
EECS 501 SOLUTIONS TO PROBLEM SET #4 Fall 2001

1.
{

z = z(x, y)
w = w(x, y)

}
=

{
z = x2 + y2

w = x

}
→ Inverse

{
x = x(z, w)
y = y(z, w)

}
=

{
x = w

y = ±√z − w2

}
.

|J | = |det

[ ∂z
∂x

∂z
∂y

∂w
∂x

∂w
∂y

]
| = |det

[
2x 2y
1 0

]
| = | − 2y| = 2| ∓ √z − w2| = 2

√
z − w2.

fz,w(Z,W ) = fx,y(x(Z, W ), y(Z, W ))/|J | = fx,y(W,+
√

Z−W 2)

2
√

Z−W 2 + fx,y(W,−√Z−W 2)

2
√

Z−W 2 .

fz,w(Z,W ) = 1
2πσ2

1√
Z−W 2 e−

Z
2σ2 , Z > 0, |W | < √

Z

fz(Z) =
∫∞
−∞ fz,w(Z,W )dW =

∫√Z

−
√

Z
1

2πσ2
1√

Z−W 2 e−
Z

2σ2 dW = 1
2σ2 e−

Z
2σ2 , Z > 0.

Note: z is an exponential pdf.

2. Try a 45o rotation:
[

z
w

]
=

[
1 1
1 −1

] [
x
y

]
→

[
x
y

]
= 1

2

[
1 1
1 −1

] [
z
w

]
→

x2−2ρxy+y2 = 1
4 [(z+w)2−2ρ(z+w)(z−w)+(z−w)2] = 1

2 [(1−ρ)z2 +(1+ρ)w2] →

fz,w(Z,W ) = 1
2

1

2πσ2
√

1−ρ2
e
− (1−ρ)Z2

4σ2(1−ρ2)
− (1+ρ)W2

4σ2(1−ρ2) = e−Z2/(4σ2(1+ρ))√
2π2σ2(1+ρ)

e−W2/(4σ2(1−ρ))√
2π2σ2(1−ρ)

.

Can easily see that fz,w(Z, W ) = [N(0, 2σ2(1 + ρ))][N(0, 2σ2(1− ρ))] = fz(Z)fw(W )

where N(0, σ2) represents a Gaussian pdf. Note |J | = 2; this is the 1
2 factor above.

Note: This problem will be much easier after we study covariance matrices later.

3. Since d = |x− y| is not differentiable, use method of events:

Fd(D) = Pr[d ≤ D] = Pr[|x− y| ≤ D] =
∫ ∫

|x−y|≤D
1 dX dY

Fd(D) =
{

1− (1−D)2 0 ≤ D ≤ 1;
1 for D ≥ 1

→ fd(D) = d
dD Fd(D) =

{
2(1−D) 0 ≤ D ≤ 1;
0 otherwise

.

Check: Fd(D) nondecreasing and continuous;Fd(−∞) = 0; Fd(∞) = 1;
∫∞
−∞ fd(D) = 1.

4a. 1 =
∫ 2

1
dY

∫ Y

1
dX AX =

∫ 2

1
A
2 (Y 2 − 1)dY = 2

3A → A = 3
2 .

4b. fy(Y ) =
∫ Y

1
3
2X dX = 3

4 (Y 2 − 1), 1 ≤ Y ≤ 2; 0 otherwise.

4c. fx|y(X| 32 ) = fx,y(X,3/2)
fy(3/2) =

3
2 X

3
4 ( 9

4−1)
= 8

5X, 1 ≤ X ≤ 3
2 ; else 0.

4d. Fz(Z) = 1− Pr[(y − x) > Z] = 1− ∫ 2

Z+1
dY

∫ Y−Z

1
dX( 3

2X)

Fz(Z) = 1− ∫ 2

Z+1
[ 34 (Y − Z)2 − 1]dY = 1

4Z3 − 3
2Z2 + 9

4Z, 0 ≤ Z ≤ 1; 0 otherwise.

Note: Inner integral 3
4 [(Y − Z)2 − 1] is just fy(Y − Z) from #4b.

Check: Fz(0) = 0; Fz(1) = 1. fz(Z) = d
dZ Fz(Z) = 3

4Z2 − 3Z + 9
4 , 0 ≤ Z ≤ 1; 0 otherwise.




