EECS 451 CONTINUOUS AND DISCRETE TIME FOURIER TRANSFORMS

TYPE APPLICATION CONTINUOUS — TIME DISCRETE — TIME
2 — sided Atlanta Airport L{z(t)} = [T x(t)e *dt Z{zn]} =>" __zn]z™"
Example Inverse Rational L{e"u(t)} =1/(s — a) Z{a"u[n]} = z/(z — a)
EX : ROC Noncausal Stability {s : Re[s] > Rela]} {z:|z| > |a|}
1 — sided Initial Condition L{z(t)} = [J° x(t)e stdt Z{z[n]} => " jx[n]z"
Formula Differ. Equations L£{%} = sX(s) — (0) Z{z[n — 1]} = 271X (2) + z(-1)
Relation Fourier — Laplace — Z 5 = jw z =elv
Fourier Frequency Response ~ F{z(t)} = [*°_z(t)e™*'dt DTFT{z[n]} = > " __ z[n]e ="
Example yﬁ%i?y?ggffﬁg] Hw)=1/(jw—a) H(e*) =1/(1 — ae™7%)
Inverse Filter § Response a(t) = 5= [T X (w)ed* dw z[n] = 5= [7 X (eI¥)el dw
Example { (1) g L‘:}’l;;se h(t) = sin(wot) /(t) h[n] = sin(won)/(mn)
Series Periodic functions  x(t) = 3200 Xzel2™/T  DTFS :z[n] = SI0 ! Xpel2mmk/N
Coefficients Line Spectrum Xp =% fOTa:(t)e*jQ’Tkt/Tdt Xp, = & SN a[n)emd2mnk/N
DFT Discrete Spectrum X, = S0 gn]e—92mnk/N zln] = L SO Xy ed?mnk/N
Relation DFT — DTFT — Z Compute using FFT w=2rk/N z=el?mk/N
BIBO Stability Causal systems Polesin LHP : Relp,] <0 Poles inside unit circle : |z,| < 1

e DTFT X(e’%) of z[n] is periodic in w with period=27.

e DFT Xy, of z[n] is single period of periodic in k with period=N.
e IDFT xz[n| of X}, is single period of periodic in n with period=N.
e If x[n] is real, all Fourier transforms are conjugate symmetric:

o X (/) = X(e/®™ %)) and X} = Xn_g;

o X(e7¥) =372 sagcos(kw)+j > re, by sin(kw)

e | X (e’*)| and |Xy| are real, non-negative, and even in k;

e Real[X (e/¥)] and Real[X}] are real and even in k;

o Arg[X(e/%)] and Arg[X}] are real and imaginary in k;

e Imag[X (e’“)] and Imag[X}] are real and odd in k.




EECS 451 COMPARING CONTINUOUS AND DISCRETE
CONTINUOUS AND DISCRETE FOURIER SERIES

CONCEPT CONTINUOUS DISCRETE
Name Fourier Series DTFS
Periodic z(t) =x(t+T) x[n] = x[n + N]
Expansion z(t) =S oo Xpel2mkt/T z[n] = SO0 Xped2mhn/N
Coefficient Xi =+ fOTx(t)e_jzﬂkt/Tdt = § Lnco anle7i2mkn/N
Parseval Tfo lz(t)]2dt = > 00 | Xk|? NZ ]az[ & Z |Xk]2

T * oo * * N— *
Parseval & [ x(t)y(t)*dt = 300 XYy £ 300 wnlyln]* = 0 Xe Yy

EX: z[n]=1{...7,5,3,1,7,5,3,1,7,5,3,1...}. Compute DTFS.

Soln: Period=N=4 — Xk:% Zi:o x[n]e_jzmk/‘l:% Zi:o z[n](—j)"*
Coeft: X0_§(7+5+3+1):4. X1:%(7—j5—3+j1):1fj —+/2eIT/4,

1

4

Coeff: Xo=1(7-5 +3-1) =1. X3=1(7+j5-3-j1)=1+j=2e /4,

DTFS z[n]=4e70"+(1-j)e??™/4 f 1e74™/4 1 (14])ei0mn /4= 4+4+/2 cos(Zn—Z)+cos(mn)

since 6367rn/4:€—2j7rn/4:(_j)n and 6]47rn/4:€—j47rn/4:(_1)n:COS(ﬂ_n)

and Ap"+A*(p*)"=2|A| - |p|" cos(wn + 6) where A=|Ale’? and p=|p|e’*.

Also: Parseval: i(72—|—52—|—32—|—12):|4]2—|—]1 — G212+ + j]2=21.
CONTINUOUS AND DISCRETE FOURIER TRANSFORMS

CONCEPT CONTINUOUS DISCRETE
Forward X(w) = [T x(t)e I dt X(e?®)y =35> z[nleIen
Inverse z(t) = 5= [T X(w)e?! dw zln] = 5 [1_X(el¥)el“"dw
Delay Flzt—T)} = X(w)e 7vT DTFT{z[n — N]} = X (e?*)e 7N
1 |t| < % _ sin(wT/2) 1 ’nl S % __ sin(wN/2)
Pulse }—{{0 |t|>% = T o2 DTFT 0 ]n|>¥ ~ sin(w/2)

— 1 ]w| <W sin(W't) -1 {{ 1 |(,<_J’ <W } sin(Wn)
F 1 — —
Lowpass {{ 0 ’ | >W} - 7 DTFT =

0 otherwise mn

Relation F{x(t)} = L{z(t)}|s=jw DTFT{z[n]} = Z{x[n]}|

z=ew
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