
EECS 501 SOLUTIONS TO PROBLEM SET #6 Fall 2001

1. Let xi =
{

1 if ith toaster is dented (happens with prob. p)
0 if ith toaster not dented (happens with prob. 1− p)

. Let w =
∑n

i=1 xi.

E[xi] = 1(p) + 0(1− p) = p. E[x2
i ] = 12(p) + 02(1− p) = p. Both make sense.

σ2
xi

= E[x2
i ]− (E[xi])2 = p− p2 = p(1− p). Note symmetry between p and 1− p.

E[w] = nE[xi] = np = (2000)(.05) = 100. σ2
w = np(1− p) = (2000)(.05)(.95) = 95.

Pr[110 ≤ w ≤ 2000] = Φ[ 2000+
1
2−100√
95

]− Φ[110−
1
2−100√
95

] = 1.000− 0.835 = 0.165.

2. Recognizing (?) fx,y(X, Y ) ∼ N
([

0
0

]
, σ2

[
1 ρ
ρ 1

])
, we can plug into lecture result.

OR: Know fx(X) = 1√
2πσ2 e−X2/(2σ2) ∼ N (0, σ2) and fy(Y ) ∼ N (0, σ2) → E[y] = 0.

THEN: fy|x(Y |X) = fx,y(X,Y )
fx(X) = 1√

2πσ2
√

1−ρ2
e−(Y−ρX)2/[2σ2(1−ρ2)] after a bit of algebra.

SO: We recognize fy|x(Y |X) ∼ N (ρX, σ2(1− ρ2)) → E[y|x = X] = ρX →least-squares
predictor of y from observation x = X is ρX. Note what happens for ρ = 0 or ±1.

3. Φxi(ω) =
∫∞
−∞( 1

2δ(X − 1) + 1
2δ(X + 1))ejωXdX = 1

2 (ejω + e−jω) = cos ω.

y = 1√
n

∑n
i=1 xi → Φy(ω) = Φxi(

ω√
n
)n = cosn( ω√

n
) = en log cos(ω/

√
n) QED.

LIM
n→∞Φy(ω) = LIM

n→∞ cosn( ω√
n
) = LIM

n→∞ (1− ω2

2n )n = e−ω2/2 (easier to see here).

4. Let xi=#letters received on ith day, yn =
∑n

i=1 xi, and zn = yn/2=integer.

E[xi] = 1
4 (0) + 2

4 (2) + 1
4 (4) = 2. E[x2

i ] = 1
4 (0)2 + 2

4 (2)2 + 1
4 (4)2 = 6.

E[zn] = n
2 E[xi] = n. σ2

zn
= n

4 σ2
xi

= n
4 (6− 22) = n

2 → σzn =
√

n/2.

4a. 0.919 = Φ(1.4) = Pr[yn ≥ 40] = Pr[20 ≤ zn < ∞] = 1− Φ[ 20−n√
n/2

] = Φ[ n−20√
n/2

]

→ 1.4 = (n− 20)/
√

n/2 → (n− 20) =
√

n → n = 25 (neglecting Demoivre-Laplace).

4b. Pr[96 ≤ y50 ≤ 102] = Pr[48 ≤ z50 ≤ 51] = Φ[ 51+
1
2−50√
50/2

]− Φ[ 48−
1
2−50√
50/2

]

= Φ(0.3)− Φ(−0.5) = Φ(0.3) + Φ(0.5)− 1 = 0.618 + 0.691− 1 = 0.309.

4c. Pr[yn > 2n +
√

2n] = Pr[zn > n +
√

n/2] = Pr[ zn−n√
n/2

> 1] = Pr[ zn−E[zn]
σzn

> 1] '
1− Φ(1) = 0.159 (the Demoivre-Laplace correction is negligible for large n).

5. Let Ŝ = 1
n

∑n
i=1 xi → E[Ŝ] = nS

n = S and σ2
Ŝ

= nS(1−S)
n2 = S(1−S)

n ≤ 1
4n

(
worst
case : S = 1

2

)
.

Pr[|Ŝ − S| < 0.02] = Φ[ 0.02
1/
√

4n
]− Φ[ −0.02

1/
√

4n
] = 2Φ[ 0.02

1/
√

4n
]− 1 = 0.95

→ Φ[0.04
√

n] = 0.95+1
2 → 0.04

√
n = Φ−1[0.975] = 1.96 → n = 2401 (minimum n).




