EECS 451

INVERSE TWO-SIDED Z-TRANSFORMS

Given:

_ botbizt..+by 2™
X(2) = ap+taiz+...+anz "
X(z) _ __botbiz+.. Abarz™

z apz+a1z2+...fanzN+1

Assume M < N (else divide; see p.189).

__ RATIO OF TWO RATIONAL
- POLYNOMIALS ~—

Poles:

FUNCTION*
N+1

{0,p1...pNn} are roots of agz + ...+ anz = 0; assume p,, distinct.
Compute using "roots” in Matlab. a,, real—complex conjugate pairs.

Partial

fraction
expansion

X)) Aoy Ay 4 S28- since distinct poles: 0 # p1 # ... # pw.

z Z—P1
A, = (z —pn)X(2)/z evaluated at z = p,. OR: "residuez” in Matlab.
Coeffs also complex conjugate pairs.

NOTE: ppy1 =p), — Any1 = A

Causal
signal

Complex:
conjugate

X(z) =

z[n] = Apd[n|+ Ai1ptuln]+.. .—I—ANpR,u[n] is sum of geometric signals.

Ap™ + A*(p*)™ = 2| A||p|™ cos(won + ) where A = |A|e??;p = |p|elwo.
This is much easier than trying to use sines and cosines directly'

—~—. Term-by-term, compute Z~*:
N

EX #1:

. Write M
. Ag =
- X(2) =

(0 3)
— (0— 1)(0 2) o

. Ao

22—{—2

—(1-7)).

EX #3:

—

EX #4:
Partial

fraction A
expansion A
coeffi- A
cients A
compu-

tation A

o — 104 10 . Computed as follows:

3)(0-4)(0-5)
3)(1-4)(1

z—

2=0)X(2)/z]2=0 = 120/[(0

2= 1)X(2)/z]2=1 = 120/[(1 - 0)(
—2)X(2)/z]=2 = 120/[(2—-0)(2—

—3)X(2)/z]:=s = 120/[(3-0)(3 -
(2) (

| =
5)]
4)(2-5)] = -
4)(3-5
3)(4-5)

l\z

l\z

l\z

= (
= (
(
= ( )| =

( J=-5.
( —4)]=1

S since 2% — 32+ 2= (2 — 1)(z — 2).
3 A=
50[n] + 2u[n] — 3(2)"u[n].
z > Ta=am temap
b () -=7) — 7
i Ty 4"
X(Z) z +2z —l—32—}—4 z +2z +3z+4 z — (1+2Z_1—|—32_2+4Z_3) z
X(z)=120/[(z — 1)(z — 2)(z — )( 4)(,2—5)] ROC: {z: |z| > 5}.
U
1-2)(1—
—4)X(2)/2|,=4 = 120/[(4—0)(4—1)(4—2)(4—
) 1

3)(5

Inverse

z-xform

Simple real example: Compute causal inverse z-xform of m
“+%+“
1-3) _ __(@=3) _ 1
—7) =2. Ay = 2-0(2-1) — 2
1 z
22-2
: Simple comple:z: emample Compute causal inverse z-xform of
X - Aoy AL I since 2 22242 = (z—(14+7))(z
_ 2(0) _ 2(1+j)
- (0=(14+))(0=(1=7)) 0. A=
[n] +5(1—5)"uln] = 2(v2)" sin(§n).

What if there are multiple poles at the origin z = 07 Use this trick:

22(z—1) 23 z— Z—1

z[n] ={1,2,3,4} xu[n] = uln ]+2u[n—1]+3u[n—2]+4u[n—3]
@ = 71 + z— 4 +
1)(0— 2)
1)(2-3)(2—
1)(3-2)(3—
(
z—5)X(z)/z|.=5 = 120/[(5-0)(5—-1)(5—2)(5 —
|+ 5uln] —10(2)"u[n] +10(3)"u[n] — 5(4)"u[n] +

w[n] —d[n

1(5)"uln].

Note this is an unstable signal, since it blows up as n — oo.



PARTIAL FRACTION EXPANSIONS: COMPLEX POLES

Given: X(z) = z3+422_i82+8 (Chen p. 257). Find: Causal inverse z-transform.

Poles: 23 +42%2 4+ 82 +8 = (2 +2)(z — 2e7299) (2 — 2¢772:09) (from roots)

X(z) _ z—1 _ A B C c*
z  2(242)(2—2e72:09)(2—2¢—72:09) T 2 + z+2 + z—2e32.09 + z—2e—32-09

Form:

Residues: A = (z —0) Xiz) 2—0 = (0+2)(0_26j20.&;1)(0_26—j2.og) = -

ool

X(z —a—
B=(z2+4+2) i —- (_2)(—2—2ej2-029)(1—2—2e—j2~°9) =5

. j2.09 72.09 .
— §2.09) X (2) , _ (2¢7777—1)/2e _ —j2.29
C — (Z 26 ) > |Z_2€-72'09 — (2€j2‘09+2)(2€j2'09—2€j_2’09) — 0-196

—%5[71] —|—%(—2)”u[n] + (O.19)2”e~7(2'09"_2'29>u[n] + (O.19)2”6_~7(2'09"_2'29>u[n]
Using: Ap™ + A*(p*)" = 2| A||p|™ cos(won + ) where A = |A|e??; p = |p|ei«o,
Simplify: z(n) = —3d[n] + 3(—2)"u[n] + (0.38)2" cos(2.09n — 2.29)u[n].

NON-CAUSAL INVERSE 2-SIDED Z-TRANSFORMS

Given: X(z) = A;—%~+ ...+ Ay—2—. From before, can compute Z~!:

zZ—p1 Z—PN

. [ AupPu(n) if ROCC {|z| > [p1|}
Any of: z(n) = {—Alp’fU(—n —1) if ROCC {|z| < |p1|}
N { Anphu(n) if ROCC {|z] > |pn|}
—Anplu(—n —1) if ROCC {|z| < |pn|}"

ROC: Recall ROC has the form ROC:ﬂle{\z\ > |pn| OR|2| < |pnl}-
Thus: N + 1 possible inverse two-sided z-transforms of X (z), not 2%.
Individual choices above must be consistent to yield a valid ROC.

EX: X(z)=120/[(z —1)(z —2)(z — 3)(z — 4)(z — 5)]; ROC: 3 < || < 4.

PARTIAL: X(2) _ -1 5 10 10 5 1

FRACTION > — 2 T 721 22173 74271 7=5

INVERSE: _ u(n) _ 2"u(n)

7 xForMm (1) = —06(n)+5 { —u(—n—1) 10 { _9ny(—n — 1) +...

— —d(n) +5u(n) —10(2)"u(n) + 10(3)"u(n) + 5(4)"u(—n — 1) — 5"u(—n — 1)
since: ROC= {3 < |z| <4} C{|z| > 1,|2| > 2,|z] > 3, |z| < 4,]|z| < 5}.

Note: 6 different inverse z-xforms of X (z)! Need ROC to determine z(n).
ROCs: {|z] <1h{l<|z| <2h{2<|z|<3}...{4<|2| <bB}:{d < |2}



