EECS 451 DIRECT TWO-SIDED Z-TRANSFORM
DEF: Z{z(n)} = X(z) =>_,_ ___ xz(n)z™" (compare to [ z(t)e *dt).
ROC: {z: X(z)converges}; has form r; < |z| < ry for some 71, 75.
May be: 0<|z|<r; 0<|z|<r; r<|zl<oo; 0<]z|<o0; 0< |zl <0
This matters; see below. Could usually ignore for Laplace xform.
Finite xz(n)=1{...0,0,3,1,4,2,5,0,0...}(x(0 )—4 ﬁnitelength—5)
length X (z) = 322 +z+4+22_1 +5z_2 (324 4 23 + 422 + 22 +5) /22,
signal ROC: 0 < |z| < 0o (converges except at 0 and oo). Z{d(n — D)} = 2z~ P.
Causal Z{a"u(n)} => " a"2""=1/1—az"') =2/(z —a).
expon- ROC: |az7!| < 1 — |z| > |a| for the series to converge.
entials EX: Z{(—%)”u(n)} = H%ﬁ ROC: |z| > | — %| = %
Sinu- Z{cos(won)u (n)} = 1 Z{e/*"u(n)} + 3 Z{e77*"y(n)} = (linear)
soids 41—k + 1T = el . ROC: |2 > [ei] = 1.
Anti- Z{—a"u(-n—-1)} = — Z:;(%)” =Y (&)= 1—_aa__1fz = 1_632_1.
causal ROC: |a™1z| <1 — |z| < |a] for the series to converge.
expon- Anticausal, but has same z-transform as causal a™u(n)!
ential POINT: Need to know ROC to get z(n) from X(z).
Two- Z{a"u(n) +b"u(-n —1)} = 7——= blz—l = atb bz eI
sided ROC: |a| < |z| < |b|; if |b] < \a\ then ROC empty (never converges)!
NOTE: zxform of sum—ROC=()(ROCs of each term).
Any Z{x(n>} — Z{xcausal (TL)} + Z{xanticausal(n)} (QS’(O) € Tcausal (TL))
= Z{> Aiplu(n)} + Z{>_ Biq'u(—n — 1)} for some poles p;, g;.
ROC: |largest pole of x qusar(n)| < |2| < |smallest pole of Zapticausat(1)]-
Small (magnitude) poles«>causal part; large poles«—»anticausal part.
ROC is always an annulus (ring) whose radii are successive poles.
Also: Z{iu(n-1)}=3"" 2" = —log(l—271). ROC: |2| > 1
if you recognize the infinite series; else no cigar. (But see p. 167.)
Note: Convolution<spolynomial multiplication: Z{z(n) *xy(n)} = X(2)Y (2).
Eigen- 2" — |h(n)| — 2" H(2): 2™ in— scaled 2™ out.
funcs h(n) * 2" = > h(i)z" " = 2" > h(i)z7! = 2"H(z).
of LTI 2" plays same role as e*! in continuous time.




LE 3.2 PROPERIVIES OF tHE Z-TRANSFORM
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TABLE 3.3 SOME COMMON Z-TRANSFORM PAIRS

Signal, x(n)

z-Transform, X (z) ROC
1 &(n) 1 All 7
2 u(n) f’:lz_-T 2l =1
3 au(n) i—-—_—lgz—_—r Izl > laj
~1
4 na*u(n) ET:._Z;‘_)—Z Iz} > laj
S luleD) — izl < laf
-1
&  ~na'u(-n—1) El_—a%—l? [zl < |a|
- 3l
7 {cos wgn)u(n) 7 —;z‘fco:za: = lzl > 1
. ~Usi
8 (sin won)u(n) i 2;‘1 :;;::_l_ pe= fz] > 1
9 (a” cos apm)u(n) = ;;-Tf:osz:sgzz-z Izt > laj
10 (a"sinwomu(n) @y Sitidy 21 > la|

1 -2az-'cosay + a2z-2




