EECS 206

LECTURE NOTES Fall 2005

INVERSE Z-TRANSFORMS

Given: X(z) = Z%il;iz; beaMZzN In EECS 206: Always have M < N.
X (2) botbizt...4byz™  _ RATIO OF TWO __ RATIONAL
z  agztaiz?+..4+anzNt1 T POLYNOMIALS =~ FUNCTION"®
Poles: {0,p;...pn} are roots of agz + ... +anxzV+! = 0; assume p,, distinct.
Compute using "roots” in Matlab. a,, real—complex conjugate pairs.
Partial Xiz) AO + ZA;I +.. 4 AN since distinct poles: 0 # p; # ... # pn.
fraction A, = (z —pn)X(2)/2 evaluated at z = p,. OR: "residuez” in Matlab.
expansion NOTE: p,,11 =p;, — A,4+1 = A}: Coeffs also complex conjugate pairs.
Causal X(z) = ~——. Term-by-term, compute Z~ L,
signal z[n] = A¢d[n]+ Aipluln]+...+ Axpluln] is sum of geometric signals.
Complex: Ap™ + A*(p*)" = 2| A||p|"™ cos(won + ) where A = |A|e?;p = |p|ei«o.
conjugate This is much easier than trying to use sines and cosines directly!
EX #1: Simple real example: Compute inverse z-xform of X (z) = ﬁ
1. Write@ AO+L+ﬁsincez2—3z+2:(z—1)(z—2).
_ __(0=3) (1-3) (2-3) 1
2. Ao — (0— 1)(0 2) 2 Al — 1-0)(1— 2) =2. Ay = (2— 0)(2 nH — "2
3. X(2) = 22f2—>x[ n] = —24[n] + 2uln] — 3(2)"u[n].
EX #2: Simple complex ea:ample: Compute inverse z-xform of X (z) = 22_272zz+2
X(z AT . . .
1. —i ) = %+Z(’(§1j)+2_(11_j) since 22—2z+(2 —)( z2—(147))(z—(1—7)).
_ 2(0 2(1+] .
2. 4= 0T 0. A= T J)) —J
EX #3: What if there are multiple poles at the origin z = 07 Use this trick:
X(Z) _z —;222(Z+?§+4 z +2zz§k3z+4zz — (1+22—1 —1—3,2_2—1—4,2_3) zil
— zn] ={1,2,3,4} xu[n] = u[n| + 2ujn — 1] + 3uln — 2] + 4u[n — 3]
EX #4: X(z )—120/[(,2—1)(2'—2)( 3)(z—4)(z—5)]
Partial @ = _71 + = 1 — 2102 + 2 10 — 4 + = 5 Computed as follows:
fraction Ay = (2—0)X(2)/z|.=0 = 120/[(0 1)(0—2)(0—-3)(0—4)(0—-5)] =
expansion A; = (z—1)X(2)/z],=1 =120/[(1-0)(1—-2)(1=3)(1 —4)(1 5)]
coeffi- Ay = (2-2)X(2)/2|.=2 = 120/[(2-0)(2—-1)(2-3)(2—4)(2-5)] = —
cients Az = (2—3)X(2)/z].=3 = 120/[(3—0)(3—1)(3—2)(3—4)(3—5)] =
compu- Ay = (2—-4)X(z2)/z]:=4 = 120/[(4-0)(4—1)(4-2)(4-3)(4-5)] = —5.
tation A; = (z—5)X(2)/z|.=5 =120/[(5-0)(5—-1)(5—-2)(5—-3)(5—4)] = 1.
Inverse x[n] —d[n] 4+ bu[n] —10(2)"uln] + 10(3)"u[n] — 5(4)"uln] + 1(5)"u[n].
z-xform Note this is an unstable signal, since it blows up as n — oo.



EECS 206 LECTURE NOTES Fall 2005
PARTIAL FRACTION EXPANSIONS: COMPLEX POLES

Given: X(z) = Z3+4§2_i8z+8 (Chen p. 257). Find: Inverse z-transform.
Poles: 23 + 422+ 82+ 8 = (2 +2)(z — 27299) (2 — 2¢772:09) (from roots)
Form: Xiz) = Z(z+2)(z_gej§33)(z—ze—j2-09) =2+ 5+ spemw + oo 7o 70
Residues: A = (z —0) Xiz) l.—0 = (0+2)(0_2€j29(;)1)(0_26_”09) =-1
B=(z+ Z)X.EZ) 2=—2 = (—2)(—2—269'2_-029_)(1—2—2e—j2-09) = %

2.09 §2.09 .
72.09\ X (2) (2¢72%9—1)/2e —j2.29
C= (Z 2e ) |z 2e32.09 = (2632 09 12)(2¢72-09 _2¢7—2.09) — = 0.19e

—20[n] +3(=2)"uln] + (0.19)2"eI (2-09m=2:29y[n] 4 (0.19)2" e~ (209n=2:29)y )]
Using: Ap™ + A*(p*)"™ = 2|A||p|"™ cos(won + 0) where A = |Ale??; p = |plelvo,
Simplify: z(n) = —3d[n] + 2(—2)"u[n] + (0.38)2" cos(2.09n — 2.29)u[n].

USE OF Matlab’s ”residue” AND ”residuez” COMMANDS:

L X(s) = S = K1+ B4 B X() = 14 it K=

7 Tgy L
Rl; = 2:+2 1 =& Rlp = 272 = 45,

>> [R1,P1,K1]=residue(B,A);[R1;P1;K1)’
>> 8.0000 -4.5000 1.0000 0.5000 1.0000

2. X(z) =22 =t K4 i

—3 1412 T 1— Z—l 1—L1z1
(%z 2—%z_1+1)|z_2+2,z L4+ 1=2+rem
X(2)=2+ —1527 — K =2
R,

(1—z1)(1—-32-1)

_1+5z_l _ . . —1+5Z_l R
1—1,-1 l2=1 = 8; Ry = = —9.

—1 =1
1—=z z B

>>B=[1 2 1];A=[1 -3/2 1/2];[R,P,K]=residuez(B,A);R;P;K]’
>>8.0000 -9.0000 1.0000 0.5000 2.0000

3. residuez is in the signal processing toolbox. What if it’s unavailable?
—1452""1 22 — 2245240
2132714127222 7 2332211240

Apply residue to 1

>> B=[-1 5 0];A=[1 -3/2 1/2 0];[R3,P3,K3]|=residue(B,A);
[R3;P3;K3]” >> 8.0000 -9.0000 0 1.0000 0.5000




