry, W, Pxyy).
Similarly, for any V;, vyy, € Vy,
Hy(XY|ZU) > Hy (XY |ZU). (3.241)
By using the fact that, Vyy = V5, = Pyy, it can be concluded that

Iy(Y AXY Z|U) > Iy (Y AXZ|U). (3.242)
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Since
Vy S {Vuxyyz : Vuxvz € V(Puxy)},
we conclude that
EY(Rx, Ry, W, Pxyv) > EX*(Rx, Ry, W, Pxyu).

Similarly, we can conclude that, for any Vj, vy 5y, € Viy,

Iy(XYANXYZIU)+ I(X AY|U) > Iy(XY A Z|U)+ (X AY|U).

Since

Viy C {VUXYXY/Z Vuxyvz € V(PUXY>}>
it can be concluded that

E%y(Rx, Ry, W, Pxyv) > E/%5(Rx, Ry, W, Pxyu).

(3.243)

(3.244)

(3.245)

(3.246)

(3.247)

By combining (3.4.2), (3.244) and (3.247), we conclude that (3.90a) holds. Similarly,

we can prove that (3.90b) and (3.90c¢) hold.
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CHAPTER 4

Typicality Graphs and Their Properties

The concept of typicality and typical sequences is central to information theory.
It has been used to develop computable performance limits for several communication
problems. In studying the performance of channel block codes for discrete memoryless
channels, it is observed that the composition of the codewords play a crucial role. In
particular, to obtain upper and lower bounds on the reliability of the channel, the
method of types not only simplifies the derivation of the bounds but also provides
us more with intuition about the system. In the study of an arbitrary channel, it
has been shown that it is sufficient to study constant composition codes, the codes
for which all codewords have a similar composition. The idea behind the method
of types is to partition the codewords of an arbitrary code into classes according to
their composition. The error event is then partitioned into its intersections with these
type classes, and the error probability can be obtained by adding up the probabilities
of these intersections. In [16], it is shown that the number of type classes grows
polynomially as a function of the blocklength, implying that the error probability has
the same exponential asymptotics as the largest one among the probabilities of these
intersections. In other words, one of the types plays a crucial role in determining
the performance of the code. Note that to obtain an upper bound on the reliability
function of the channel, we need to study the performance of the best code. It
is observed that for the best code, the composition which dominates the error event

must be a dominant type of the code. Otherwise, one can eliminate all codewords with
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this particular composition, and the resulting code, which has the same transmission
rate, outperforms the best code, which causes a contradiction. Therefore, to obtain an
upper bound on the reliability function of a DMC, we need to study the compositions
that can be a dominant type of the best code. In particular, we need to answer
the following question: “At a fixed transmission rate, R, which composition is the
dominant type of the best code?,” or as a more general question, one might ask “At a
fixed transmission rate, R, which compositions can potentially be the dominant type
of an arbitrary code?”. For single user codes, the answer to this question is straight
forward, and it is clear that as long as the number of sequences of type P is larger
than the number of codewords in the code, P can be a dominant type of the code.
Therefore, P could be a dominant type of a code of rate R, if and only if H(P) > R.

Now, consider any (n, Mx, My) code C. Suppose all the messages of any source
are equiprobable and the sources are sending data independently. Assuming these
conditions, all Mx My pairs are occuring with the same probability. Thus, at the
input of the channel, all possible Mx My (an exponentially increasing function of n)
pairs of input sequences can be observed. However, we also know that the number of
possible joint types on X x Y is a polynomial function of n of degree at most equal to
|X[|Y| [16]. Thus, for at least one joint type, the number of pairs of sequences in the
multi user code, sharing that particular type, should be an exponential function of n
with the rate almost equal to the rate of the multi user code, C'. We call the subcode
consisting of these pairs of sequences as a dominant subcode of C'. As a result, we

obtain:

Fact 4.0.1. Fiz any 6 > 0, n > ny(|X],|V],|2|,6). For any multi user code, C, with
parameters (n, 2"%x 201 there exists a joint composition Pxy € Pn(X x Y) such

that

R(C, ny) > Rx + Ry — 30, (41)

where R(C, Pxy) is defined in (5.1). Any joint composition satisfying (4.1) is called
a dominant joint type of C.
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Hence, for any multi-user code, there must exist at least one joint type which
dominates the codebook. The dominant type of the best code plays a crucial role in
determining its performance. Therefore, to obtain an upper bound on the reliability
function of a DM-MAC, we need to characterize the possible dominant joint compo-
sitions of multi-user codes at certain transmission rate pair. In particular, we can ask
the following question: “For a multiuser code, with rate pair (Rx, Ry ), which joint
types can be its dominant type?” As shown in chapter 5, the answer to this question
helps us to characterize tighter upper bounds on the error exponent of multiple access
channels.

Consider a pair of correlated discrete memoryless information sources X and Y
characterized by a generic joint distribution pxy defined on the product of two finite
sets X x V. A length n X-sequence z" is typical if the empirical histogram of z™ is
close to px. A pair of length n sequences (z",y") € X™ x Y" is said to be jointly
typical if the empirical joint histogram of (z",y") is close to the joint distribution
pxy. The set of all jointly typical sequence pairs is called the typical set of pxy.

Given a sequence length n, the typical set can be represented in terms of the
following undirected, bipartite graph. The left vertices of the graph are all the typical
X-sequences, and the right vertices are all the typical Y-sequences. In according
with the properties of typical sets, there are (approximately) 2"#(X) left vertices and
2nH(Y) pight vertices. A left vertex is connected to a right vertex through an edge
if the corresponding X and Y-sequences are jointly typical. From the properties of
joint typicality, we know that the number of edges in this graph is roughly 277(XY),
Additionally, every left vertex (a typical X-sequence) has degree roughly equal to

2rH(YIX) “ie. it is jointly typical with 27(1X) Y_sequences. Similarly, each right

vertex has degree roughly equal to 277 (XIY),
In this chapter, we formally characterize the typicality graph and look at some
subgraph containment problems. In particular, we answer three questions concerning

the typicality graph:

e When can we find subgraphs such that the left and right vertices of the subgraph
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have specified degrees, say R’y and R, respectively 7

e What is the maximum size of subgraphs that are complete, i.e., every left vertex
is connected to every right vertex? One of the main contributions of this chapter

is providing a sharp answer to this question.

e If we create a subgraph by randomly picking a specified number of left and
right vertices, what is the probability that this subgraph has far fewer edges

than expected?

These questions arise in a variety of multiuser communication problems. Trans-
mitting correlated information over a multiple-access channel (MAC) [42] and commu-
nicating over a MAC with feedback [48], are two problems in which the first question
plays an important role. The techniques used to answer the second question will be
applied in the following chapter to develop tighter upper bounds on the error ex-
ponents of discrete memoryless multiple-access channels. The third question arises
within the context of transmitting correlated information over a broadcast channel
[11]. Moreover, the evaluation of performance limits of a multiuser communication
problem can be thought of as characterizing certain properties of typicality graphs of

random variables associated with the problem.

4.1 Preliminaries

In this section, we provide a concise review of some of the results available in the

literature on typical sequences, d-typical sets and their properties [16].
Definition 4.1.1. A sequence " € X" is X -typical with constant  if
1. |IN(alz") — Px(a)| <6, VaeX
2. No a € X with Px(a) =0 occurs in x".

The set of such sequences is denoted by T3 (Px) or T{(X), when the distribution being

used is unambiguous.
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Definition 4.1.2. Given a conditional distribution Py|x, a sequence y" € Y" is

conditionally Py |x-typical with ™ € X™ with constant 6 if
1. ‘%N(a, blz", y") — LN (alz™)Pyix(bla)| <6, VYae€ X, be .
2. N(a,blz",y") = 0 whenever Py x(bla) = 0.

The set of such sequences is denoted T3'(Py|x|x™) or T{ (Y |2™), when the distribution

being used is unambiguous.
We will repeatedly use the following results, which we state below as facts:
Fact 4.1.1. [16, Lemma 2.10]
(a) If 2" € T3(X) and y* € Tg(Y|a™), then (2™, y") € 1§ 5 (X,Y) and y" €
Tsraa(¥)-

(b) If 2" € T3(X) and (2", y") € TMX,Y), then y* € Ty, (Y|a™).

Fact 4.1.2. [16, Lemma 2.13] %: There exists a sequence €, — 0 depending only on
|X| and |Y| such that for every joint distribution Px - Py|x on X x Y,

'%logrmxn . H(X)' <
1 (4.2)
‘ﬁlog T (Y |2™)| — H(Y|X)' <€, Vi"eT™(X).

The next fact deals with the continuity of entropy with respect to probability

distributions.

Fact 4.1.3. [16, Lemma 2.7] If P and Q are two distributions on X such that

S 1P@) - Q) e < (4.3
then
[H(P) — H(Q)| < —elog !7| (4.4)

'The typical sets are with respect to distributions Px, Py x and Pxy, respectively.
2The constants of the typical sets for each n, when suppressed, are understood to be some &,
with 6, — 0 and /n - d,, — oo (delta convention).
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4.2 Typicality graphs

Definition 4.2.1. For any any joinl distribution Px - Pyjx on X, xY, and any
€1n, €20y An — 0, the sequence of typicality graphs G, (€1n, €2n, \n) 18 defined as follows:
for everyn, G, is a bipartite graph, with its left vertices consisting of all 2™ € T} (X)
and the right vertices consisting of all y* € T (Y'). A vertex on the left (say ") is
connected to a vertex on the right (say §") iff (z",y") € T} (X,Y).

Remark 4.2.1. Henceforth, we will assume that the sequences €1, €an, A, Satisfy the

‘delta convention’ [16, Convention 2.11], i.e.,
€in — 0, Vn-€ey, — 00 asn — 0o

with similar conditions for €s, and X\, as well. The delta convention ensures that the

typical sets have ‘large probability’.

We will use the notation Vx(.), V4 (.) to denote the vertex sets of any bipartite
graph. Some properties of the typicality graph are:

1. From Fact 4.1.2, we know that for any sequence of typicality graphs {G,}, the

cardinality of the vertex sets satisfies
1 1
—log |Vx(Gp)| — H(X)‘ < €, ‘Elog Vv (Gn)| — H(Y)| <€, (4.5)
n

for some sequence ¢, — 0.

2. The degree of each each vertex i € Vx(G,,) and j € Vy(G,,) satisfies

degree(x") < 27L(H(Y|X)Jren)7 Vo e VX(Gn)

degree(y™) < 2nUHEIe) = yyn € Vi (G,) (4.6)

for some ¢, — 0.

The second property gives upper bounds on the degree of each vertex in the typicality

graph. Since, we have not imposed any relationships between the typicality constants
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€1n, €2, and A, in general, it cannot be assumed that the degree of every X-vertex

gnH(Y1X) ( (X[Y))

(resp. Y-vertex) is close to resp. 2" . However, such an assertion

holds for almost every vertex in Gz, . Specifically, we can show that the above degree

conditions hold for a subgraph with exponentially the same size as G,,.

Theorem 4.2.1. Every sequence of typicality graphs G, (€1, €2n, A\n) has a sequence
of subgraphs A, (€1n, €an, \n) satisfying the following properties for some &, — 0.

1. The vertex set sizes |Vx(An)| and |Vy(A,)|, denoted 0% and 6y, respectively,
satisfy

1 1
‘ElogQ’}( — H(X)' < Op,s ‘ElogGQ - H(Y)‘ <d, Vn
2. The degree of each X -vertex ", denoted 6™ (z™) satisfies
1
n

log 0™ (") — H(Y|X)’ <6, Va" e Vx(Ay).

3. The degree of each Y -vertex y*, denoted 6 (y"), satisfies

1 /
L logd"(0) - HXIY)| <0, W € V(i)

Proof. The proof is provided in section 4.4 [

4.3 Sub-graphs contained in typicality graphs
In this section, we study the subgraphs contained in a sequence of typicality

graphs.

4.3.1 Subgraphs of general degree

Definition 4.3.1. A sequence of typicality graphs G, (€1, €2n, An) s said to contain
a sequence of subgraphs T',, of rates (Rx, Ry, Ry, Ry) if for each n, there exists a

sequence 6, — 0 such that
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1. The vertex sets of the subgraphs have sizes (denoted A% and AV ) that satisfy

1
‘E log A% — Ry < 6y, Vn. (4.7)

1
< dn, ‘—logA?, — Ry
n

2. The degree of each vertex ™ in Vx(T',,), denoted A™(x™) satisfies

1 /
lﬁlogA "(a") — Ry | < 6,, Va" e Vx(T,), Vn. (4.8)

3. The degree of each vertex y" in the Vi ('), denoted A™(y™) satisfies

1 /
’ElogA "(y") — Ry| <68, YY" € W (T,), Vn. (4.9)

The following theorem gives a characterization of the rate-tuple of a sequence of

subgraphs in the sequence of typicality graphs of Pxy.

Theorem 4.3.1. Let G, (€1p, €20, \n) be a sequence of typicality graphs of Pxy . Define

R 2 {(Rx, Ry, Ry, R}) : G, contains subgraphs of rates (Rx, Ry, Ry, R})}
(4.10)

Then,

Rx + Ry = Ry + R,
R D { (Rx, Ry, Ry, Ry): Ry < H(X|U), Ry < H(Y|U), Ry < H(X|YU),
Ry < H(Y|XU) for some Py xy
(4.11)

Proof. The proof is provided in Section 4.4. O

4.3.2 Nearly complete subgraphs

A complete bipartite graph is one in which each vertex of the first set is connected

with every vertex on the other set. We next consider a specific class of subgraphs,
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namely nearly complete subgraphs. For this class of subgraphs, we have a converse
result that fully characterizes the set of nearly complete subgraphs present in any
typicality graph.

Definition 4.3.2. A sequence of typicality graphs G (€1n, €an, \n) is said to contain
a sequence of nearly complete subgraphs Uy, (€1, €2n, A\n) of Tates (Rx, Ry) if for each

n, there exists a sequence 6, — 0 such that

1. The sizes of the vertex sets of the subgraphs, denoted A% and AV, satisfy

1
‘ﬁ log Ay — Rx < Op, Vn. (4.12)

1
< 0, ‘—logA?, — Ry
n

2. The degree of each vertex x™ in the X -set, denoted A/”(a:”) satisfies

1
n

log A™(z™) > Ry — 6,, Va" & Vx(T'), Vn. (4.13)

3. The degree of each vertex y" in the Y -set, denoted A™(x") satisfies

1 /
- log A™(y") > Rx — 6,, Yy" € Vy([',), Vn. (4.14)

Theorem 4.3.2. Let G, (€1p, €20, \n) be a sequence of typicality graphs for Pxy. De-
fine

Gr(€1n, €20, An) contains nearly complete subgraphs
R2 L (Ry Ry): CnlGmcom ) v comp grapns s
of rates (Rx, Ry)

Then,

R 2 {(Rx,Ry> . RX S H(X’U), Ry S H(Y‘U) fOT’ some PU|XY s.t. X —U — Y},3
(4.16)

and for all sequences of nearly complete subgraphs of G, such that the sequence 0,

(in Definition 4.3.2) converges to 0 faster than 1/logn (more precisely, §, = o(——)

logn

3X,U,Y form a Markov chain, in that order.
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or lim,, o 6, logn = 0), the rates of the subgraph (Rx, Ry) satisfy
Rx < HX|U), Ry < HY|U) for some Pyjxy st. X —U =Y

Proof. The proof is provided in Section 4.4. O]

4.3.3 Nearly Empty Subgraphs

So far, we have discussed properties of subgraphs of the typicality graph G,, such
as the containment of nearly complete subgraphs and subgraphs of general degree.
Now, we turn our attention to the presence of nearly empty subgraphs in the typicality
graph. Our approach towards this problem differs slightly from the approach we took
in Sections 4.3.1 and 4.3.2. While in previous sections we characterized the subgraphs
based on the degrees of their vertices, in this section we characterize nearly empty
subgraphs by the total number of edges present in such graphs. In this section, we
take a different approach than the one used in previous sections and analyze the
probability that a randomly chosen subgraph of the typicality graph has far fewer
edges than expected. In particular, we focus on the case of a random subgraph with
no edges.

Consider a pair (X,Y) of discrete memoryless stationary correlated sources with
finite alphabets X and ) respectively. Suppose we sample 2% sequences from
the typical set of X, T (X), independently with replacement and similarly sam-
ple 2"F2 sequences from the typical set of Y, 17 (Y). The underlying typicality
graph G, (€1p, €2, \) induces a bipartite graph on these 2% + 22 sequences. We
provide a characterization of the probability that this graph is sparser than expected.
This characterization is obtained using a version of Suen’s inequalities [34] and the

Lovasz local lemma [7] listed below.

Lemma 4.3.1. [3}] Let I; € Be(p;),i € T be a family of Bernoulli random variables.
Their dependency graph L is formed in the following manner. Denote the random

variable I; by a vertex i and join vertices i and j by an edge if the corresponding ran-

97



dom variables are dependent. Let X =Y .E(l;) and I' = E(X) = >, p;. Moreover,
write i ~ j if (i,7) is an edge in the dependency graph L and let © = % > i 2 jmi B(L)

and 60 = max; ij’ pj. Then, Suen’s inequalities state that for any 0 < a <1,

P(X < al') < exp {— min ((1 — a)Q%, (1- @%) } (4.17)

Putting a = 0, this can be further tightened to

rxrr
—0) < —min [ —, —, — .
P(X =0) _exp{ min (8@’ 2’69>} (4.18)

Lemma 4.3.2. [7] Let L be the dependency graph for events ey, ..., &, in a probability
space and let E(L) be the edge set of L. Suppose there exists x; € [0,1],1 < i <n

such that
Pe) <z [ (1—ay). (4.19)
(4,5)€E(L)
Then, we have .
P(mz) > [ - ). (4.20)

i=1
Another version of the local lemma is as given below. Let ¢(x),0 < x < e™t be the
smallest root of the equation ¢(x) = @) . With definitions of I' and 6 as in Lemma

4.3.1 and defining T = max; P(e;), we have
P(NiLiE) > exp{-T¢(0 +7)} (4.21)

With these preliminaries, we are ready to state the main result of this section.

Theorem 4.3.3. Suppose X and Y are correlated finite alphabet memoryless random
variables with joint distribution p(x,y). Let €1y, €2, Ay Satisfy the ‘delta convention’
and Ry, Ry be any positive real numbers such that Ry + Ry > I(X;Y). Let Cx be a

. R . . .
collection of 2™ sequences picked independently and with replacement from T7 (X)
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and let Cy be defined similarly. Let U be the cardinality of the set
U={(z"y") e Cx xCy: (z"y") € T{ (X,Y)} (4.22)

Assume, without loss of generality that Ry > Ry. Then, for any v > 0, we have

1 E -1
: _ Ny —nyy
Jim =~ loglog [P ( By = ¢ )}

Ri+Ry—I(X;Y)—~v if Ry <I(X;Y)

> (4.23)
Ry — 7 if Ry > I(X;Y)
Setting v = 0 in the above equation gives us
lim ~loglog ———— > min (Ra, Ry + Ra — I(X: V) (4.24)
nl—)Iglo n 0g log P(U _ ) < I 2, 4] 2 ) :
This inequality holds with equality when Ry < Ry < I(X;Y).
Proof. The proof is provided in Section 4.4. O

4.4 Proof of Theorems

Proof. (Theorem 4.2.1) The vertex sets Vx(G,) and Vi (G,,) are the €;,-typical and
eon-typical sets of Py and Py, respectively. To define the subgraphs A,,, we would
like to choose the sequences with type Px and Py, respectively as the vertex sets of
the subgraph, with an edge connecting two sequences if they have joint type Pxy.
However, the values taken by the joint pmfs Pxy, Px, Py may be any real number
between 0 and 1, whereas the joint type of two n-sequences is always a rational

number(with denominator n). Therefore, we choose the subgraph A,, as follows:

e For each n, approximate the values of Pxy to rational numbers with denomi-
nator n to obtain pmf Pyy, respectively. Clearly, Pyy is a valid joint type of

length n and the maximum approximation error is bounded by % In fact, for
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all sufficiently large n:

~ 1 1
|PXY(:L‘7y) - PXY(‘Tay)| < ﬁ << —=< )‘n \V/(l',y)7 (425)

vn

where the last inequality follows from the delta convention. Using Fact 4.1.1,

we also have

~ 1 1
’PX(QZ)_PX(Z'H<‘y"ﬁ<<%<€1n (426)

~ 1 1
|PY(Z/)—PY(?J)|<|X|'E<<%<€2n (4.27)

o The left vertex set of A, is T (Px), i.e., the set of 2" sequences with type
Py. The right vertex set of A, is T(?(lf’y)— the set of y" sequences with type
Py. A vertex in Vx(A,), say a” is connected to a vertex in Vi-(A,), say b* iff

(a™,b") € T3 (Px.y), i.e., (a®,b") have joint type Pxy.

From (4.25),(4.26) and (4.27), we have
T3 (Px) C T (Px), Tg(Py) C T (Py), Ty(Pxy)C Ty (Pxy).  (4.28)
Hence A, is a subgraph of G,,, as required. From [16, Lemma 2.3], we have

1 - -
E10g|Ton(PX)\ —H(PX)

1 _ 3
< O1n, ‘E log |T61(Py)‘ — H(Py) < by, Vn, (429)

where 6y, = (n + 1)71* and 8y, = (n + 1)l Fact 4.1.3 establishes the continuity
of entropy with respect to the probability distribution. Using Fact 4.1.3 along with
(4.25),(4.26) and (4.27), we obtain

1 -
Elong(;%PX” —H<PX)

1 ~

where we have reused 0y, d2, with some abuse of notation. This proves the first

property.
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We now note that 2" € Vy(A,) = T¢(Px) and y" € Ty (Pyx|z") implies a)
(z",y") € TH(Px.y) and b) 3" € T Py) = Vi (A,) (Fact 4.1.1). This implies

degree(z™) > |T¢'(Pyx|2™)|, Vo™ € Vi (A,). (4.31)
From [16, Lemma 2.5], we know that
T3 (Pyix)| = 2P =oon) (4.32)

where 3, = |X||y\%. In the above, H(Pyx) stands for H(Y|X) computed
under the joint distribution Pxy. Combining this with (4.31), we get a lower bound

on the degree of each 2" € Vx(A,):
degree(z™) > 9n(H (Py x)~dsn) (4.33)
From (4.25) and (4.26), one can deduce that Vz,y
|Pyix (yla) = Prix(ylo)] < 7
for some 7,, — 0. Combining this with Fact 4.1.3, (4.33) can be written as
degree(z") > 2nH Py 1x)=0n) (4.34)

where we reuse the symbol d3,,.
Furthermore, (4.6) gives an upper bound on the degree of each vertex in G,,.
Hence we have
1 /
’— log 6" (z") — H(Y|X)‘ < max(dsn, €,) V" € Vx(Ay) (4.35)
n

Similarly, we can bound the degree of each vertex in Vi (A,,) as
1
n

log 0™ (y") — H(X\Y)' < max(dsn, €,) YY" € Vy(4,) (4.36)
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Finally, we can set §,, = max(d1y, 02n, O3, Oan, €,) to complete the proof of the propo-
sition.

]

Proof. (Theorem 4.3.1) The proof is along the same lines as the proof of Theo-
rem 4.2.1), but we will repeat it for completeness. For every n, we shall demonstrate
the existence of a subgraph I',, with the required rates contained within A,, (€1, €25, Ap)
(A, is the subgraph specified by Theorem 4.2.1).

Definition of I',. Consider any conditional distribution Py xy. This fixes the

joint distribution Pxyy = Pxy Pyixy. We construct Iy, as follows.

e For each n, approximate the values of Pyxy to rational numbers with denomi-
nator n to obtain pmf Py xy, respectively. Clearly Pyyy is a valid joint type of
length n and the maximum approximation error is bounded by % By marginal-

izing the joint pmf, for all z,y we also have

~ 1 1
[Pxy (@,y) = Pxy (@, 9)l < U] - — << 75 < (4.37a)
~ 1 1
|Px(x) — Px(z)] < |Y|-|U|- — << 7 < €1p, (4.37b)
~ 1 1
[Py (y) — Pr(y)| < |X[- U] ~ << NG < €ap, (4.37¢)

where the last inequality in each equation follows from the delta convention.

Furthermore, for all «
~ 1
|Puu) = Bo(w)] < Y] %] (1.35)

e Pick any length n sequence u® with type Py, ie., u" € Tél(f)U). Consider
a bipartite graph I',, with X-vertices consisting of all z™ € Té“‘(pX|U|u"), Y-
vertices consisting of all y" € Ty (Py|u"). In other words, having fixed u",
the X-vertex sets and Y-vertex sets consist of all length n sequences having

conditional type ]5X|U and Py‘U, respectively. Vertices 2™ € Vx(T',) and y™ €
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Vy([',,) are connected in T, iff (z™,y™) € TSL(PXy|U|u"), i.e., if they have the

conditional joint type Pxyy given u™.

First, let us verify that '), is a subgraph of G,,. From Fact 4.1.1, if u" € T(?(ﬁU) and
a™ € Tg(Px|u™), then (2", u™) € T¢(Px ). Consequently, 2 € Tg'(Px). Similarly,
all y* € T (Pyy|u™) belong to Ty (Py). On the same lines, if v € Tg'(Py) and
(z",y") € Ty (Pxywlu®), then (2" y",u") € Ty (Pxyy). This implies (2", y") €
Ty (Px.y). Furthermore, from (4.37a),(4.37b) and (4.37c), we know

Ty (Px) C T (Px) = Vx(Gn), Tg(Py) C T (Py)=Vy(G,) and

Ty(Pxy) C T3 (Pxy ). (4.39)

Hence, for all sufficiently large n, I',, is a subgraph of the typicality graph G,,.

Properties of I',,. From [16, Lemma 2.3], we have

1 ~ N
- log |T5'(Pxjv|u™)| — H(Pxu)

< b1, \%mg T3 (Bywlu™)| — H(Pyw)| < 6an ¥,

(4.40)
where dy,, = (n+1)71* and &y, = (n+1)"YIU. Using (4.37b), (4.37c) with (4.38),
we know that PX‘U, Py‘U are close to Pxy, Py|u, respectively. Using Fact 4.1.3, we
know that the entropies H(Px ), H(Pyy) must close to H(Px|u), H(Py), respec-

tively. Thus, we can write (4.40) as (reusing dy,,, day,)

1 .
~log T3 (Pulu)| — H(Pxp)

< d1n, ‘%109; T3 (Pyiolw)| = H(Pyi)| < 620 ¥,
(4.41)
Thus, the vertex sets of I',, have rates Rx = H(X|U) and Ry = H(Y|U), as required.
Using Fact 4.1.1, for any 2" € Vx(T',), every y" € Tg(Pyxy|z"™, u™) will satisfy

a) (2",y") € T (Px.y|u™) and b) y* € Ty (Pyj|u™). Hence

degree(z") > T (Pyjxula™, u™)| > 2 Prixv)=dsm) (4.42)
where J3, = |X||V||U ]% We can also upper bound the degree of 2" by noting
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that 2" € Tél(pX|U|u”) and (z",y") € Tél(f’xyymu”) implies y" € T&(PY‘XUM",u").
From [16, Lemma 2.5],

T3 (Pyx|a™, u™)| < 20 (Prixe),

Combining this with (4.42), we have

1 , .
‘— IOgA n(.,L,n) — H(Py|XU) S (Sgn, Va™ e Vx<Fn), Vn. (443)
n
In a similar fashion, we can show that
1 / ~
'5 log A™(y") — H(Pxpyv)| < 0, Vy" € Vy(I'y), Vn. (4.44)

Since the distributions f’y| xu and PX‘YU are close to Py|xy and Px|yy, respectively,
Fact 3 enables us to replace H(ﬁy‘XU), H(JBX‘YU) with H(Py|xv), H(Pxyv), respec-
tively in the two preceding equations.

Taking 6,, = max(d1y, d2n, O30, 04n), We have shown the existence of a sequence
of subgraphs I',, with rates (H(X|U),H(Y|U), HY|XU),H(X|YU)). Since we can
simply exclude edges from I, to obtain subgraphs with smaller rates, it is clear that

all rate tuples characterized by

Rx + Rg/ = Ry + RIX
(Rx,Ry,Rx,Ry): Rx < H(X|U), Ry < H(Y|U), (4.45)
Ry < H(X|YU), Ry < HY|XU)

are achievable for every conditional distribution Pyxy. Note that the first equality
results from the fixed number of edges, regardless of whether they are counted from

the left or right side. O

Proof. (Theorem 4.3.2) The first part of the theorem follows directly from The-
orem 4.3.1 by choosing Pyjxy such that X — U — Y form a Markov chain. We

now prove the converse under the stated assumption that the sequence 9, satisfies
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lim,, o 0, logn = 0.
Suppose that a sequence of typicality graphs Gy, (€1y, €25, A,) contains nearly com-
plete subgraphs I'), of rates Ry, Ry. The total number of edges in I',, can be lower

bounded as

|Edges(T',)| > A% - minimum degree of a vertex in Vx(I',)
> AL gn(Ry —6n)

(4.46)
> A - Qn(RY*fSn)A?/ . 9~ (Ry +6n)

= A% - A} 277,

Each of these edges represent a pair (™, y™) that is jointly A,-typical with respect to
the distribution Pyy. In other words, each of these pairs (z™,y") belongs to a joint
type [16] that is ‘close’ to Pxy. Since the number of joint types of a pair of sequences
of length n is at most (n + 1)*Il the number of edges belonging to the dominant
joint type, say Pxy satisfies

A% - AR272m0n
(n+ 1)1X1]

|Edges(T',,) having joint type Pyy| > (4.47)

Define a subgraph A, of I',, consisting only of the edges having joint type Pxy. A
word about the notation used in the sequel: We will use 7, to index the vertices in
Vx(I'n), V¥ (I'y,), respectively. Thusi € {1,..., A%} and j € {1,...,A}}. The actual
sequences corresponding to these vertices will be denoted z"(i),y"(j) etc. Using this

notation,
A, 21{(i,7) 11 € Vx(Th),j € Vo (T,) s.t. (2™(4),5™(j)) has joint type Pxy} (4.48)

From (4.47),

A% - Ap272m0n
(n+ 1)IX1]

ALl > (4.49)

We will prove the converse result using a series of lemmas concerning A,,. Some of
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the lemmas are similar to those required to prove Theorem 5.3.2. We only sketch the
proofs of such lemmas, referring the reader to Chapter 5 for details.

Define random variables X' Y with pmf

PX™Y™) = (2"(0),y" () = 77 i (6,5) € An. (4.50)

Lemma 4.4.1. I[(X" AY"™) < 2n6, + |X||Y]|log(n + 1).

Proof. Follow steps similar to the proof of Lemma 5.6.2, using (4.49) to lower bound
the size of A,,. 0

Let us apply Lemma 5.6.3 to random variables X" and Y'". Lemma 4.4.1 indicates

o = 2né, + |X||Y|log(n + 1), and ¢ shall be specified later. Hence, for some

F < 270 _ 2(ndn + I/"C\Il();llog(n+ V) (4.51)

there exist Ty, , U, Tty, Yty - Tty Yt,, Such that

I(X; A\ }/;,|X£1 = 'Ttu }/;/1 = :Utla 7Xt,k = 'Ttka }/;/k = gtk) S 5 fOI' t = 1, 2, o, n.
(4.52)
We now define a subgraph of A, consisting of all edges (X', Y"") that have

Xgl = jtlay;ll = gtm 7X£k = jtkyl/;/k = gtk
The subgraph denoted as A, is given by: *
An = {(27]) €A, : Xél(l) = jtuYZl(j) = Un, ,X;k(l) = :ftk,}/;;(]) = gtk} (453)

On the same lines as Lemma 5.6.4, we have

)
XN Y(20 = 9)

[ Au| = ( )|, (4.54)

4The heirarchy of subgraphs is G, DT, D A, D A,
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Let us define random variables X™, Y™ on X™ resp. Y™ by

if (i,7) € A,. (4.55)

(X" ") = (2"(i), 4"(j)) = M%lf

If we denote X" = (X1,..., X,,), Y" = (Y1, ..., Y,,), the Fano-distribution of the graph

A, induces a distribution Py, y, on the random variables XY, t=1,...,n. One can
show that
P(X; =Y, =y) (4.56)

= ]P)(Xt/ = 'Tv}_/;t/ = y|X£1(Z) = jtny;t/l(j) = Yt1» ,ng(z) = jztkﬁy;f;(]) = gtk)’ vt.

Using (4.56) in Lemma 5.6.4, we get the bound I(X; AY;) < 6. Applying Pinsker’s

inequality for I-divergences [24], we have

Y PX =x,Y,=y) -P(X, =2)P(Y; =y)| <26'%, 1<t<n (4.57)
z,Y
Also define
C(i) ={(i,7) : (4,7) € A, 1 < j < AR}, (4.58a)
B(j) = {(i,5) : (1.5) € A, 1 < i < A%} (4.58b)

We are now ready to present the final lemma required to complete the proof of the

converse.
Lemma 4.4.2.
1 — _
Ry < — > H(X(|Y) + b1 (4.59a)
t=1
1 — _ -
Ry < - Z H(Y:| Xy) + don (4.59b)
t=1
1 — _
Ry + Ry < — > H(X,Y) + +03, (4.59¢)
t=1
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for some 1, 62,,, 03, — 0 and the distributions of the RV’s are determined by the
Fano-distribution on the codewords {(x"(i),y"™(§)) : (i,5) € An}.

Proof. We use a strong converse result for non-stationary discrete memoryless chan-
nels, found in [1]. Consider a DMC with input A; and output B; (t =1,...,n), with
average error probability A (0 < A < 1). The result states that the size of the message

set M is upper-bounded as

log M < tﬁ; I(A; A By) + &IAW”, (4.60)
where the distributions of the RV’s are determined by the Fano-distribution on the
codewords.

We apply the above result to three noiseless DMCs (B; = A;, A = 0) as follows.
Fix Y™ = y"(j) for some j € A, and let the input be X;, t = 1,---  n. Then, from
(4.60) we have

log |B(j)] <Y H(X:|Y: = w:(4)) + 3|X |n'/. (4.61)
t=1
Similarly,
log |C(i)| <Y~ H(Y,|X, = z(i) + 3|V|n'/2, (4.62)
t=1
log | A,| <Y H(X,Y,) + 3|X[|Y[n'/. (4.63)
t=1

Noting that P(Y; = y) = |A|~! > Liyi(j)=y}» We can sum both sides of (4.61)

i,j)€A,

over all (4,7) € A, to obtain

A7) log|B() < Y H(X|Y,) + 31X |n'/2, (4.64)
(i,5)€An t=1
Define i
2—2n6n AR )
B* 4 X . 4.
n i DR (rxny|<2a—6>) (4.65)
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Then,

> | A, log(BY) Y IB())
5:|B(j)[=B*
> |Au| " log(B) (| Au| — A} BY). (4.66)
Combining (4.54), (4.49) and the definition of B*, we also have

1 -
AYB* < |4, (4.67)

Therefore, (4.66) can be written as

_ _ o e 1
A Y g BG) = A tou(5) (14, - 114, (4.68)
(i,§)EAR
B 1 27 AT § "
= = oe (S G e i) )

Using (4.64) in the above we have

log A% < Ll ( > H(X,|Y;) + 3|X|n1/2) +2nd, +logn + | X|| Y] log(n + 1)
n —
t=1

| X[|Y[20

+ klog( ) (4.69)

Analogously,

log A} < % <Z H(Y,|X;) + 3|y|n1/2> + 2nd, + logn + | X||Y|log(n + 1)
t—1
| X[[V[20

+ klog( 5

) (4.70)
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Next, we find an upper bound for log A% A} From (4.54), we get

log | A,| > log|A,| + klog(

5)
@Yo —9)

)
> log A, | + klOg(W)

2
= log |4y | — klog(") — klog(|X]|V])

X[ Y|20

(a)
> log(AYAY) — |X]|Y|log(n + 1) — 2né,, — klog( 5

), (471)

where (a) is obtained by using (4.49). Using (4.63), the above inequality becomes

SN 2
log(AKAY) < Z H(X,Y,) + 3| X||Y|n'/? + | X||Y|log(n + 1) + 2nd, + klog(%)
=1

+ klog(|X]|Y]). (4.72)

Using the lower bounds on the sizes of Ax, Ay from 4.3.2, we can rewrite (4.69),(4.70)
and (4.72) as

LS gy n'’? logn + | X||Y|log(n + 1)
-6, < —— > H(X)|Y, X 2,
fx _n—lg (Xe[Y) + 3] ln—1+ + -
k. 21X[|Y]o
o] 4.
T los(——5—); (4.73a)
Ly b L2 1 + | X)| V|1 +1
Ry =6, < —— Y HY|X,) + 3V + 26, + —" | X||Y[log(n + 1)
n—13 n—1 n
k. 21X|[Y]e
ol 4.73b
+log(———), (4.73b)
RS Y, nt/? log(n +1
R+ By — 26, < 37 H(XT) + 3120001 2+ v g,
t=1
koo 20X
+- 10g(%)- (4.73¢)

For our proof, we would like all the terms on the right hand side of the above equations

(except the entropies) to converge to 0 as n — oo. This will happen if

k 20
— log(— 0.
- og(a)—>
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Recall from Lemma 4.4.1 that o = 2nd,, + |X||Y|log(n + 1) and k < <Z. Hence we

need to choose § such that

20 20 On + log “

5 og(— 5 ) ~ 5 (log(nd, + logn) —logd) — 0. (4.74)

From our assumption in the beginning, we have d,, logn — 0. By setting
5 = (0, logn)'/? (4.75)

(4.74) becomes asymptotically equal to

5 /2

Togn)1 72 [log(nd,, +logn) — log(61/2) — loglog n] . (4.76)

We separately consider each of the terms in the equation above

1. If log(nd,, + logn) ~ log(nd,) for large n, then
5172 1/2 5172
—1 On +1 — 1 ) —_—
(g2 18 1081 ™ oy s 180 = oy |

5/ log d,,
(log )7

log n + log 0y,

= (6, logn)'/? + — 0, since 6, — 0.

(4.77)

If log(nd, + logn) ~ log(logn) for large n, then

51/2 1/2

On

2. log(5 %) = 0 because zlogz — 0 when z — 0.

(logn (logn)1/2

1/2 -
3. eeiye loglogn = (8, logn)!/2REREL — 0.

Hence, the term in (4.76) converges to 0 as n — oo, completing the proof of the

lemma. O
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We can rewrite Lemma 4.4.2 using new variables X, Y, Q, where Q =t € {1,...,n}
with probability % and Pgy|g—; = Px,v,- Therefore, we now have (for all sufficiently

large n),

Rx < HX|Y,Q) + 01, (4.79a)
RX —f- Ry S H(X,Y|Q) + 53717 (4790)

for some 91, 92, 93, — O.

Finally, using (4.57), we also have

B(X =,Y =yQ = 1) - P(X =2|Q = )B(Y = y|Q = 1)
= [P(X; = 2.Y, = y) — P(X, = 2)P(¥; = y) (4.80)

< 2612 = 2(6,, logn)l/4 —0asn — oo.

In other words, for all ¢, X;,Y; are almost independent for large n. Consequently,
using the continuity of mutual information with respect to the joint distribution,
Lemma 4.4.2 holds with for any joint distribution Pg Py g Py such that the marginal
on (X,Y) is Pgy. Recall that Pgy is the dominant joint type that is \,-close to
Pxy. Using suitable continuity arguments, we can now argue that Lemma 4.4.2
holds for any joint distribution PgPx|oPy|g such that the marginal on (X,Y) is

Pxy, completing the proof of the converse. O

Proof. (Theorem 4.3.3) Let X™(i) and Y"(j) denote the ith and jth codewords in
the random codebooks C'x and Cy respectively. For 1 < < 2% and 1 < j < 2nfz,
define the indicator random variables

1 if (X™(2),Y"(j)) € I} (X, Y)

Ui = (4.81)

0 else
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The cardinality of the set U is then

gnRy gnRy
U= U (4.82)
i=1 j=1

We derive upper bounds on the probability of the lower tail of U using Suen’s in-
equality. To do this, we first set up the dependency graph of the indicator ran-
dom variables U;;. The vertex set of the graph is indexed by the ordered pair
(i,4),1 < i < 2nF1 1 < j < 272 From the nature of the random experiment, it
is clear that the indicator random variables U;; and Uy are independent if and only
if i # i’ and j # j'. Thus, each vertex (4, j) is connected to exactly 2" 42782 9 ver-
tices of the form (1, 5'), 7" # j or (i',7),7 # i. If vertices (i, j) and (k,[) are connected,

we denote it by (i,5) ~ (k,1).
In order to estimate I';© and 6 as defined in Lemma 4.3.1, define the following
quantities. Let a;; = P(Uy; = 1) and Bpjyy = E(Ui;Us) where (i, j) ~ (k,1). Using

Fact 4.1.1 and Fact 4.1.2, uniform bounds can be derived for these quantities as
a 2 9 nI(X;Y)+esn) <y < 9—n(I(X;Y)=esn) & f (4.83)

where €3, is a continuous positive function of €, €5, and A, that goes to 0 as n — oo.

Similarly, a uniform bound on Bk can be derived as
2—2n(I(X;Y)+264n) S ﬁ{z]}{kl} S 2—2n(I(X;Y)—264n) é 5 (484)

where €y, is a continuous positive function of €, €9, and \,, that goes to 0 as n — oo.

The quantities involved in Suen’s inequality can now be estimated.

r& IE(U) > gnifatha) (4.85)
1 n n n
S Z)( )z% ) E(U;;Un) < 52 (RitR2)(gnfa 4 onfa _ 9)3 (4.86)
Z?]

0 £ max E(Uy) < (2% 4 2nf2 — 9)0/ (4.87)

@9 i)
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Substituting these bounds into equations (4.18) and (4.17) proves the claims made in
equations (4.23) and (4.24) of Theorem 4.3.3.

A lower bound on the probability of the empty induced random subgraph can
be derived by employing the Lovasz local lemma on the 2MF1+F2) events {U;; =
1},1 <@ <21 < j <272 Symmetry considerations imply that all z; can be
set identically to x in Lemma 4.3.2. Then, the Lovasz lemma states that if there
exists # € [0,1] such that o < P(U;; = 1) < x(1 — 2)@"™+2"2=2) then P(U =
0) > (1 —2)™ ™™™ It is casy to verify that for such an z to exist, we need
Ry < Ry < I(X;Y) and if so, z = 27" gatisfies the condition. Therefore, we

have

PU=0)>exp(— (2" +1)) R <R <I(X;Y) (4.88)

We can derive a similar bound using the second version of the local lemma given in
Lemma 4.3.2. While I" and 6 are same as estimated earlier, 7 = max; jy P(U;; = 1) is

upper bounded by o' as defined in equation (4.83). Hence,
P(U =0) > exp(-Top(0+1)). (4.89)

Under the same assumption Ry < Ry < I(X;Y), 047 < (200 4272 — 2)a) — 0
as n — oo and hence ¢(6 4+ 7) — 1. Combining equations (4.88) and (4.89), taking

logarithms and letting n — oo, we get

1 1
lim — loglog PO <min (R, Ry + Ry — I(X;Y)). (4.90)

oo T =0)

Comparing this to equation (4.24) shows that this expression is asymptotically tight
in the regime Ry < Ry < I[(X;Y). O
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CHAPTER 5

Upper Bounds on the Error Exponent of
Multiple-Access Channels

In this chapter, we develop two new upper bounds on the reliability function of
DM-MACs. Towards this goal, we first revisit the point-to-point case and examine
the techniques used for obtaining the upper bounds on the optimum error exponent.
The techniques employed to obtain the sphere packing bound can be broadly classified
into three categories. The first is known as the Gallager technique [28]. Although
this yields expressions for the error exponents that are computationally easier to
evaluate than others, the expressions themselves are much more difficult to interpret.
The Method of Types technique, introduced by Csiszar [14], comprises the second
category. This technique uses more intuitive expressions for the error exponents in
terms of the optimization of an objective function involving information quantities
over probability distributions. It results in a sphere packing bound for the average
probability of error and is more amenable for multi-user channels. The third category
consists of the Strong Converse technique, introduced by Csiszar-Korner [16]. This
technique results in an expression identical to the result of the Method of Types
technique. The only difference between the two is that the third technique results in
a sphere packing bound for the maximal probability of error, and not the average.
However, in point to point scenario, by purging the worst half of the codewords in

any codebook, it can be easily shown that the average and maximal performance are
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the same at any transmission rate. As a result, the sphere packing bound derived
by using the strong converse technique is as strong as the one obtained by using the
method of types technique.

In developing our first sphere packing bound for multiple-access channels, we use
a technique very similar to the method of types technique. We start by partitioning
the error event into its intersection with disjoint type classes. Following, the error
probability of the code can be obtained by adding up the probabilities of these inter-
sections. By deriving lower bounds on the probability of these sets, a lower bound on
the average probability of error can be obtained. The result of this step is a sphere
packing bound which is identical to the well-known sphere packing bound derived by
Haroutunian [33]. Our approach provides more intuition than Haroutunian’s result.
Based on this intuition, and using some properties of typicality graphs, we can obtain
a sphere packing bound outperforming Haroutunian’s result especially at high rates.

In developing the second sphere packing bound for DM-MACs, we introduce a
new technique for deriving the sphere packing exponent for point-to-point channels by
using a strong converse theorem for codes with a specified dominant composition. The
new converse theorem not only determines a lower bound on the error probability of
an individual codeword, but also provides a lower bound on the number of codewords
with that error probability. Using this converse theorem, we directly derive the well
known sphere packing bound for the average probability of error for DMCs without
the elimination of codewords as the final step. Toward extending this technique to
MACs, we start by deriving a strong converse theorem for codes with a particular
input joint empirical distribution. By using this theorem and the technique developed
for point-to-point channels [16], we develop a tighter sphere packing bound for the
average error exponent of DM-MACs.

It is possible to derive a new upper bound on the maximal error exponent for
multiple-access channels by studying the Bhattacharyya distance distribution of multi-
user codes. This bound, called the minimum distance bound, is deriven by establish-
ing a link between the minimum Bhattacharyya distance and maximal probability

of decoding error; the upper bound on the Bhattacharyya distance can then be used
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to infer the lower bound on the probability of decoding error. At zero rate pair,
this upper bound has a similar structure to the partial expurgated bound derived in
Chapter 3. However, the two bounds are not necessarily equal. By using a conjecture
about the structure of typicality graphs, we derive a tighter minimum distance bound
for the maximal error exponent. Later on in this chapter, we study the relationship
between average and maximal error probabilities for a two user (DM) MAC and de-
velop a method to obtain new bounds on the average/maximal error exponent by
using known bounds on the maximal/average error exponent. It is observed that at
zero rate, the bounds on average error exponent are valid bounds on the maximal
error exponent and vice versa. As a result, the comparison between the conjectured
minimum distance bound and the expurgated bound is indeed a valid comparison at
zero rate. By comparing these bounds at zero rate, it is shown that the expurgated
and the conjectured minimum distance bound are tight bounds at rate zero.

The chapter is organized as follows: Some preliminaries are introduced in Sec-
tion 5.1. Two sphere packing bounds on the average probability of error for DM-
MACs are studied in Section 5.2 and 5.3. Another central result of this chapter is a
minimum distance bound for the maximal error exponent for MAC, obtained in Sec-
tion 5.4. In Section 5.4.1, by using a conjecture about the structure of the typicality
graph, a tighter minimum distance bound is derived and shown to be tight at zero
rate. In Section 5.5, by using a known upper bound on the maximum error exponent
function, we derive an upper bound on the average error exponent function and vice

versa. The proof of some of these results are given in Section 5.6 .

5.1 Preliminaries

Definition 5.1.1. For a multi user code C = Cx x Cy with codewords of length n,
and for any joint composition Pxy € Pn(X x Y), we define the Pxy-rate of C' as

1
R(C, ny) £ 510g|CﬁTpXY|. (51)
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Definition 5.1.2. For a specified channel W : X x Y — Z, the Bhattacharyya

distance between the channel input letter pairs (x,y), and (Z,9) is defined by

dp((z,y), (2,7)) & —log (D /W (2], y)W (2], 7)). (5.2)
z€Z
A channel for which dg((z,y), (Z,9)) # oo for all (z,y) and (%, 7), is called as an indi-
visible channel. An indivisible channel for which the matriz A jy ) = 2°4p ().00)
s nonnegative-definite for all s > 0 is called a nonnegative-definite channel.
For a block channel W™, the normalized Bhattacharyya distance between two channel

input block pairs (x,y), and (X,y) is given by:

- 1 —
dB((Xa Y)v (X7 y)) = _E log ( Z \/Wn(Z|X, Y>Wn(Z|X7 Y)> (53)
zeZn
If W™ is a memoryless channel, it can be easily shown that the Bhattacharyya distance

between two pairs of codewords (x,y) and (X,y), with joint empirical distribution

Pyy sy is

dB((Xv Y)7 (ia S’)) = Z PXYXY/('Ta Y, j, g)dB((xv y)? (iv Zj)) (54)

As it can be seen from (5.4), for a fized channel, the Bhattacharyya distance be-
tween two pairs of codewords depends only on their joint composition. The minimum

Bhattacharyya distance for a code C' is defined as:

1= . I X,5))- 5.5
5(C) (xvy){r(g%)ec B((X’Y)’(X7Y)) (5.5)
(x,y)#(%.¥)

For a fized rate pair (Rx, Ry) and blocklength n, the best possible minimum distance
is defined as
d5(Rx, Ry,n) = max dg(C), (5.6)

where the maximum is over all multi user codes with parameters (n,2nfx 2nfiy)
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Finally, we define
d5(Rx, Ry) £ limsup d (Rx, Ry, n). (5.7)

n—oo
Note that since any multi-user code with repeated codewords has at least two identical
codeword pairs, it can be concluded that the minimum distance for such a code is equal
to zero. Therefore, in order to find an upper bound for the best possible minimum
distance, di3(Rx, Ry), we only need to concentrate on codes without repetition.

For a fized joint composition Pxy € P,(X x Y), using the structure of Bhat-
tacharyya distance function, we can define spheres in Tpy, . For any (x,y) € Tpy,,

the sphere about (x,y), of radius r, is given by

S £ {(i75’> : dB((Xv}I)?(i?y)) < T} :

Every point, (x,y) € Tpy,, is surrounded by a set consisting of all pairs with which it
shares some given joint type Vyy sy Basically, any pair of sequences, (X,y) € Tpy ,
sharing a common joint type with some given pair of sequences, (x,y) € Tpy, , belongs
to the surface of a sphere with center (x,y) and radius r = dg((x,y), (X,y)). The

set of these pairs is called a spherical collection about (x,y) defined by Pxy xy-

5.2 Sphere Packing Bound on the Average Error
Exponent (Method of Types Technique)

The focal point of this section is an upper (sphere packing) bound for the aver-
age error exponent for discrete memoryless multiple access channels. To obtain this
bound, we use the method of types. Using the method of types, Csiszar [14] derived
a sphere packing bound for the average error exponent of discrete memoryless chan-
nels. The idea behind the method of types is to partition the n-length sequences into
classes according to their empirical distribution. In [14], the average error probability
of the code is partitioned into its intersection with the type classes, and the probabil-

ity of error is obtained by adding up the probabilities of the intersections. Since the
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number of type classes grows polynomially with n, the average probability of error
has the same exponent as the largest among the probabilities of the above intersec-
tions. The second key idea of the method of types is that sequences of the same
type have the same probability under a memoryless channel. Therefore, to bound
the probabilities of intersections, it is sufficient to bound their cardinalities. Toward
extending this technique to MACs, we follow a two-step approach. First, we derive
a lower bound on the average error probability for a multi-user code with a specified
dominant joint composition. Since the dominant joint type for an arbitrary two-user
code is unknown, to obtain a lower bound on the error probability of the best code,
we need to minimize the aforementioned lower bound over all possible joint input
distributions. The result of this step is a sphere packing bound for the average error
exponent identical to the Haroutunian’s result [33]. As the second step, we use the
properties of typicality graphs to restrict the set of possible dominant joint compo-
sitions. Since the minimization is taken over a smaller set, the new sphere packing

bound is tighter than Haroutunian’s result.

Theorem 5.2.1. For any Rx,Ry >0, 6 > 0 and any DM-MAC, W : X x Y — Z,
every (n, Mx, My) code, C, with a dominant type PYy € Pn(X x Y) and rate pair

satisfying
1
—logMx > Rx + 9 (5.8a)
n
1
—log My > Ry + 0, (5.8b)
n
has average probability of error
e(C,W) > %e"[ES(RX’RY’VV»Pﬁy)HL (5.9)
where
El (Rx,Ry,W,Pgy) £ min D (Vaixy [[W|P%y) - (5.10)
ZIXY
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Here, the minimization is over all possible conditional distributions Vzixy : X X Y —

Z, which satisfy at least one of the following conditions

Iv (Y A Z|X) < Ry (5.11b)
Iy (XY/\Z) < Rx + Ry, (5.11C)

and all mutual informations are calculated based on Py (x,y)Vzxy (2|2, y).
Proof. The proof is provided in section 5.6.1. m

In theorem 5.2.1, we have obtained a sphere packing bound on the average error
exponent for a multiuser code with a certain dominant type. For an arbitrary code,
the dominant joint type in unknown. However, using the properties of the typicality
graph obtained in Chapter 4, the necessary and sufficient condition for a joint type
to be a dominant type of a code with certain parameters is known. By combining
the result of theorem 5.2.1 and the result of Chapter 4, we can obtain the following

sphere packing bound for any multiuser code:

Theorem 5.2.2. For any Rx,Ry >0, 6 > 0 and any DM-MAC, W : X x Y — Z,
every (n, Mx, My) code, C, with

1
n
1
—log My > Ry + 6, (5.12b)
n
has average probability of error
1
e(C,W) > §€*H[EsTp(Rx,Ry,W)+5]’ (5.13)
where
EL (Rx,Ry,W)%  max El (Rx,Ry,W, Pxy). (5.14)

nyeB(Rx,Ry)
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where B(Rx, Ry) is defined as follows:

Pyy € P(X xV): Ry < H(X|U). Ry < H(Y|U
B(Ry Ry) 2 T (X xV): Rx < H(X[U), Ry Y0) (5.15)
X—-U-=Y forsomeU €{1,2,3 4}

5.3 Sphere Packing Bound on the Average Error

Exponent (Strong Converse Technique)

5.3.1 Point to Point Case

The main result of this section is an upper (sphere packing) bound for the average
error exponent for discrete memoryless channels. By using the strong converse theo-
rem for DMCs and applying the method of types idea, the authors in [16] derived a
sphere packing bound on the maximal error exponent. For point to point transmission
systems, it is unimportant whether we work with average or maximal errors. As a
result, for all transmission rates, the sphere packing bound of [16] is an upper bound
on the average error exponent of DMCs. In this section, we use an approach very
similar to [16]. First, we obtain a strong converse theorem for codes with a specified
good dominant composition, meaning most of the codewords with this dominant com-
position have small error probability. This strong converse theorem is a generalized
version of the well-known converse theorem for discrete memoryless channels in the
sense that it not only determines a lower bound for the error probability of the indi-
vidual codewords, but also provides a lower bound on the number of codewords with
that error probability. Since we are using a stronger converse theorem, we can obtain
a sphere packing bound on the average probability of error without expurgating any

codeword.

Definition 5.3.1. For any discrete memoryless channel, W, for any joint distribution

PeP(X), any 0 < A <1, and any (n, M) code, C, define
A 1-—A
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Theorem 5.3.1. Consider any (n, M) code C. For every P* € P,(X) and every

0 < X\ < 1, the condition |Ew (C, P*,\)| > 1 — 22

1 o
(n+1)1X] ( - 1“) M implies

1
ElogMSI(P*,W)—i—en()\,\XD. (5.17)

Here, €, -+ 0 as n — oo.
Proof. The proof is provided in Section 5.6. O]

Fact 5.3.1. (Sphere Packing Bound) For any R > 0, § > 0 and any discrete
memoryless channel, W : X — Z every (n, M) code, C, with

1
—logM > R+§ (5.18)
n
has average probability of error
1
6(0, W) > §efn[Esp(R,W)(1+6)+6]7 (519>
where
E,(R, W) £ max min  D(V||W|P). (5.20)
PeP(X) V:(PV)<R
Proof. The proof is provided in Section 5.6. n

5.3.2 MAC Case

The main result of this section is a lower (sphere packing) bound for the average
error probability of a DM-MAC. To state the new bound we need an intermediate
result that has the form of a strong converse for the MAC. We state this result here
and relegate the proof to Section 5.6.

Definition 5.3.2. For any DM-MAC, W, for any joint distribution P € P(X x ),
any 0 < A < 1, and any (n, Mx, My) code, C, define

1—A
gw(C, P, )\) £ {(Xi>Yj) eC: W(Dij|Xi,y]') Z T, (Xian) S Tp} (521)
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Theorem 5.3.2. Fiz 0 < XA < 1. Consider any (n, Mx, My) code C. For every

fﬁye7%mfxy%smhﬂmuamoijn|zEﬁﬁmm(ymﬁgmaM@,me

following holds
1 1
<E IOg MX, ; lOg My) € Cﬁ; (P;}Y) (522)

where CJi, (P) is defined as the closure of the set of all (Ry, Rs) pairs satisfying

Rx <I(X ANZ|YU) + €, (5.23a)
Ry <I(Y A Z|XU) + e, (5.23D)
RX—f-Ryg](XY/\ZlU)—i—En, (5230)

for some choice of random variables U defined on {1,2,3,4}, and joint distribution
p(u)p(x|u)p(y|lu)W (z|x,y), with marginal distribution p(x,y) = P"(x,y). Here, €, —

0 as n — oo.
Proof. The proof is provided in Section 5.6. n

We further define Cyy(P) (the limiting version of the sets CJ},(P)) as the closure

of the set of all (Rx, Ry) pairs satisfying

Rx < I(X A Z|YU), (5.24a)
Ry < I(Y A Z|XU), (5.24b)
Rx + Ry < I(XY A Z|U), (5.24c)

for some choice of random variables U defined on {1,2, 3,4}, and joint distribution

p(u)p(x|u)p(y|u)W (z|x,y), with marginal distribution p(z,y) = P(z,y).

Theorem 5.3.3. (Sphere Packing Bound) For any Rx, Ry >0, 6 > 0 and any
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DM-MAC, W : X x Y — Z, every (n, Mx, My) code, C, with

1
- logMx > Rx + 9 (5.25a)

1
—log My > Ry +9, (5.25b)
n

has average probability of error

1
C W > 7n[Esp(Rx,Ry,W)(1+5)+5] 526
(C.) > Se , (5.26)
where
E.,(Rx,Ry,W)=  max min D(V||W|Pxy). (5.27)
nyEP(XX)]) V:(Rx,Ry)¢CV(ny)
Proof. The proof is provided in Section 5.6. O]

5.4 A Minimum Distance on the Maximal Error
Exponent

In this section, we present an upper (minimum distance) bound for the maximal
error exponent for a DM-MAC. The idea behind the derivation of this bound is the
connection between the minimum distance of the code and the maximal probability
of decoding error. Intuitively, the closer the codewords are, the more confusion exists
in decoding. An arbitrary channel, W(-|-,-), is used to define the Bhattacharyya
distance. To derive an upper bound on the error exponent at rate (Rx, Ry), we
need to show that for any code with parameter (Rx, Ry ), there exist at least two
pairs of codewords which are very close to each other in terms of Bhattacharyya
distance. In other words, we need to find an upper bound on the minimum distance
of codes with parameter (n,2"fx 27y Consider any arbitrary multi-user code, C,
with parameters (n,Q”RX ,Z”Ry) with a dominant joint type Pxy. We concentrate

on the dominant subset corresponding Pxy, i.e. all codeword pairs sharing Pxy as
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their joint type. We study the minimum distance of this subset and in particular
we prove that there exist at least two pairs of codewords at a certain Bhattacharrya
distance. As a result, we find an upper bound for the minimum distance of this
subset of the code. Clearly, this bound is still a valid upper bound for the minimum
distance of the original multi user code. To obtain this upper bound, we show that
there exist a spherical collection about a pair of sequences, not necessarily codeword
pairs, with exponentially many codeword pairs on it. Intuitively, since exponentially
many codeword pairs are located on this spherical collection, all of these pairs cannot
be far from each other. We study the distance structure of this collection, and find
the average distance of this subset. It can be concluded that there must exist at
least two pairs of codewords with distance at most as large as the average distance
previously found. Next, by relating the maximal error probability of code to its
minimum distance, we derive a lower bound on the maximal error probability of any
multiuser code satisfying some rate constraints.

In Theorem 5.6.1, we derive an upper bound on the minimum distance of all multi
user codes with certain rate pair. In Theorem 5.6.2, we show the connection between
the maximal probability of error to the upper bound we derive in Theorem 5.6.1.
Finally, by combining these results, in the following theorem, we end up with the

main result of this section.

Theorem 5.4.1. For any indivisible nonnegative-definite channel, W, the mazimal

error reliability function, E (Rx, Ry), satisfies
E' (Rx,Ry) < Ey(Rx, Ry, W). (5.28)
where Ey(Rx, Ry, W) is defined as

Ey(Rx,Ry,W) 2 max min E}(Rx, Ry, W, Pxyy). (5.29)

Pyxy =XV, XY

The mazximum is taken over all Pyxy € P(U x X x V) such that X —U =Y, and
Rx < H(X|U) and Ry < H(Y|U). The functions Ej)(Rx, Ry, W, Pxyy) are defined
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as follows:

Eff (Rx, Ry, W, Pxyu) & min_ D(Vygy|[W|Pxy) + I(X A Z|XY),

Vxzxvz€VxX

Ef(Rx, Ry, W, Pxyu) £ min_ D(Vyyy||W|Pxy) + (Y A Z|XY),

Vixyvyz€Vy

EXY(Rx, Ry, W, Pxyy) 2 min D(Vy 53 ||[W|Pxy) + I(XY A Z|XY).

P U
VXYXYXYZGVXY

(5.30)

where

V2 Wiyt Vay = Vay = Viy = Py, X = XY = X
Vixy = Ve IIXAXY) =I(X AX|Y) < Ry,
o(Viyz) < alVay) }- (5.31)
vy £ {VXYY/?Z Vxy = Vxy = Vxy = Pxy, Y - XY Y
Viixy = Yoy 1Y AY[X) =1(Y AY|X) < Ry,
a(Vyyy) < a(VXYZ)}7 (5.32)
Wy 2 {Vayxrsiz Ve = Vay = Var = Py, XV = XY = XV

Verixy = Vivixys I(XY AXY) = I(XY AXY) < Rx + Ry,

a(Vis,) < alViy,) | (5.33)

Proof. The proof is provided in Section 5.6. n

5.4.1 A Conjectured Tighter Upper Bound

Conjecture 5.4.1. For all sequences of nearly complete subgraphs of a particular

type graph Tp, , the rates of the subgraph (Rx, Ry) satisfy

Rx < H(X|U), Ry < H(Y|U) (5.34)
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Jor some Pyxy such that X —U —Y . Moreover, there exists u € Tp, such that the

intersection of the fully connected subgraph with Tpy,  (a) has the rate (Rx, Ry).

Based on the result of the previous lemma, and by following a similar argument

as proof of Theorem 5.4.1 , we can conclude the following result:

Theorem 5.4.2. For any indivisible nonnegative-definite channel, W, the maximal

error reliability function, E' (Rx, Ry), satisfies
E' (Rx,Ry) < Ec(Rx, Ry, W). (5.35)
where Ec(Rx, Ry, W) is defined as

; B
Ir%i}é B:&I%/I’lxy EC(R)(, Ry, W, PXYU) (536)

The mazximum is taken over all Pyxy € P(U x X x V) such that X —U =Y, and
Ry < H(X|U) and Ry < H(Y|U). The functions EL(Rx, Ry, W, Pxyy) are defined

as follows:

EZ(Rx, Ry, W, Pxyy) & min o D(VZ|UXY||W|VUXY) + ](X A Z|UXY)7

Vxzxvz€V%

Eg(RXvRYaVVvPXYU) = min D(VZ\UX}}HW“/UX?)+I(Y/\Z|UX}N/)a

Viyyyz€VY

EXY(Rx, Ry, W, Pxyy) 2 min  D(VyuxeIW[Vygy) + IIXY A ZIUXY).

e c
VXYXYXYZGVXY

(5.37)
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where

V)C< £ {VUXXXYZ Vozy = Vuxy = Vuxy = Puxy,

X-UXy -X ) VX|XYU = VX|XYU7

HXAXWWzI@AXWUhﬂﬁ,CM@WQ<QMM”& (5.38)
Vx(/) £ {VUXYY/Y/Z Voxy = Voxy = Wuxy = Puxy,

Y -UXY — Y/> V?\XYU = V?|XYU7

(Y AY|UX) = I(Y AV|UX) < Ry, Mnmnﬂ<aﬂﬁwﬂ} (5.39)

V)(gy = {VUXYX?X?Z Vuxy = Vuxy = Vuxy = Puxy,
XY -UXY — XY/VXY’WXY = VXY|UXY’
I(XY AXY|U) = I(XY AXY|U) < By + Ry, a(Vygs ) < a(Vyxys) |
(5.40)

Let us focus on the case where both codebooks have rate zero, Ry = Ry = 0.

Any Vv ¢y € VY satisfies the following:
X-UY-X, X-UYy-X, (5.41)
therefore, any Vv ¢ ¢y, € V¥ can be written as
PXIUPX\UPXIUPYIUPUVZWXYXX- (5'42)
Similarly, any Vj,yyyy € V¥ can be written as
PX|UPY|UPY|UPY|UPUV2|UXY17Y/7 (5'43)
and any Vj vy vy vy € V$y can be written as

Pxju Py PxwPyioPxioPrioPuVyuxy v sy (5.44)
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Hence, EZ, EY, and EXY would be equal to

Eg(O’O’PXYU) = min D(VZ|UXY||W|VUXY)+I(XAZ|UXY),
zivxy xPxjuPxjuPyjvPu:
Q(VU)'(yz)<a(VUXYZ)

(5.45)
EY(0,0, Pxyy) = min D(Vauxy|[W|Vuxy) + I(Y A ZIUXY),
zivxyvPxjuPyivPyivPu:
O‘(VUX}'/Z)<OC(VUXYZ)
(5.46)

XY .
E&7 (0,0, Pxyy) = min D(Vzuxy||W|Vuxy)+
Vawxy xv PxiwPyiuPxjuPyivPu:
a(Vyzyz)<a(Vuxyz)

I(XY AZIUXY). (5.47)
Theorem 5.4.3. At rate Rx = Ry =0,
EC(O, 0, PXYU) = Eﬁ(O, 0, W, PXYU)7 fO’T‘ ﬁ S {61‘, T} (548)

where Eg(Rx, Ry, W, Pxyu) for p € {ex, T} are defined in Chapter 3.

5.5 The Maximal Error Exponent vs. The Aver-
age Error Exponent

In point to point communication systems, one can show that a lower/upper bound
for the maximal error probability of the best code is also a lower/upper bound on
the average probability of error for such a code. This is not the case in multiuser
communications. For example, it has been shown that for multiuser channels, in
general, the maximal error capacity region is smaller than the average error capacity
region [18]. The minimum distance bound, we obtained in the previous section, is
a valid bounds for the maximal error exponent, but not the average. On the other
hand, all the known lower bounds in [38][41][40][39], are only valid for the average error

exponent, not the maximal. As a result, despite of the point to point case, comparing
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these upper and lower bounds does not give us any information about how good these
bounds are. In the following, we illustrate an approach that derives a lower/upper
bound on the average/maximal error exponent by using a known lower/upper bound

for the maximal/average error exponent.

Theorem 5.5.1. Fix any DM-MAC W : X xY — Z, Rx > 0, Ry > 0. The

following inequalities hold
E;,k’u (RX7 RY) - R< E:n (RX7 RY) < E;v (RX, RY) < E:n (RX7 RY) + R7 (549)

where R = min{Rx, Ry }.
Proof. The proof is provided in Section 5.6. O]

Corollary 5.5.1. If min{Rx, Ry} =0, i.e., Rx =0 or Ry =0,
E! (Rx,Ry) = E; (Rx, Ry) (5.50)

Corollary 5.5.2. Fix any DM-MAC W : X xY — Z, Rx > 0, Ry > 0. Assume

that the maximal reliability function is bounded as follows:
Ey, (Rx, Ry) < E;, (Rx, Ry) < E}, (Rx, Ry), (5.51)

therefore, the average reliability function can be bounded by
Ey, (Rx,Ry) < E}, (Rx,Ry) < E,, (Rx,Ry) + R, (5.52)

where R = min{Rx, Ry }. Similarly, if the average reliability function is bounded as
follows:

By, (Rx, Ry) < E;, (Rx, Ry) < By, (Rx, Ry), (5.53)

it can be concluded that the maximal reliability function satisfies the following con-
straint

EL (Rx,Ry) — R< E (Rx,Ry) < EY (Rx,Ry). (5.54)
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5.6 Proof of Theorems

5.6.1 Proof of Theorem 5.2.1

For a given MAC, W : X x Y — Z, and a multi user code C' = Cx x Cy, where
Cx ={x,€&": i=1.,Mx}and Cy ={y, € Y': j=1,., My}, with

decoding sets D;; C Z", the average error probability can be written as

Mx My
1 e
(W) = MXMY;;W (Dl ;) (5.55)
— 1 MXY n c ' '
B MXMYZMXY Z W (Dflxi,x;) (5.56)
Pxy (4.))€Cxy

where Cxy is the set of all codewords pairs sharing fix joint composition Pxy, i.e.,
Cxy = (Cx x Cy) N Tp,,. The cardinality of this set is shown by Mxy, and Rxy
denotes the rate of this set, i.e., Rxy = %log Mxy . For a fixed pair (7, 7), Tv (x;, X;)s
are disjoint subsets of Z™ for different conditional types V : X x Y — Z. Therefore,

the average error probability of the code can be written as

1 Mxy
C,W) = W™ (D¢ NTy (x5, 5:) s,y
e ( Y ) MXMY PZ MXY ' Z Z ( 1] |4 (X y]) |X y])
XY (i,j)eCxy V
1 1 D5 N Ty (xi,y5) |
= ZMXYZ— Z wr (TV (Xian)‘ivj) !
Mx My Py v Mxy (i.))eCxy ’Tv (Xiayj) ’
1 - 1 |Di; N Ty (%5,5) |
— Z MXY Z 2 nD(VHW‘ny) 1 - Z J J
Mx My Pov v I Mxy (i )eCxy |Tv (Xi7y]‘) | |
1 —nD(V||W|Pxy) 1 Dy N Ty (xi,y;) |
2 Vit PZ Mxy EV: 2 T S
XY | (1,5)eCxy ]
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M o9—nD(VIW|Pxy) (1 _
— o 3 My 2

1 Uijecyy Pis 0Ty (%, ;) |]

My onH(Z|X,Y)
Pxy L
S S Myy 30 2720 IEsy) 1 %]
= MXMY z - I My 2PH(ZIXY)
XY
1 —nD(VIWIPxy) | L2
= MXMY Z Mxy Z 2 _1 T Myy 20HEZIXY)
M 9—nD(V[[W|Pxy) [1 _ 9—n[Rxy—Iv(XYAZ)]] 5.57
i o B
By defining
bad == {V RXY > IV (XY N Z)} (558)
the average error probability of the code can be further lower bounded by
1
c,wW) > M Zo—nD(V[[W|Pxy)
e (C, )_MXMYZ XYZQ
Pxy VeV XYy
> 1 Z MXY 2_n[nllnvevl7)¢§3l/ D(VHW‘PXY)]
— MxMy 2
Pxy
_ Z 1 —n[mln cvxy DVIIW|Pxy)=Rxy]
MXMY
> 1 7n[rn1anY maneVb;g;f D(V||W|Pxy)—Rxy] (5 59)
— 2Mx My
Thus,
o (C W) > 12—n[minpxy minVEVb)gg/ D(V||W|Pxy)+Rx+Ry—Rxvy] (5 60)
9 - 2 .
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On the other hand, by using the fact that Dj; C Uj, U i Dirjr, the average probability

of error can be lower bounded by

MXMY ZZ Z ZW" DCﬂTV (X@,yj>|X“y])

Pxy i j:(ij)eCxy V

DI RLULIEED S 1D N Ty (xi,y;) |
MXMY

PXY 1% 7 j(’L] ECX |TV (X27y]) |
S S eoviwiee) L5~y [1 DNty (Xi,yy‘)|]
. MxMy T (i) eCxy |TV (Xiv YJ) |
=YY geiwiee) My Z yo o 20Ty (Y, |
Pxy V M My i 5i(4,5)ECxy ‘TV (Xi7 Yj) |
Myy | S D,NT xy)|'
> 9—nD(V|[W|Pxy) XY v (%, J
22 Wty | ZZ T bov)| |
Myy | S E DN Ty (xi,y5) ||
—nD(V||W|Pxy) XY VAR g
> Pz:zv:? MMy ;2 onH(Z|X,Y)
XY L 7 .
[ My onH(Z,X|Y)
M 1 2
> 9—nD(V[[W[Pxy) XY 1 -
= 1;/ ; MXMY i MXY ]Zl 2nH(Z\X7Y)
M
> o—nD(V||W|Pxy) XY 11 _ 9—nlBxy—Ry-Iv(ZAX|Y)]] 561
R e
By defining
VX 2LV : Rxy — Ry > Iy (Z A X|Y)}, (5.62)

134



and using (5.61), it can be concluded that

1 1
C, W > M Zo—nD(V|[W[Pxy)
e(C:W) 2 MXMYZ XYZz

Pxy vevk,
S 1 S Mxy o=nlminy cyx DVIIWIPxy))
— MxMy = 2
_ 1 Z 1 _n[minVGVb)éd D(V||W|Pxy)—Rxv]
Mx My o 2
S 1 —n[minp, miny cpx D(V||W|Pxy)—Rxy] (5.63)
— 2Mx DMy
Therefore, the average error probability can be lower bounded by
e(C,W) > %2”[”““”” minvev, PVIWIP ) bR HRy = Rocv] (5.64)
Similarly, it can be shown that
e (07 W) Z %QH[mianY minVGVb);d D(V|‘VV‘ny)JrRXJrRY*ny]7 (565)
where
Vy ={V:Rxy — Rx > Iy (Z ANY|X)}. (5.66)
By combining (5.60), (5.60), (5.60), we conclude that
e(C,W) > %2"[minPXY minvevfédu"%duvhﬁ; D(VHW|PXY)+RX+RY*RXY]‘ (5.67)

Equivalently, for the exponent of e (C, W), which is denoted by E (C,W), can be
upper bounded by

E(C, W) < min min D (V||W|Pxy)+ Rx + Ry — Rxy. (5.68)

X Y XY
Pxy VeVbadUVbadU‘/bad
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By defining Vg £ VX, U VY, U VXY | the previous inequality can be simplified to

E(C, W) < max min min D (V|W|Pxy)+ Rx + Ry — Rxy (5.69)
C Pxy VEVhaq

= max min min D (V||W|Pxy)+ Rx + Ry — Rxy (5.70)

ReR Pxy V&Vpaa

Where R is a vector with elements R (C, Pxy) and R is the set of all possible vectors
R. The last equality follows from the fact that E (C, W) is only a function of Rxys.
By using the fact that P%, is a dominant type of the code, we conclude that

E(C,W) < max min D (V||W|P%y)+ Rx + Ry — R(C, P%y) (5.71)

ReER VEV4a

= max min D(V|[W|Pxy). (5.72)

since this expression does not depend on R, we conclude that

E(C,W) < min D(V|W|Pgy), (5.73)

VEViaa

where

Viea = {V : Iv (XY AN Z) < Rx + Ry or Iy (Y A Z|X) < Ry or I, (X A Z|Y) < Ry}
(5.74)

5.6.2 Proof of Theorem 5.3.1

Our approach makes use of Agustin’s [1] strong converse theorem for one-way

channels which is stated in the following:

Lemma 5.6.1. [1): For a (n, M,)\) code {(x;, D;) : 1 <i < M} and a non-stationary
DMC (Wh)i2,
- 3
log M <Y I(X,AZ)+ mmnl/?, (5.75)

t=1
where the distribution of the RV’s are determined by the Fano-distribution on the

codewords.
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Consider any P* € P, (X), such that |Ew (C, P*,\)| > m (1- 1+/\) M. The
code Ew (C, P*,\) is an (n, [Ew(C, P*, \)|, 1£2) code. Let us define X' £ 42, There-

72

fore, by the result of Lemma 5.6.1, we conclude that

log (|Ew (C, P*, \)| ZIXt/\Zt

(5.76)

where the distribution of RV’s are determined by the Fano-distribution on the code-
words. By using the lower bound on the size of &y (C, P*,\), it can be concluded
that

1 1< 3|X| log(n+1) 1 1+ A
—logM < =Y (X, A7) + ——— +|X|—=——~ :
no8 _n;( A t)+(1—)\’)\/ﬁ ¥ TLoe

(5.77)

The last three terms on the right hand side of (5.77) are approaching zero for suffi-
ciently large n. Let us focus on the first term. In the following, we prove that the

first term is bounded from above by:
1 n
=3 I(X, A Zy) < I(PTW). (5.78)
g

First, note that

S )~ L3S S~ e - s (P )

t=1 z€X zeZ

:_ZZZPXt—x Iw)log(%)

t=1 z€X z€Z

n

= 3 S W) log(W (2]2)) - S P(X, = )

zeX z€Z t=1

_ - Z Z Z}P’ (Xy = )W (z|z)log(P(Z; = 2))

t=1 x€X 22
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HNLE

zeX z€Z

(2|2))

D 9 D) DLy

t=1 zeX z€Z

(2]z) log(W

(z]x)log(P(Z; = 2)). (5.79)

The last equality holds because &y (C, P*, \) is a constant composition code with

composition P*. The second term in (5.79) can be written as

—;;;P&_x
-3 3 (1o (S p - oo - o

z€EZ t=1 z’'eX

(2]2) log(P(Z; = z))
|w)>
(5.80)

In the right hand side of (5.80), the summands are of the form of ulog(u), which is

a convex function of u. Thus,

3D D) DB

t=1 zeX z€Z

(z|2) log(P(Z, = 2))

Zz<1og LSS B =) ) Zszﬁx m)
5 (o (£ S ) £ S e
:Z(log > P )W (2] >ZP* ) (5.81)

Finally, by combining (5.79) and (5.81), it can be concluded that

§ YA Z) < X P Gl o1V 1)
_ZZP* (z|x) log <ZP* )
1w 5.52)
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which completes the proof.

5.6.3 Proof of Fact 5.3.1

Since code C'is an (n, M) code, it can be concluded that it must have at least
a dominant type, P* € P,(X). Consider an arbitrary discrete memoryless channel
V : X — Z, such that R > I(P*, V). Choose A < 1 satisfying
1+ A 6

1—-. .
5> 5 (5.83)

Since P* is a dominant type of code C,

> (H;M (5.84)

|C' N Tp- M

On the other hand, since R > I(P*,V), it can be concluded from Theorem 5.3.1 that

|Ev(C, P* 0| < 0 +11)|X (1 - 1%_) M. (5.85)

By combining (5.84) and (5.85), it can be concluded that

- 1 2
|Dv(C, P, N)| > L (1 +X) M, (5.86)

where Dy (C, P%y, \) is defined as
* \ A * 0\ c 1 + 5\
Dy(C,P*,A) 2 (CNTp-)/ Ev(C,P*N) = {x; € CNTp- : V(Dj|x;) > —
(5.87)
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By combining (5.83), (5.87) and using the same method as Csiszar in [16, pp. 167],

we have

(VI[W]P*) + h(1 - %)}

D
W(Di|xi)2exp{— 1_%

> —exp{—nD(V||[W|P*)(1+0)} forall x; € Dy(C, P*,)), (5.88)

DN | —

for small enough ¢ satisfying h(1 — g) <1- %. The average error probability of the

code C over the channel W can be written as

My

() = 57 30 S WD)

J=1

SEES

1
> 5 & {=nD(V|[W|P*)(1 +6)}
xieDVZb,P* A)

“ +11)X' <1 i )\) oxp {=nD(V[[WIP)(1+0)}. (589

Since the inequality (5.89) holds for all V' : X — Z satisfying I(P*,V) < R, it can
be concluded that
> —n[D PY(1+06)+06
(CW) 2 mas  esp {=alDVIIVIP)(1+6) + )

=exp{—n[ min DVI||W|P*)(1+ )+ 4]}, (5.90)

V:I(P*V)<R

for sufficiently large n. As we mentioned earlier, P* is any dominant type of the code.

We can further lower bound the average error probability as follows

e(C;W)> min exp{-n[| min DV|[W|P*)(1+46)+ 0]}

T PrEPL(X) V:I(P*V)<R
> mi = in D P)(1+6)+6 91
> win exp{-n[ min DVIIWIP)(1+3)+dl}, (5.91)

where the last inequality follows by a continuity argument.
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5.6.4 Proof of Theorem 5.3.2

The basic idea of the proof is wringing technique which was used for the first

time, by Ahlswede [2]. Consider any Py¥y € P,(X x V), such that |Ew (C, Pgy, )| >

2)

m(l — 1+_>\)M xMy. Let A contains all codewords pairs with joint composition

P%y-, and with small probability error:

T . 1—A

Since |A| = |Ew (C, Py, \)|, we conclude that

_ 1 2\
|A| > RS (1 — m) Mx My (5.93)
Define
C(i)={(i,5): (1,4) € 4,1 < j < My} (5.94a)
B(j) ={(i,7): (i,j) € 4,1 <i < Mx}. (5.94b)

Consider the subcode {(x;,y;, Dij) : (i,j) € A} and define random variables X", Y™

1 _

P((X"Y") = (x;,y;)) = A if (i,7) € A. (5.95)

Lemma 5.6.2. For random variables X", Y™ defined in (5.95), the mutual informa-

tion satisfies the following inequality:

o 2
I(X"AY™) < —log (1 - m) + | X[|YV] log(n + 1). (5.96)

Proof. This is a generalization of the proof by Dueck in [19]. Note that

H(Y™X™) = H(X™Y") — H(X") =log|A| — H(X") >log|A| —log(Mx). (5.97)
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By (5.93), we conclude that

H(Y™|X™) > log My + log <1 - 13_—)\/\) —|X]| Y| log(n + 1). (5.98)
Finally,
I(X"AY™) = HY") — HY"X") <log My — H(Y"|X")
< —log (1 - 12+—)\)\> +|X||Y]log(n + 1), (5.99)
which concludes the proof. O

The next lemma is Ahlswede’s version of the ‘wringing’ technique. Roughly speak-
ing, if it is known that the mutual information between two random sequences is
small, then the lemma gives an upper bound on the per-letter mutual information

terms (conditioned on some values).

Lemma 5.6.3. [5] Let X™, Y™ be RV’s with values in X™, Y" resp. and assume
that
I(X"ANY") <o (5.100)

Then, for any 0 < § < o there exist t1,ta,....,t; € {1,...,n} where 0 < k < 27" such

that fOT’ some jtl 9 gtu jtw gtw

""'ftk7gtk

I(Xt A\ }/;5|Xt1 = i’tl,}/tl = gtl’ "'7Xt = i'tk’y;:k = gtk) S 5 fOTt = ]_,2, Ly

(5.101)

k

and

_ _ . _ b F
P(Xy, =Z¢, Yo, = Uy ooy Xty = Tty Yo, = Utp) = (|X||y|(2a — 5)> . (5.102)

Proof. The proof is provided in [5]. O
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Consider the subcode {(x;,y;, Di;) : (i,7) € A}, where

A2, j) e A: (xi)y, =Ty, (Yi)e =Y 1 <1<k} (5.103)

and define
C(i) = {(i,5): (i,j) € A, 1 < j < My} (5.104a)
B(j) ={(i,5): (i,j) € A,1 <i< Mx}. (5.104b)

Lemma 5.6.4. The subcode {(x;,y;, Di;) : (¢,7) € A} is a subcode with mazimal er-

ror probability of at most %, and
5 S
|Al > ( ) | Al (5.105)
X Y[(20 - 9)
Moreover,
YO IP(Xy =2,V = y) = P(X, = 2)P(Y; = y)| < 26'/7, (5.106)

where X" = (Xy,...,X,), Y™ = (Y1,....Y,) are distributed according to the Fano-
distribution of the subcode {(x;,y;, Di;) : (i,7) € A}.

Proof. Since A C A, the maximal probability of error for the corresponding code is

at most 42, The second part of Lemma 5.6.3, immediately yields (5.105). On the
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other hand,

IP)A(Xt = x’}_/t = ylftlagtlajtgagtza "'rftkvgtk)

- P,i(Xt =z,Y, = Yy Tty s Utrr Ttos Ytos -5 Tty Uty
B P A(Zty s Uty s Tty Ytos -5 Tty s Uty )
Ni(Xy = 2,Ys =y, T4y, Uy Tt Uto --r Tty Uty)
NA(Zty, Uty s Tty Uty ooy Tty » Yt
NA(X; =2,Y, =y)
A

= Pa(X, = 2,Y; = y). (5.107)

Therefore, by the first part of Lemma 5.6.3, we conclude that
IA(XiANYy) <90, forl<t<n. (5.108)
Since I4(X; ANY;) is an I-divergence, Pinsker’s inequality implies [24]

Y IP(X, =2,V = y) = P(X; = 2)P(Y; = y)| < 26", fort=1,2,..,n.

x7y

(5.109)

]
Now, let us define random variables X™ Y™ on X", J" respectively by

1

Pr((X™Y") = (xi,¥5)) = Al

if (i,7) € A (5.110)

Lemma 5.6.5. For any 0 < A\ < 1, any (n, Mx, My) code C & {(x;,y;, Dij) :
1 <i< Mx,1 <j< My} any MAC, W, and any P%, € P,(X x Y) satisfying
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|IEw (C, Py, N)| > m (1- 1+)\) Mx My ,the following holds

= 2
log My < > I(X, A Z|Y)) + c(An*/? + clklog(%j),
t=1

n 2
log My < Y 1(Y; A Z|X0) + cx(An'” + eaklog(5),

t=1

- 2
log (MxMy) < Z I(XY, N Zy) + es(An'? + Csklog(fa),

t=1

where the distributions of the RV’s are determined by the Fano-distribution on the

codewords {(x;,y;) : (i,j) € A}. Here, ¢;(\) and ¢; are suitable functions of \.

Proof. For any fixed j, consider (n, |[B(j)|) code {(x;, D;;) : (i,7) € B(j)}. For channel

W, any pair of codewords in this code has probability of error at most equal to

Let us define N £ % It follows from lemma 5.6.1 that

log [B(j)| < Y 1(Xs A Zi|Y: = (v;),) 2,

t=1

Similarly, it can be shown that
log [C(i)| < > T(Yi A Zy| X, = (x:).) + 12,

t=1

1/2

log |A| <Y I(X,Y, A Z) +

t=1

Since P(Y; = y) = Z(z,y)el,i” {yjt,y}7

21 j)t=
Zlogw N S S I A ZY = () y|{j|) 2

’L] eA Zj EA t=1
- ZZI(Xt N Zi|Y; = y)P(Y; = y)
t=1 y

=Y I(X, AZ|Y) + 172,

t=1
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(5.111)

(5.112)

(5.113)

3
)\/|X|n1/2

(5.114)



The left hand side of (5.114) can be lower-bounded as follows

1 . 1 ’ ~
W(Z log |B(j)| = sz: |B(5)|log |B(5))

i,j)€A

1 | |
> > 1B()[og |B()

3:1B()|1=B*

1 .
Zmlog(B*) > 1BG)

J:B()|>B*
— My B*

> Al = My B* log(B*), (5.115)

| Al

where \* and B* are defined as follows

2\
e 5.116
1+ N ( )

1— X\ My 5 F
B* & . 11

o (i) (5117)

By using (5.93) and the result of Lemma 5.6.4, it can be concluded that

My B* < %w. (5.118)
Therefore,
1 LA = A
— log | B >_—— " log(B*
¥l (%;A 818U = =17 g(B")
_ - Y (L2 Mx 5 :
SO TR T T XY (20 —0) ) )
(5.119)
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By (5.114), (5.119)

2 [ 3
log My < (1+ ) <Z I(X, A ZY:) + = X\Xan)
t=1

—log(1 — X\*) 4+ logn + |X||Y|log(n + 1)
X V|2
+ klog (—| 1V U)

5
= 2
< STIX A ZIY) + eV )nt? + clkzlog(%) +2|2|. (5.120)
t=1
Analogously,
= 2
log My <Y I(Y, A Zi|X;) + co(N)n'/? + czklog(%j) +2|Z|. (5.121)

t=1

To find an upper bound for log (Mx My ), we first try to find a lower bound on the
log |A|. By Lemma 5.6.4

) 5
log | A| > log |A[ + klog (|)(Hy|(2a — 5))

- 4]

_ 2
— tog 4] - kiog (57 ) = ko (X111

2 2
> log(Mx My) — | X||Y|log(n + 1) + log <1 - H——)\A) — klog <TO)

—klog (|X]|Y]). (5.122)

Therefore,

2
log(Mx My) < log|A[ + Czklog(%j) + [X[|V[log(n + 1) + klog (|X]|V])
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Using (5.113),

n

log (MxMy) < ZZ X YiNZ)+es(N)n 1/2+03k10g( )+ X || V| log(n+1). (5.124)
=1

]

Note that, in general X; and Y; are not independent. In the following, we prove
that they are nearly independent. In the following, we combine (5.96) and the result
of Lemma 5.6.4. For an (n, Mx, My) code {(x;,y;,D;j) : 1 < i < Mx,1 <j <
My} which has the particular property mentioned in Theorem 5.3.2, define A, A

1/2

as defined before. Apply Lemma 5.6.4 with parameter § = n="/%. By using o =

—log (1 — 1+_>\) + |X||Y|log(n + 1), we conclude that

k<2 <aym (<og (1- 125) + X1V ogtn + 1)) ~ O(vilogn). (5129

and

IP(X, =2,Y, =y) — P(X; = 2)P(Y; = y)| < 2n” /4, (5.126)

for any x € X, y € Y, and t = 1,...,n. By dividing both sides of equations (5.120),
(5.121) and (5.124) by n, and defining appropriate functions, the following can be

concluded
L log My < li[(}( A ZYe) + ()2 (5.127a)
n gMx = n 4 t t| Xt n .
Liog iy < i[(y A Zo|X) + o) 2 (5.127b)
0 g My = 0 t t|<At n .
- log (MxMy) < Z I(XYi N Zy) + C(N) (:) (5.127¢)

The expressions in (5.127a)-(5.127¢) are the averages of the mutual informations
calculated at the empirical distributions in the column ¢ of the mentioned subcode. We
can rewrite these equations with the new random variable U, where U is distributed

uniformly on {1,2,...,n}. Using the same method as Cover [13, pp. 402], we obtain
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the result. The only thing remained to be found is the distribution under which we

calculate the mutual informations. However, by (5.126)

IP(Xy =2,Yy =y|U =u) — P(Xy = 2|U = u)P(Yy = y|U = u)|

= |P(X, = z,Y, =y) — P(X, = 2)P(Y, = 9)| <2n~V* (5.128)

Using the continuity of conditional mutual information with respect to distributions,
and by using the idea of [6, pp. 722], we conclude that, if two distributions are close,
the conditional mutual informations, calculated based on them, cannot be too far.

More precisely, we can say that there exists a sequence {0,}52,, d, — 0 as n — o0,

such that,
llo M <li[(X N Zy|Yy U)+C()\)@+5 (5.129a)
n g X = n ca t t|Lt, n n .
Liog iy < immzpc 0y + 2™ 4 (5.120h)
0 g My > n t |\, n ny .

By defining new random variables X £ Xy, Y £ Yy and Z £ Z;, whose distribu-
tions depend on U in the same way as the distributions of X;, Y; and Z; depend on

t, (5.129a)-(5.129¢) can be written as

L log My < I(X A 2]V, U) + C(V) (:) + 6, (5.130a)

n

1

H log My < I(Y A Z|X,U) + C(A)Tn) + 6, (5.130b)
o(n)

- log (MxMy) < I(XY A Z|U) + C(A) =2 +6,. (5.130¢)

n

Here, the mutual informations are calculated based on p(u)p(x|u)p(y|u)W (z|x,y). On
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the other hand, the joint probability distribution of X and Y is

P(X=2Y=y)= > PXW)=zYW)=y W
(i,)eA
= > P(X(i) = 2,Y(j) = y) P(i, ))
(i,7)EA

_ ﬁ Y P(X() = 2,Y(j) =)
(i,5)eA

—%Z LS (X 00) = . a) -

z]EA u=1

However, all codeword pairs have the same joint type Py, hence,

n

D X)) = 2, Y.(j) = y} = nPhy(z,y).
u=1
By combining (5.131) and (5.132), it can be concluded that
P(X ==x,Y =y) = P¢y(x,y).
Finally, we can conclude that

P(u,2,y,2) = p(u)p(e|u)p(ylu)W (2|2, y),

in which the marginal distribution of X and Y is P%y (z,y).

:ZaWQZ.])

Yy}

(5.131)

(5.132)

(5.133)

(5.134)

The cardinality bound on the time-sharing random variable, U, is the consequence

of Carathéodory’s theorem on the convex set [21], [32], [13].

5.6.5 Proof of Theorem 5.3.3

To show the result, we must first prove the following theorem:
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Lemma 5.6.6. For any fizred P € P(X x )), rate pair (Rx, Ry),

lim | min D(V||W|P) = min D(V|[W|P), (5.135)
€

n—oo0 VeDn(P)

where

>

D(P) {V:(Rx,Ry) ¢ Cv(P)}

D"(P) £ {V:(Rx,Ry) ¢ Cy(P)}. (5.136)

Proof. Define o, = minyepn(py D(V||W|P), and o* £ minyepp) D(V||W|P). More-
over, suppose «* is achieved by V*. Since {«,}22, is a decreasing sequence and it
is bounded from below (o, > a*), therefore it has a limit. Suppose the limit is not

equal to a*. Therefore, there exist a 0 > 0, such that for infinitely many n,
la, — | > 0. (5.137)
Hence, for infinitely many n,
D(VI|[W|P)—a* >§ VvV e D"P) (5.138)

which implies that V* cannot belong to D"(P) for infinitely many n, i.e., for infinitely

many n,

(Rx, Ry) € Cy.(P). (5.139)
Since V* € D(P),

(Rx,Ry) ¢ Cy+(P). (5.140)
Therefore Cf. (P) cannot converge to Cy«(P), which is a contradiction. O

Since C'is an (n, Mx =, My) multi-user code, it can be concluded that it must
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have at least a dominant type, P%, € P,(X x ). Consider an arbitrary DM-MAC
VX xY — Z, such that (Rx, Ry) ¢ C{}(P%y). By Theorem 5.3.2, for channel V,
C cannot be an (n, My, My, \)-code for any 0 < A < 1. Choose A < 1 satisfying

1+ A 5
LA 5.141
5~ 5 ( )

Since Pyy is a dominant type of code C,

|C'N Tpy

o | > meMy. (5.142)

On the other hand, since (Rx, Ry) ¢ C}:(P%y ), it can be concluded that

o 1 2\
|SV(C, ny,)\)‘ < m (1 — 1—}——)\> M~ My . (5143)

By combining (5.142) and (5.143), it can be concluded that

- 1 22
1Dy (C, Piy, A)| > R (1 +A> Mx My, (5.144)

where Dy (C, P%y, \) is defined as

Dy (C, Py, ) £ (CNTpy,) [ Ev(C, Py, M)

. 1+ A

By combining (5.141), (5.145) and using the same method as Csiszar in [16, pp. 167],

we have

W™(Djjlxi,y5) = exp{ - 1Xi 5 : }
2

> —exp{—nD(V||[W|Pgy)(1+8)} for all (x;,y;) € Dy (C, Piy, \),

DO | —

(5.146)
for small enough 0 satisfying h(1 — %) <1- g. The average error probability of the
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code C over the channel W can be written as

Mx My

MXMY ZZWR b 2)

=1 j=1

1 1 .
> VL ZJ Qexp{—nD(VHW!ny)(HfS)}
(xi,y;) €DV (C, Py X)

“ ot 11)|X||y| (1iA> exp {=nD(V[|[W|Pxy)(1+0)}. (5.147)

Since the inequality (5.147) holds for all V' : X x Y — Z satisfying (Rx, Ry) ¢
CV(P%y ), it can be concluded that

ol % —n[D(V||WI|P2N(1 +6)+6
e( ) > Ve A )exp{ n[D(V[[W]Pgy)( ) + 0]}
=exp{—n min D(V||[W|P¢y)(140) + 9]},
p{ [V:(Rx,Ry)¢C(}(P§}Y) (VI[W|Pgy)( ) + 4]}
> i - VI|[W|Pxy)(1 +8) + 8]},
_nyggl(r)lfxy):eXp{ n[V(RXRIgl)gnC - D(V||W|Pxy)( ) + 0]}
(5.148)

for sufficiently large n. Using Lemma 5.6.6, we conclude that for sufficiently large n,

c,W) > : o _ ) DIVIWIP L4 8) 4
6( ) PXYénPl(I}OQ)) Xp{ n[V:(Rx,Rgl){fnCV(PXY) ( || ‘ XY)( ) ]}

(5.149)

which completes the proof.

5.6.6 Proof of Theorem 5.4.1

Theorem 5.6.1. For any nonnegative-definite channel, W, the minimum distance of

any multiuser code, C' = Cx x Cy, with rate pair (Rx, Ry) satisfies

ds(C) < Ex(Rx, Ry, W), (5.150)
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where Ey(Ryx, Ry, W) is defined as

Ey(Rx,Ry,W) = max min _ E},(Rx, Ry, W, Pxyv). (5.151)

Pyxy B=X,Y, XY

The mazimum is taken over all Pyxy € P(U x X x V) such that X — U —Y, and
Rx < H(X|U) and Ry < H(Y|U). The functions E%.(Rx, Ry, W, Pxyy) are defined

as follows:

Ey(Rx,Ry,W,Pxyy) 2  min _ Edw((X,Y),(X,Y)),

VigxyeVy

Ey(Rx,Ry,W,Pxyy) 2  min  Edw((X,Y),(X,Y)),
Viyyyevy

ExY(Rx,Ry,W,Pxyy) 2  min _ Edw((X,Y),(X,Y)). (5.152)
Viyzvxv EVXY

where

VI 2 {Vicy  Viy = Viey = Viy = Pry, X = XY = X

Vipey = Vipys IXAXY) = I(X AXJY) < RX}, (5.153)
VM A {VXYW Vs = Vig = Viy = Pyy, ¥V — XY -V

Vorxy = Vi IV AYIX) = I(Y AYIX) < Ry}, (5.154)
Viy = {VXYXY/XY/ Vey = Vg = Vay = Pxy, XY - XY - XY

Viriy = Vigpers IXY AXY) = I(XY A XY) < Ry + Ry}. (5.155)

Proof. Consider any joint composition Vyy ¢y € P (X X Y x X x ) with marginal
distributions Vyy = Vzy = Pxy. In the following lemma, we find the average number
of pairs of codewords in a spherical collection defined by joint type Vyy ¢y about an
arbitrary pair of sequences (x,y) € Tpy, . For such (x,y), which is not necessarily a

pair of codewords, let us define the following sets:
o Ax(x,y) 2 {(x,y) € C: (x,y.x¥) €Ty, ¢, }
L4 AY(va) £ {(i,}’) eC: <X7Y7)~(aY) € TV

XYXY/}
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i AXY(X> Y) = {(5(757) eC: (XaYaf(7 5’) € TVXYXY}

Note that, if x ¢ C'x or X # X, the first set would be empty. Similarly, if y ¢ Cy or

Y # Y, the second one would be an empty set.

Lemma 5.6.7. Consider the multi-user code, C' with a dominant joint type Pxy.
Additionally, consider any distribution Vyy gy € P((X x V)?), satisfying Vxy =

Viy = Pxy. Then, there exists a pair of sequences (X,y) € Tpy, such that
|Axy (x,y)| > exp{n[Rx + Ry — (XY A XY)]}. (5.156)

Also, for any distribution Vyy 3 € P(X x Y x X) satisfying Vxy = Vgy = Pxy, and

any 'y € Cy NTp,, there exists a x € Tp,, such that (x,y) € Tpy, , and
Ay ()| > exp{nlRx — I(X A X[V} (5.157)

Similarly, for any distribution Vi, € P(X X Y X y) satisfying Vxy = Vyy = Pxy,

and any x € Cx NTp,, there exists a sequence’y € Tp, such that (x,y) € Tpy,, and
|Ax(x,y)| > exp{n[Ry — I(Y AY|X)]}. (5.158)

Proof. For afixed Vyy v, let us study the spherical collection consisting of all pairs of
codewords sharing composition Vy, ¢y with some arbitrary pair of sequences in Tp,,, .
Consider such spherical collection for every pair of sequences. Since each of the code-
word pairs shares joint composition Vyy ¢y with exp{ H (X ?]X Y)} pair of sequences,

it must belong to exp{H (XY |XY)} different spherical collections. Therefore,
> |Axyv(x,y)| = exp{n[Rx + Ry + H(XY|XY)]}
(X,y)GTpXY

Hence, by dividing both sides of the previous equality by |Tp,, |, we conclude that

1 Z Axy (x,y)| ~ on[Rx+Ry —1(XYAXY)]

T,
‘ PXY’ (X7Y)€TPXY
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Thus, there must exist a pair of sequence, (x,y) € Tp, , with
|Axy (x,y)| Z exp{n[Rx + Ry — (XY A XY)]}. (5.159)

By a similar argument, we can conclude (5.157) and (5.158). O

Lemma 5.6.8. Fixe > 0. Let W be a nonnegative-definite channel. Let C' = Cx xCy
be any multi-user code with dominant composition nPxy and rate pair (Rx, Ry).
Consider any distribution Vyy gy € P(X x Y x X x Y) satisfying the following

constraints:
[ J VXY:VXY:PXY

o Iy(XY ANXY) < Ry+ Ry —e,

ds((%,9), (%)) < (1 + e)Edp((X,Y),(X,Y))), (5.160)

where the expectation is calculated based on Vyy vy vy € P((X x V)?) satisfying
o Viy =Viy = Viy = Pxy
o XY - XY - XY
b VXY|XY = VXY|XY
o Iy(XY ANXY) < Ry+ Ry —e.

Moreover, for any Vyy ¢ € P(X x Y x X) satisfying the following constraints:
b VXY:V)zyszy
o Iy(XAX|Y) <Ry —¢,

C' has two pairs of codewords, (X,y) and (X,y), such that

ds((%,y), (X.y)) < (1 + e)Edp((X,Y),(X,Y))), (5.161)
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where the expectation is calculated based on Vyy g € P(X x Y x X x X) satisfying
o Vxy =Viy =Viy = Pxy
e X — XY - X
® Vxixy = VX|XY
o Iy(XAX|Y) < Ry —e.

Similarly, for any Vyyy € P(X x Y x V) satisfying the following constraints:
o Vxy =Vy = Pxy
o Iy(YAY|X) <Ry —e

C' has two pairs of codewords, (x,y) and (x,y), such that

~

dB((x, y), (%, y)) < (1+ e)EdB((X, Y), (X, Y))), (5.162)

where the expectation is calculated based on Vyyyy € P(X x Y x Y x Y) satisfying
o Vxy =Vyy =Vyy = Pxy
oY — XY Y
o Voxy = VY\XY
e I[y(YAY|X)< Ry —c.
Proof. Consider the joint type Vi, gy for which we have the following properties
o Vxy =Viy = Pxy.
e (XY AXY)<Rx+Ry—9.

For the moment, let us assume that X # X and Y # Y. Let us choose (x,y) € Tp,,
whose existence is asserted in the previous lemma. Let us call the spherical collection

about (x,y) € Tp,,, which is defined by Vyy ¢y, as Sxy. Also, call the cardinality
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of this set by Txy, i.e. [Sxy| = Txy. From this point, we are going to study the
distance structure of the pairs of codewords that lie in Sxy. Since we have so many
codewords in this spherical collection, they cannot be far from one another. First, we
calculate the average distance between any two pairs in this spherical collection. The

average distance is given by

where d;,; is obtained by adding up all unordered distances between any two not

necessarily distinct pairs of codewords in Sxy. In the other words, d; is defined as

dity = Z Z dB (()A(? 5’), (5(’ 5’))

(%y)€Sxy (X,¥)€Sxy

where (X,y) and (X,y) are not necessarily distinct pairs. Therefore,

déiy = l ! Z Z niyiy(ivjv kvl)dB(<Z7j)7 (ka l))

- nTxy(Txy —1) (%), LkeEX
(%,5)ESxy HEY

where ngyzy (i, 4, k, 1) = nPiyzy(i, 4, k, 1), and Pigzy is the joint composition of (%,¥)

and (X,y). Furthermore, define the variable ngyzy (i, j, k, [|p) as follows:

0 otherwise

Hence, the average distance can be written as

axy = ! 3 Z S g (isdo b )i (G, ), (5, 1)

nTXY TXY—l ), ikeX
(%, y)ESXY Jley

Let T(; j)p be the number of (x,y) € Sxy with (x), = ¢, and (y), = j. It can be
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shown that the previous can be written as

XY Txy ZJ Ip Dlp
3 _nTxy_lzz — s ((09), (kD).

p i,keX
LEY

Moreover, Let us define A(; ;), as the fraction of the pairs in Sxy with an (¢, ) in

their p-th component, i.e.,

Ti
Nigp & 722, (5.163)
XY
Therefore, dXY can be written as
T

da’ = _T - Z > AaaAwnpds (0, 5), (k1)) (5.164)

Xy = p i,keX

ey

In general, A is an unknown function. However, it must satisfy the following equality

> N =1 for all p. (5.165)

ieX,jeY

For the center of the sphere, (x,y), we define v j), as

1 if (X)p =1, (Y)p =7
,y(l,j)‘p = ‘
0 otherwise

On the other hand, a valid A must satisfy the following constraint:

> X Ykoe = nxyxy (k, 1,4, ) (5.166)

p

for all i,k € X and all 5,1 € Y. Therefore, we can upper bound d,, with

1 Txy
XY < e max E E A npds (6, 9), (k,1)). (5.167)
XY p z?eX
Hley

where the maximization is taken over all A\ satisfying (5.165) and (5.166). In the
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following lemma, we will find the maximum.

Lemma 5.6.9. Suppose that W is a nonnegative-definite channel. The average dis-
tance between the Txy pairs of codewords in the spherical collection, defined by joint

composition Vyy 5y, satisfies

B < PSS fa (), (R 1), (1.9)). (5.168)

— Txy —
XY i,keX reX,
JIEY s€y

where fxy ((i,5), (k,1), (r,s)) is defined as

Fxyv ((1,9), (B, 1), (r,8)) & Py 37 (7860 0) ey 9 (18, l>dB((z',j), (k,1)).(5.169)

n.nxy (r, )
Proof. Let
* _ nXY)N(}N’(kalﬂ.aj)
keX ey XY s

We are going to prove that A\* achieves the maximum. It is easy to clarify that \*

satisfies (5.165) and (5.166). Moreover, for all A satisfying (5.165) and (5.166),

* Nxyxy (78,1, 7)
D N o = D D Ao kol
p p

reX,sey nxy (T’ 8)

= Z Ny xy (1 8,0, J)nxy xv (1, 8, K, 1) (5.171)

vy n.nxy(r,s)

By assuming that the channel is nonnegative definite, and by using a similar
argument as [10, Lemma 6], we can show that A* achieves the maximum. Substituting

this value for A\ completes the proof. n

Now, let us fix a joint type Vyy ¢ € Pp(X x Y x X) for which we have the following

properties
L4 VXY:VXYZPXY

e [ XAX|Y)<Rxy—6
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Let us choose any y € Cy NTp,. By Lemma 5.6.7, there exists a sequence x € Tp,
such that (x,y) € Tp,,, and the spherical collection about (x,y), defined by Vyy ¢
has many pairs of codewords. Let us call such a sphere as Sy. Assume that |Sy| = Ty.
We denote the average distance between any two pairs of codeword belonging to this
spherical collection by dY,. Using a similar argument to the one in Lemma 5.6.9, it

can be shown that d¥, is bounded from above by

dr < TYT’i - YD frlik (r9). (5.172)

i,k€X reX se€y

where fy (i7 k, (r, s)) is defined as

Fy (i k, (r,8)) 2 nxy (15 ) xy £ (1 s, k)dB((i,j), (k, 7)). (5.173)

n.nxy(r,s)

Similarly, let’s fix a joint type Vyyy € Pn(X x Y x ) for which we have the following

properties
L4 VXY:VX)?:PXY
e IVAY|X)<Ry—9¢

Choose any x € CxNTp,. By Lemma 5.6.7, there exist a sequence y € Tp, such that
(x,y) € Tpy, and the spherical collection about (x,y) defined by Vyy has many
pairs of codewords. Let us call such a sphere as Sy. Assume that |[Sx| = Tx. We
denote the average distance between any two pairs of codewords belonging to this
spherical collection by dX . By doing a similar argument as we did before, we can find

an upper bound on the dX. It can be easily shown that

dX < TXTf - S> fx(G(ns). (5.174)

LHIEY reX se)

where fx (4,1, (r,s)) is defined as

Fx (i1, (rys)) 2 ”XY?<:;2£7E;“;’;(T’ > l)dB((i,j), (i,1)). (5.175)
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O
[l

As aresult, it can be concluded that for any V. ¢4 satisfying the aforementioned
constraints, there exists a pair of sequences (x,y) € Tpy, , such that the spherical
collection about (x,y) and defined by V. ¢y has exponential many codeword pairs

around. Therefore, for sufficiently large n,

Txy
— - <1 5.176
Txy —1 7 e ( )

Therefore by substituting this upper bound, and by simplifying the result of Lemma
5.6.8, we observe that

A

a2V < (1+ ¢)Edp((X,Y),(X,Y))) (5.177)

The expectation is calculated based on Viy vy Viy xy Vxy. Since the average dis-

SXY

tance between the pairs in is greater than some number, there must exist at

least two pairs of codewords in S*Y satisfying the same constraints. By a similar

argument, we can show the correctness of the second and third part of the theorem.

Lemma 5.6.10. For § = XY, XY, the following quantities are equivalent
Ey(Rx, Ry, W, Pxyu) = Ej(Rx, Ry, W, Pxyu), (5.178)

where Efs and EYs are defined in (5.30) and (5.152).
Proof. The proof is a generalized version of the result of [15]. O

Theorem 5.6.2. For any indivisible channel
E’ (Rx,Ry) < dj(Rx, Ry), (5.179)

where E (Rx, Ry) is the mazimal error reliability function at rate pair (Rx, Ry ).
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Proof. The proof is very similar to [10]. O

Therefore, by combining the result of Theorem 5.6.1 and Theorem 5.6.2, the result

of Theorem 5.4.1 is concluded.

5.6.7 Proof of Theorem 5.5.1

Without loss of generality, let us assume Ry < Ry. The average error probability
of any code is always less than or equal to its maximal probability of error. As a

result,

E* (Rx, Ry) < EZ, (Rx., Ry) . (5.180)

On the hand, for any 6 > 0 and sufficiently large n, there exists an (n, Rx, Ry) code,
C = Cx x Cy, satisfying the following inequality

e(C, W) < 27Fau(Rx Ry)=0) (5.181)
which can be written as
1 &1 &
_— _ A(C W) < 9—n(Eq, (Rx,Ry)=6) 5.182
MY j:1{MX;€]( 9 )}— ( )

It can be concluded that, for My > % codewords in Cy, the following holds

Mx

1
My <

=1

e (C, W) < 2 x 27 EalBxRy)=0) = for all j =1,2,...,My.  (5.183)

Here, without loss of generality, we assumed that these codewords are the first My

codewords in Cy. By using (5.183), it can be concluded that

eij(C,W) < 2 x 27" WaBx,Ry)=RBx=0) ' for all j = 1,2, ..., My, i = 1,2, ..., Mx,
(5.184)
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and therefore
em(C*, W) < 2 x 27"(Ea(Bx i) = Fx =)
where
C* 2 {(xi,y;) i = 1,200, My, j = 1,2, 000, M3}

Note that,

em(C*, W) Z 2—n(E:n(RX7Ry—(S)+(S) > 2_n(E:n(RX7RY)+25).

By combining (5.185) and (5.187), we conclude that

E: (Rx,Ry) > E. (Rx,Ry) — Rx.

Similarly, it can be shown that

E: (Rx,Ry) < E' (Rx,Ry)+ Rx.
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CHAPTER 6

Conclusions

This work addresses the problem of communication over a multiple-access channel
(MAC) without feedback in the discrete memoryless setting. We consider the error
exponents for this channel model and obtain upper and lower bounds on the channel
reliability function.

In Chapter 3, we study a unified framework to obtain all known lower bounds
(random coding, typical random coding and expurgated bound) on the reliability
function of a point-to-point discrete memoryless channel. We show that the typical
random coding bound is the typical performance of the constant composition code
ensemble. By using a similar idea with a two-user discrete memoryless multiple-
access channel, we derive three lower bounds on the reliability function. The first
one (random coding) is identical to the best known lower bound on the reliability
function of DM-MAC. We also showed that the random coding bound is the average
performance of the constant composition code ensemble. The second bound (typical
random coding) is the typical performance of the constant composition code ensemble.
To derive the third bound (expurgated), we eliminate some of the codewords from
the codebook with a larger rate. This is the first bound of its type that explicitly
uses the method of expurgation in a multi-user transmission system. We show that
the exponent of the typical random coding and expurgated bounds are greater than
or equal to the exponent of the known random coding bounds for all rate pairs.

By numerical evaluation of the random coding and the expurgated bounds for a
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simple symmetric MAC, we show that, at low rates, the expurgated bound is strictly
larger. We also show that all these bounds can be universally obtained for all discrete
memoryless MACs with given input and output alphabets.

To obtain upper bounds on the reliability function for DM-MACs, in Chapter 4,
we formally characterize the typicality graph and look at some subgraph containment

problems. In particular, we answer three questions concerning the typicality graph:

e When can we find subgraphs such that the left and right vertices of the subgraph

have specified degrees, say R’y and Rj, respectively 7

e What is the maximum size of subgraphs that are complete, i.e., every left vertex
is connected to every right vertex? One main contribution of this chapter is to

provide a complete answer to this question.

e If we create a subgraph by randomly picking a specified number of left and
right vertices, what is the probability that this subgraph has far fewer edges

than expected?

Finally, in Chapter 5, two new upper bounds on the error exponent of a two-
user discrete memoryless (DM) multiple-access channel (MAC) are derived. The first
bound (sphere packing) is an upper bound on the average error exponent and is
the first bound of this type that explicitly imposes independence of the users’ input
distributions (conditioned on the time-sharing auxiliary variable) and, thus, results
in a tighter sphere-packing exponent when compared to the tightest known exponent
derived by Haroutunian. The second bound (minimum distance) is an upper bound
on the maximal error exponent, not the average. To obtain this bound, we first derive
an upper bound on the minimum Bhattacharyya distance between codeword pairs.
For a certain large class of two-user (DM) MAC, an upper bound on the maximal
error exponent is derived as a consequence of the upper bound on Bhattacharyya
distance. Using a conjecture about the structure of the multi-user code, a tighter
minimum distance bound for the maximal error exponent is derived and shown to

be tight at zero rates. Finally, the relationship between average and maximal error
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probabilities for a two user (DM) MAC is studied. As a result, a method to derive
new bounds on the average/maximal error exponent by using known bounds on the

maximal/average error exponent is obtained.

167



BIBLIOGRAPHY

168



[1]

[12]

[13]

[14]

[15]

[16]

U. Agustin. Gedachtnisfreie kannale for diskrete zeit. Z. Wahrscheinlichkelts
theory verw, pages 10-61, 1966.

R. Ahlswede. On two-way communication channels and a problem by
Zarankiewics. In Probl. of Control and Inform. Theory.

R. Ahlswede. Multi-way communication channels. In Proc. International Sym-
posium on Information Theory, 1971.

R. Ahlswede. The capacity region of a channel with two senders and two receivers.
Academic Press, pages 805-814, 1972.

R. Ahlswede. An elementary proof of the strong converse theorem for the multiple
access channel. Journal of Combinatorics, Information and System sciences,
pages 216-230, 1982.

R. Ahlswede. The rate-distortion for multiple description without excess rates.
IEEFE Trans. Information Theory, 31(6):721-726, Nov. 1985.

N. Alon and J. H. Spencer. The Probabilistic Method. John Wiley and Sons,
Inc., 1992.

A. Barg and D. Forney. Random codes: Minimum distances and error exponents.
IEEE Trans. Information Theory, 48(9):2568-2573, Sept. 2002.

E. R. Berlekamp. Algebraic Coding Theory. 1968.

R. E. Blahut. Composition bounds for channel block codes. IEEE Trans. Infor-
mation Theory, 23(6):656-674, Nov. 1977.

S. Choi and S. S. Pradhan. A graph-based framework for transmission of cor-

related sources over broadcast channels. IFEFE Transactions on Information
Theory, 54(7):2841-2856, 2008.

G. Como. Group codes outperform binary coset codes on non-binary symmetric
memoryless channels. IEEE Trans. Information Theory (Submitted).

T. M. Cover and J. A. Thomas. FElements of Information Theory. John Wiley
& Sons, New York, 1991.

I. Csiszar. The method of types. IEEE Trans. Information Theory, 44(6):2505—
2523, Oct. 1998.

I. Csiszar and J. Korner. Graph decomposition: A new key to coding theorems.
IEEFE Trans. Information Theory, 1:5-12, Jan. 1981.

I. Csiszar and J. Korner. Information theory: Coding theorems for Discrete
memoryless Systems. 1981.

169



[17]

[18]

[19]

[20]

[21]
[22]
23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]
[33]

R. L. Dobrusin. Asymptotic bounds of the probability of error for the transmis-
sion of messages over a discrete memoryless channel with a symmetric transition
probability matrix. Teor. Veroyatnost. i Primenen, pages 283-311, 1962.

G. Dueck. Maximal error capacity regions are smaller than average error capacity
regions for multi-user channels. Probl. of Control and Inform. Theory, pages 11—
19, 1978.

G. Dueck. The strong converse of the coding theorem for the multi-user chan-
nels. Journal of Combinatorics, Information and System sciences, pages 187196,
1981.

A. G. Dyachkov. Random constant composition codes for multiple-access chan-
nels. Probl. of Control and Inform. Theory, pages 357-369, 1984.

H. G. Eggleston. Convexity. Cambridge University Press, Cambridge, UK, 1969.
P. Elias. Coding for noisy channels. IRE Convention Record, pages 37-46, 1955.

R. M. Fano. Transmission of Information: A Statistical Theory of Communica-
tion. MIT Press, 1961.

A. Fedotov, P. Harremoés, and F. Topsge. Refinements of Pinsker’s inequality.
IEEE Trans. Information Theory, 49(6):1491-1498, June 2003.

A. Feinstein. Error bounds in noisy channels without memory,. IEEE Trans. In-
formation Theory, 1(2):13-14, Sept. 1955.

R. G. Gallager. Transmission of Information: A Statistical Theory of
Communica- tion. MIT Press, 1961.

R. G. Gallager. A simple derivation of the coding theorem and some applications.
IEEE Trans. Information Theory, 11(1):3-18, Jan. 1965.

R. G. Gallager. Information theory and Reliable Communications. John Wiley
& Sons, New York, 1968.

R. G. Gallager. The random coding bound is tight for the average code. IFEFE
Trans. Information Theory, 23(2):244-246, Mar. 1973.

R. G. Gallager. A perspective on multi-access channels. IEEFE Trans. Information
Theory, 31(2):124-142, Mar. 1985.

E. N. Gilbert. A comparison of signaling alphabets. bell Syst. tech. J., 31:504—
522, May 1952.

B. Griinbaum. Convex Polytopes. McGraw-Hill, New York, 1976.

E. A. Haroutunian. Lower bound for the error probability of multiple-access
channels. Problemy Peredachi Informatsii, 11:23-36, June 1975.

170



[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

S. Janson. New versions of Suen’s correlation inequality. Random Structures
Algorithms, 13:467-483, 1998.

R. J. McEliece L. R. Welch and H. Rumsey. A low rate improvement on the elias
bound. IEEE Trans. Information Theory, 20:676-678, Sept. 1974.

V. L. Levenshtein. On the minimal redundance of binary errdrcorrecting codes.
Problemy Peredachi Informatsii, 10:26-42, June 1974.

H. Liao. A coding theorem for multiple-access communications. In Proc. Inter-
national Symposium on Information Theory.

Y. Liu and B. L. Hughes. A new universal random coding bound for the multiple-
access channels. [EEE Trans. Information Theory, 42(2):376-386, Mar. 1996.

A. Nazari, A. Anastasopoulos, and S. S. Pradhan. Error exponent for multiple-
access channels: Lower bounds. 2010. http://arxiv.org/abs/1010.1303.

A. Nazari, S. S. Pradhan, and A. Anastasopoulous. New bounds on the maxi-
mal error exponent for multiple-access channels. In Proc. IEEE Int. Symp. Inf.
Theory, July 2009.

J. Pokorney and H. S. Wallmeier. Random coding bounds and codes produced by
permutations for the multiple-access channels. IEEFE Trans. Information Theory,
31(6):741-750, Nov. 1985.

S. S. Pradhan, S. Choi, and K. Ramchandran. A graph-based framework for
transmission of correlated sources over multiple-access channels. IEEFE Trans Inf
Theory, 53(12):4583-4604, 2007.

P. Gacs R. Ahlswede and J. Korner. Bounds on conditional probabilities with ap-
plication in multi-user communication. Springer: Probability Theory and Related
Fields, pages 157-177, 1976.

C. E. Shannon. Two-way communication channels. In Proc. Berkeley Sym-
posium on Mathematics, Statistics, and Probablity, volume 10, pages 611-644,
1961.

C. E. Shannon, R. G. Gallager, and E. Berlekamp. Lower bounds on errro prob-
ability for coding on discrete memoryless channels (part i). Inform. and Control,
pages 65-103, 1967.

C. E. Shannon, R. G. Gallager, and E. Berlekamp. Lower bounds on errro proba-
bility for coding on discrete memoryless channels (part ii). Inform. and Control,
pages 522-552, 1967.

D. Slepian and J. K. Wolf. A coding theorem for multiple access channels with
correlated sources. bell Syst. tech. J., 52:1037-1076, 1973.

171



[48] R. Venkataramanan and S. S. Pradhan. A new achievable rate region for the
discrete memoryless multiple-access channel with feedback. In Proc. IEEE Int.
Symp. on Inf. Theory, June 2009.

172



