EECS 501 SOLUTIONS TO PROBLEM SET #7 Fall 2001

1. Let f;;(X) = 4,0 < X < 4; 0 otherwise (A is unknown). Let y = maz[z; ...z,)].
F,(Y)= [ <Y]=Primaz(z;...z,) <Y] =[]}, Prlz; <Y]=(H)"Y < A
fy(Y)="%F,(Y)=nY""1/A" 0 <Y < A; 0 otherwise (previous result scaled).

la. E[A] = E[y] = fo (YnY" 1/AM)dY = 25 A+ A — A is a biased estimator.
nL_I}\;[O E [121] = nL_I}\;[O — JrlA A — Ais an asymptotically unbiased estimator.
b, PrllA— Al > =PrlA < A—d = [2(ny"1/A")dY = (1 - £)™.
nLE\ﬁO PrilA— Al > ¢ = nlil\;[o(l -5 =0— Ais a (weakly) consistent estimator.

2, fm(X|>\) = 12, de X = e 22X for X; > 0.
0= £ log fupn(XIN) = F[Blog A\-AY0, Xi] = =500, Xi = Aee =5/ 30, Xio
Note that 22:1 X; is a sufficient statistic for Ay g: Don’t need individual Xj.

3. Given: fr|>\(R|)\) =X M R>0. L)) = %e"\/T, A>0.

3a. MLE: 0 = 2 log fox(R]A) = Z[logA — AR = 1 — R — Ayre(R) = 4. Note units.
3b. MAP: 0 = m[1og Fran(BIN) +log fL(N)] = Z[logA\—AR—1logT—\/T] = + —R—7 —
Avap(R)=1/(R+1/T)=T/(RT + 1)=1/(a priori+a posteriori).
(T —0)—=A=0— Aya p(R)A — 0 (a priori information about A predominates).
(T — 00) — fa(A) uniform— Apsap(R) — Apre(R) (a posteriori info predominates).
e S A A S S
NOTE: fy\r(A|R) = (R+ }/T)%*MRH/T), A > 0 = 2"-order Erlang pdf.
Recognizing this, read off Apsg(R) = E[Alr = R] =2/(R + 1/T) without integrals.
4 Duy wroolp(X1 -+ X100|P) = PE(1 — P)'9~K where K = $,°) X,=#heads.
da. %5[Klog P+ (100 — K)log(l — P)] = & — 100=K _, 5,/ p = K.
4b. prrse(K) = Ep| + %(K — E[k]). Need to plug into formula:

Elp] = L. E[k] = E,[E[k|p] = E[100p] = 100(}) = 50.
Elkp] = E,E[kplp] = E[100p%] = 100 [, P>dP = 33.33.
Mp = Elkp] — E[K]E[p] = 33.33 — 50(1) = 8.33.
M2
o} = Eylo?),] + Vary[Elk|p]] = E[100p(1 — p)] + 0%g0, = 120 — 100 1 104 170 — 850,

prose(K) =3+ 333 (K —50) = 0. 0098}%1{ +1) = &L (look familiar?).

NOTE: Can also compute prse(K) = 455 and note this is a linear estimator!



