EECS 451 GROUP DELAY, INVERSE, MINIMUM PHASE

Linear
phase:

X(e3%) = | X (e7%)|edARCIX ()] and ARG[X (e7%)] = —wD.
Delay: DTFT{6(n — D)} = e 79“P — ARG = —wD —linear phase.

1 fﬂ' 6—ij€jwndw: sinw(n—D)
-7

D not an integer— x(n) = 5- (D)

Group
delay:

Narrow
band:

Then:

where:
Delay:

To(w) = grd[X (e/¥)] = —%ARG[X(ej”)]:—slope of phase.

w
Phase must be unwrapped so that it is a continuous function.

x(n) = narrowband : X (%) = 0 unless |w| < A.
w(n) = x(n) cos(wen) — W(el*) = 0 unless w, — A < |w| < w, + A.

[w(n) = |Hap(2)| = y(n)] = y(n) = x(n —74) cos(won — wory — 6o)

ARG[Hyp(e'%)] & —wry — 0, for w, — A < |w| < w, + A.
Tq(wo) is "time delay” for signal components at w ~ w,.

Inverse

system:
Stable?

Causal?

z(n) — |h(n)| — y(n) — @ — x(n): i(n) "undoes” h(n).

h(n) «i(n) =d(n) — I(2) = 1/H(2). H(z) = $} — I(2)

Stable i(n) exists iff H(z) has no zeros on the unit circle.
Choose ROC of I(z) = 1?78 so that it includes the unit circle.
Stable+causal h(n) has stable+causal i(n) iff

H(z) has all poles+zeros inside unit circle< H(z) minimum phase.

Min.:
Phase

Factor-
ization

#1:
#2:

z(n) minimum phase<-all poles+zeros inside unit circle«
x(n) stable and causal and has a stable and causal inverse.

Any X (z) with no poles or zeros on the unit circle factors:
X(2) = Xpmin(2) Ximaz(2) = Xmin2(2) Xap(2).
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all
pass

Separate poles—+zeros inside/outside unit circle to get X,nin(2), Ximaz (2)-

"Flip” poles+zeros outside unit circle to inside to get X,in2(2).

Magnitude
compen-

H(z) (represents comm. channel) has zeros outside unit circle.
No stable4causal inverse filter: H(z) not minimum phase. BUT:

sation: 1/H,,;n2(z) is stable+causal and compensates magnitude (but not phase).

ARG[X4p(e%)] < 0 and grd[X,,(e’“)] > 0 for 0 < w < 7 (see p.352).

ARG[X (¢%)] = ARG[X pina(¢*)]+ ARG[X 1 (¢7)] < ARG[X pina(¢7)].
grd[X (e4)] = grd[ X min2(e7)] + grd[Xap(e?*)] > grd[X s (€],

Properties:

Phase lag:
Group lag:



EECS 451 APPLICATION OF MINIMUM PHASE

Given:

Goal:

z(n) — |H(z)| — y(n) where y(n) = z(n) — 2z(n — 1) « H(z) = 22,
This could be a communications channel with a large echo.
Determine a stable and causal inverse filter i(n) for h(n).

But:

I(z) = ﬁ = =25 — i(n) = 2"u(n) or i(n) = —2"u(—n — 1).

z—2

There is no stable AND causal inverse filter! What do we do?

Idea:
How?
Huh?

We can’t undo H(z). We CAN undo |H (e’*)|, but not ARG[H (e/%)].
Write H(2) = Hoin(2) Hap(2) = 52 = (2532 (3 2).

1
z 22—5

Reflect zero outside the unit circle to inside the unit circle.
Zero at 2 becomes a zero at % Note the all-pass filter.

Then:
So?

|H(e7%)| = |Hpmin (e?%)] - [Hap(e?“)| = |Hmin(e??)] (see overleaf).
Hpin(2), unlike H(z), HAS a stable and causal inverse filter.

Use:
Then:

where:

i(n) = Z_l{m} = Z" Y121} = (3)""tu(n) stable & causal.

1
T2

z
z— =

z(n) — |22 = y(n) — |5 ; | — w(n) approximation to z(n).

W (e39)| = | X (/)] but ARG[W (¢/*)] # ARG[X (¢/*)].

This is the best we can do, under constraints of stability and causality.

PRINCIPLE OF THE ARGUMENT

Fact:

Let:
Let:
Then:

Let H(z) have Z zeros and P poles INSIDE the unit circle.
H(2)| i = H(e7¥) = |H(eI%)|eIARGIH ()] a5 usual.

ARGI[H (e’%)] be the unwrapped phase response of the system.
ARG[H (e’*™)] = 2n(Z — P). If know P (usually do), can find Z.

Ll

Unwrapped phase at w = 2m — #zeros inside unit circle.

Don’t even need the magnitude response |H (e/“)|! Phase is enough!
See the back side of Problem Set #6 for an example of this.

If the unwrapped phase of a stable system at w = 27 is zero,

and the system is causal but h(0) # 0, then it is also minimum phase,
since #poles=#rzeros and all poles are inside the unit circle.



nergy lag: Elz](n) < ElZmina](n) where Elz](n) = >"1_,|z(i)|*. See below.
Proof: Consider effect of flipping a zero z, from inside to outside unit circle:
Let: X,ino(z) = Q(2)(1—z,27 1) and X(2) = Q(2)(z~1 —2}) where |z,| < L.

Note: |Xin2(e??)| = | X (e’*)] and Q(z) minimum phase + q(n) causal.

Then: [a2,,,,(n)| = lq(n) = zoq(n — 1)12 and 22(n)| = lq(n — 1) — z3q(n)[?.

min

And: 37 |22 ()] = Ei0 07 (9) (1+]20]%) —2Relzoq(i)g* (i+1)]] +1* (n)].

And: L7 |02(8)| = 201, [P () (147 °) —2Re[z0a(i)g" (i+ 1)+ |25 |12 (n) .
So: >0 |ziine ()] > S 2% (4)] since |22] < 1. Q.E.D.
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clear | | | | -
X1=(1.56,2.89,3.39,2.19,0.811; lwny "mpms "
: MUM F :
x2=10.81,2.19,3.39,2.89,1.56); | . == 2 EMIE"?
X3=[1.26,2.51,3.50,2.58,1.00]; |7 VALY, THettp e

¥4=[1.00,2.58,3.50,2.51,1.26]; VAN M Up PHASE (4 ¢
Al=-unwrap{angle (fft (X1,256))); | THE "”WRAFFED_;:}#g
AZ2=unwrap({angle (££ft(X2,256))); | Fep “E’“‘;@ T Sremier i
A3=unwrap (angle(fft (X3,256))}; &N THE Pe/erse sip f
Ad=unwrap(angle(fft(X4,256))}; CF uﬁp‘“"pﬁ&/w' ,’E' ;
T=l : 25 6%
plot(T,Al,’'-',T,A2,'.’,T,A3, ' -=',T,24, " ~."); A
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