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The significance of tilt anisoplanatism is established, and a measurement theory, based on aperture-averaging
intensity scintillation, is developed. The theory is a direct extention of the technique currently used to determine
the isoplanatic angle as defined by Fried [J. Opt. Soc. am. 72, 52 (1982)].

By using this theory, a physically

realizable binary aperture-weighting function is derived for a particular case of interest. It is noted that direct
quantitative measurements of tilt anisoplanatism can also be made, under specific circumstances, by tracking the
relative centroid motion of a binary star pair. Thus independent verification of the remote-sensing theory for tilt
anisoplanatism, based on aperture-averaging

1.

scintillation measurements,

should be possible.

the angle between the received and transmitted
paths for which the average far-field transmit pow-

INTRODUCTION

The performance of all optical systems depends on the field

er will be reduced from its maximum value by a

of view over which they are constrained to operate. In
general, the term isoplanatic angle is used to note explicitly
the field angle region over which the performance does not
degrade by more than some specified amount. For conven-

factor of le.

tional optical systems it is often loosely defined as the field
of view over which spatial invariance,

and hence a well-

defined optical transfer function, can be assumed to exist.'
Outside this limited region, the system is said to be aniso-

planatic. Beyond what is implied by the loose definition
given above, the terms isoplanatism and anisoplanatism

are

rarely quantitatively applied to conventional systems.
Isoplanatism takes on a fundamental role in the field of
atmospheric optics, however, where its effects are apparent

and of considerable importance.1-9 For instance, even with
a perfect ground-based adaptive optics telescope it is impossible to form a diffraction-limited image of an angularly

extended astronomical body.1-3 Optical rays from different
regions of the body will pass through distinct sections of the
atmosphere, each of which has its own optical transfer func-

tion. Fundamentally, the telescope cannot correct for these
multiple transfer functions simultaneously, and a distorted
image will result. This effect may become noticeable for
different rays subtending angles as small as several arcseconds.
A similar problem exists when a ground-based adaptive

optics transmitter is pointed toward some distant object. In
most cases the adaptive compensation for the transmitter

In space-to-Earth optical communications systems, aniso-

planatism also plays a significant role.5 -7 Because both the

satellite and the ground station are in relative motion in
inertial space, the uplink and downlink paths will not be
collinear. In fact, the uplink beam will have to be pointed
ahead of the received downlink beam in order to reach the
moving satellite. This situation is analogous to that of a
marksman pointing ahead to strike a moving target. Thus a
ground-based adaptive optics communications transmitter
cannot perfectly correct the uplink beam by observing the
downlink from the satellite.
In many situations, the dominant effect of atmospheric
turbulence is to introduce random angle-of-arrival fluctuations into the transmitted or received beam.1'10 '1' Some
adaptive optical systems are designed to compensate only
for these tilt fluctuations. This is particularly true when the
diameter of the receive-transmit aperture is not much larger
than transverse coherence length of the atmosphere, because
tilt is the dominant degrading effect in this case. Therefore
a useful quantity is the anisoplanatic tilt error 0 0, defined as

the root-mean-squared difference in the angle-of-arrival
fluctuations observed along two distinct propagation paths.
This quantity will be a function of the receive-transmit
aperture diameter D, the zenith angle a, and the angular
separation 6a between the-two paths as well as of the proper-

would be determined by observing the atmospherically induced image distortion present in light received form a nearby optical source, such as a star. 4 Unfortunately, if the

ties of the propagation medium. In principle, 00 can be
measured directly by tracking the relative centroid motion
of a binary star pair, having angular separation ba, when

angle between the star and the object exceeds the isoplanatic
angle, then the receive and transmit paths will experience
different atmospheric distortions. Therefore the required
transmitter correction cannot be precisely inferred from this
observation, and the transmitted power reaching the object
will not be maximum. Under these conditions and assum-

viewed through a single telescope.'

ing a large transmit-receive
isoplanatic angle i0o as

aperture, Fried 4 has defined the

0740-3232/88/111929-08$02.00

2

Of course, such a bina-

ry star pair of sufficient brightness may not exist, and thus
an alternative measurement technique is required.
The importance of isoplantatic effects in the field of atmospheric optics has been recognized for some time, but it was

only recently that quantitative measurement techniques
were proposed. Two problems have hindered this effort.
First, some quantities, such as the isoplanatic angle do, are
© 1988 Optical Society of America
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virtually impossible to measure directly because spaceborne
equipment is required. Second, in order to evaluate the
theoretical expressions corresponding to these quantities,
the refractive structure constant profile of the atmosphere
must be known, and in general it is not. Therefore techniques for quantifying isoplanatic effects such as to must be
indirect.
It has been noted by many authors (see, e.g., Refs. 13-21)
that the spatial and temporal properties of stellar scintillations, as observed on Earth, can be used to infer information
about the atmospheric refractive structure profile. In particular, Loos and Hogge,'9 using aperture-averaging results
derived by Fried,2 2 have developed an elegant approach for
determining tSo. Walters23 and Stevens,24 along with Eaton
et al.,2 5 have refined the method and constructed equipment
based on the theory. The basic idea is to relate the isoplanatic angle to the variance of stellar scintillations measured

P0 (r)

given by

= 64

)J

X I2rD4 )
\y 64

)J

xP0 (r),Pj(r)dr,

(3a)

y'd

(3b)

yP 0 (r),Pj(r)dr,

where 0i(r) is the phase disturbance introduced into the ith
wave front by atmospheric turbulence.
The anisoplanatic tilt error 0ofor two wave fronts having
angular separation ba = al - a 2 is defined as
0o2 = ((a.,

a.2 )2 + (ay, - ay2)2 ),

-

(4)

where ( ) denotes the expectation operator. Fried' has
evaluated Eq. (4), producing the followingresult:
2

0o =

pensate only for tilt. In addition, for point-ahead angles 6a

corresponding to binary star pair separations, the anisoplanatic tilt error can be measured directly by tracking the relative centroid motion of these two stars. Thus independent
verification of the remote-sensing theory for anisoplanatism, based on aperture-averaging scintillation measurements, should be possible. This same opportunity for verification does not present itself when only isoplanatic-angle

(2)

where D is the diameter of the aperture and r = (x, y).
Fried'0 has shown that over the aperture the x and y tilts are

through a telescope whose aperture has been weighted by a

spatially varying intensity mask.
The purpose of this paper is to show that the above aperture-averaging scintillation approach can be extended to
measure the anisoplanatic tilt error 00. As noted above, 0ois
a fundamental quantity for adaptive optic systems that com-

J, Ir > 0.5D'

=

2.91

-64 D1/3

X W(v

-

+ 0.5 u

Cn2(z)
2

0.5u)(v
-

za

-

JJ

W(v + 0.5u)

0.25u2 )

[0.5 u + Zaa 5/3
3

(za)5/

5/3_u5/3_

]dvdudz,

(5)

where
U= lul,

8aI= a1,

v= IvI,

(t9o) data are available.

The remainder of this paper is divided into four sections.
In Section 2 an analytic expression for the anisoplanatic tilt
error 0ois derived. A similar expression was published previously,' but the result contains a typographical error. Section 3 derives the variance of the stellar scintillations in
terms of the telescope's spatial aperture intensity mask.
Section 4 combines the results of the two previous sections to
produce an integral equation representation of the mask
required to measure the anisoplanatic tilt error associated
with a 17.4-Mradpoint-ahead angle. This point-ahead angle
corresponds to an equatorial ground station (located at the
subsatellite point) communicating with a satellite in geosynchronous orbit. A solution for this integral equation is also
given. Finally, Section 5 summarizes the results of the paper.
2. ANISOPLANATIC

W(r) = {0

J

W(v + 0.5u) W(v - 0.5u)(v 2 - 0.25u 2 )dv
=

'/I6 [cos'(u) - (3u- 2u3 )(1 - u 2)'/2]. (7)

When Eqs. (5) and (7) are combined, the anisoplanatic tilt
error becomes

as

0o2 = 2.91 (1)

2r (axix+ aY),

(6)

follows:

TILT ERROR

The atmospherically induced, random tilt imparted to a
wave front propagating at a zenith angle ai can be modeled

>°°0.5

I

to,
IrlI> .5'
2
C. (z) is the atmospheric refractive-structure constant given
as a function of slant range z measured along the propagation path from the Earth, and Bais a vector of magnitude ba
equal to the angular separation between the paths and with
direction defined by the intersection of the plane containing
the propagation paths for wave fronts 1 and 2 and the transmit-receive aperture plane. In Ref. 1 the v integration in
Eq. (5) above is performed without derivation, and the published result contains a typographical error. The correct
expression, which is derived in Appendix A, should read as

2

D-1/3 | ' Cn2 (Z)fa(Z)dz,

1:1u[cos'1(u) -

(3u - 2u3 )(1 - u 2 )"/2 ]

(8)

(1)

where

where Xis the wavelength, x and y are the wave-front spatial
coordinates, and axzand a., are the x and y atmospherically
induced tilt components, respectively. For relatively small
apertures, removal of the tilt component given by expression
(1) closely corresponds to tracking the centroid of the degraded image.2 S2 8 Consider now a transmit-receive aperture whose size is defined by the pupil function

21 1

f (z) =

X f0.5[u

2

+ 0.5[u2

+ 2us cos(c) +
-

2 51

s ] /6

2us cos(w) + s2J5/6

s = zaa/D.

-

u5 /3

-

s5 /3Idudw,

(9)

(10)
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Although we do not know how to simplify Eq. (9), we can

I

evaluate it numerically as a function of s. This evaluation
has been performed for 0 • s • 2, and the results are plotted
in Fig. 1. This range of s is adequate

for a number of

practical cases. As an example, the point-ahead angle (6ca)
for a ground station-to-geosynchronous-satellite path lies
between 17 and 21 grad. The exact value depends on the
relative position between the ground station and the satellite. Considering a transmit-receive aperture diameter (D)

0.06

0.04

of 30 cm and a slant-path zenith angle of 45°, it follows that s

0.02

is less than 2 for all altitudes at which there is any significant
atmosphere (i.e., h < 20,000 m). The parameters described
above correspond to an optical heterodyne communications
system designed by the MIT Lincoln Laboratory. Using the
parameter values given above, fa(h) is plotted in Fig. 2.
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Fig. 1. Anisoplanatic tilt weighting function.
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the isoplanatic angle 00, can be approximated by measuring
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It is observed from Eq. (8) that the anisoplanatic tilt error is
independent of wavelength.
Since a, - a2, the nominal zenith propagation angle a is
given by
(11)

Therefore, if h denotes the height above the Earth, the
zenith-angle dependence for the anisoplanatic tilt error can
be written as
2

0o =

2.91 (16)2D-1/3 sec(a)

J

Cn 2 (h)fa(h)dh,

the received power fluctuations (i.e., intensity scintillations)
of the stars observed through a specially modified telescope.
We show below that the applicability of this technique can
be extended to the anisoplanatic tilt error measurements.
At any arbitrary point in the aperture of a telescope, the
amplitude and the phase of a received beam from a distant
object, such as a star, are statistical quantitites. Their statistical nature is due to the effects of atmospheric turbulence. Unlike the phase, which remains correlated over
points widely separated in the aperture, the amplitude rapidly decorrelates in distances of the order of millimeters or
centimeters. Thus the total power received by a large aperture fluctuates little because many small independent cells
within the aperture are averaged. It is for this reason that
the eye, which has a small aperture, can easily detect the
twinkling of stars that go unnoticed by a large telescope.
At a time t and position x in the telescope aperture, let I(x,
t) denote the intensity of the received light from a star
viewed at a zenith angle f3. In addition, let S(t) denote the
total instantaneous

Fig. 2. Anisoplanatic tilt weightingfunction versus altitude.

a = 0.5(al + a 2).

3. APERTURE AVERAGED INTENSITY
SCINTILLATION
Equation (12) indicates how the anisoplanatic tilt error 0O
can be computed. Unfortunately, this computation requires knowledge of the C,2 (h) profile, and such information
22
is usually not available. Using results derived by Fried,
9
however, Loos and Hogge' noted that a related quantity,

(12)

ues lie between zero and one. It immediately follows that

S(t)

=

J

P(x)I(x, t)dx.

(14)

If we let ( ) denote the statistical expectation operator over
time and a is the normalized variance defined by
2

([S(t) - (S(t))] 2)

(15)

[(S(t) )]2

then, assuming a Kolmogorov turbulence spectrum, it follows that (see Appendix B)

where

ad2= 4(27r)4 0.033 (

h = z cos(a).

power collected by a telescope, which

has an attenuating mask placed over its aperture. At each
point within the aperture, this mask can transmit between 0
and 100%of the incident light. Consequently, the mask will
be defined mathematically by the function P(x) whose val-

(13)

)2A-2 sec(O)A

2
C" (h)GO(h)dh,

(16)
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where

masks [defined by Eq. (24) below]of different radii Ro. This
A = J P(x)dx,

(17)

form of mask was chosen for exhaustive search because it

had been previously used successfully under similar circumstances.'

(18)

N(L)=|| pJO(Lp)P(p)dp
,
and

9

Recall that the function shown in Fig. 2 corre-

sponds to an optical communications link between a ground
station and a geosynchronous satellite. Assuming that the
scintillation measurements are made at a wavelength (X)of
0.5,4m and a zenith angle (/3) of 0 deg, then an approximate

aperture mask solution is given by the following 4.7-cmG

Jh
o,

=-8/3 2L

()

i

2

(19)

h sec(g)
dL
1 J*
47r

It has been assumed in Eq. (18) that P(x) is a circularly
symmetric function [i.e.,P(x) = P(Ixl)].
The similarity between Eqs. (12) and (16) is apparent. If
G#(h) could be made proportional to the fa(h) term in Eq.
(12), then the normalized variance of the scintillations (i.e.,
as ) Would give a measure of the anisoplanatic tilt error.
Note that Gf(h)is not a function of the Cn2(h) profile. GO(h)
depends only on X and on N(L), which is the modulus

squared of the Fourier-Bessel transform of the aperture
attenuation mask. The idea is to choose an aperture mask
[i.e.,pick P(p)] such that
GO(h)

cfa(h),

(20a)

where c is a constant of proportionality
average difference,

J

chosen such that the

20km

average difference =

-

[GO(h)- cf,(h)]dh,

is zero. If an accurate approximation

(20b)

to cf0(h) can be real-

ized, then the measurement of the received power fluctuations will givea measure of the anisoplanatic tilt error. Specifically, it follows from Eqs. (12) and (16)-(20) that
O0= 0.0964c'1/ 2AD'1/6X (seca)1/2
ksec /)~.(1

(21)

It can be shown from Eqs. (18) and (19) that Go,(h) is

diameter circle:
IpI < Ro = 2.35 cm

P(p) = 1,

(24)

IpI > Ro = 2.35 cm

With this solution Eq. (23) becomes
fa(h) , GO(h)

I

=

4 Jl

(LRO) L-8/3 sin 2L

(LR 0 ) 2

Jo,

[

2

h sec()XCL
4~r

]

(25)

The functions f,,(h) and c-'G,(h) are plotted for comparison
in Fig. 3 for h between 1 and 20 km.

Radiosonde balloon measurements of the C, 2(h) profile
indicate that 1 to 20 km is usually the principal range of
interest for isoplanatic effects,29'3 0 with the major contributions coming from atmospheric layers at altitudes between 7
and 11 km.

This is illustrated

by Table 1, which shows

CQ2(h) profile data collected by Barletti and Ceppatelli.30
By using these data in Eq. (12), along with the fa(h) weighting shown in Fig. 2, the contribution to the square of the
anisoplanatic tilt error (i.e., 0o2 ) is plotted in Fig. 4. It is
clear from Fig. 4 that contributions below 1 km and above 20
km are not large. Although Table 1 does not give data above
22.5 km, this altitude region is not significant, since CQ2 (h) is

proportional to the square of the atmospheric pressure at
altitude h,3 0 and atmospheric pressure decreases exponentially with height.
Local ground effects (not shown in Table 1) can cause

atmospheric turbulence to be quite high within the first few
meters of ground level.3' This ground-level turbulence

proportional to GO(h),provided that P(p) is replaced by
P[p COsi/2(/3)/Cosi/2(,)].

0 10

(22)

Therefore, if a suitable intensity aperture mask can be found
for a zenith viewing angle

/3,

then some linearly scaled ver-

sion of this mask can be used at any other viewing angle /'.
4. APERTURE MASK SOLUTION
The required telescope aperture intensity mask, P(p), is the
solution of an integral equation. This integral equation
followsimmediately from Eqs. (18)-(20) and is given by

81 3

E

0 06
LA.

CD
UJ

z 004
wU

002

sin 2 L 2 h sec(l)Xl

i

z0

(D

cfa(h)= Gfl(h)= | || pJ0(Lp)P(p)dP
L-

0 08

4

w

d.*

(23)

Although we are not able to solve Eq. (23) analytically for an
arbitrary fa,,(h),an approximate solution has been found for
the practical case given in Fig. 2. The solution was derived
by performing an exhaustive search of circular aperture

000

5

10

15

HEIGHT (km)

Fig. 3. Approximate anisoplanatic tilt weighting function.
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should not contribute appreciably to the anisoplanatic tilt,

2
Table 1. Measured Atmospheric Cn (h) Profilea
2

C, (h) m-

Altitude Range (km)

1.1

0-1

because the fa(h) weighting function is small in this region.

2 /3

It is possible that atmospheric conditions may exist for
which high- and low-altitude contributions cannot be neglected. Under these circumstances, an aperture mask having a closer fit to the desired weighting function should be
used.
The percent error, defined as

X 10-15

1.3 X 10-16
6.1 X 10-17
2.3 X 10-17
1.5 X 10-17
1.8 X 10-17
1.4 X 10-17
1.8 X 10-17
2.1 X 10-17
1.3 X 10-17
8.0 X 10-18
4.0 X 10-18

1-2
2-3
3-4
4-5
5-7.5
7.5-10
10-12.5
12.5-15
15-17.5
17.5-20
20-22.5

1933

percent error

=

C'Go(h)
fa(h) -fa(h)

(26)

is plotted in Fig. 5. It can be seen that the percent error
2
between 0 o2 and os is less than -20% over the 1- to 20-km

range. Similar results are obtained (by using slightly different aperture mask diameters) for other point-ahead angles

aSource: Ref. 30.

lying between 17 and 21 Mrad.

Finally, it is noted that the analysis in this paper assumes
30

a classical Kolmogorov turbulence spectrum, and the use of

this spectrum is customary. The Kolmogorovassumption is
predicated on the fact that an inertial subrange exists for
which the turbulence is locally isotropic and homogeneous.

LAY
Nc

Z

The Kolmogorov model is supported by a large amount of
evidence when the turbulence is well developed. The mod-

0
20

D

el's range of applicability throughout the entire atmosphere,
however, remains an area for research.
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Anisoplanatic tilt angle contribution versus altitud

Fig. 4.

15

The significance of isoplanatism for optical systems operating within the atmosphere is discussed. The anisoplanatic
tilt error 00is shown to be an important parameter for adaptive optical systems that correct only for angle-of-arrival
fluctuations. This error is defined as the rms difference in
the angle-of-arrival fluctuations observed along two distinct
propagation paths that form an angle debat the transmitreceive aperture.

It is demonstrated that the previously published analytic
expression for 00 contains a typographical error, and the
correct equation is derived. An indirect method for determining 00, based on aperture-averaged stellar intensity scintillation measurements, is proposed. The method is a direct
extension of the scintillation technique used to determine
the isoplanatic angle as defined by Fried. In contrast to the
isoplanatic technique, a separate spatial aperture mask is
required for each zenith propagation angle at which the
intensity scintillations are measured. Each mask, however,
is shown to be identical up to a linear scaling factor, as
indicated by expression (22).

0

Although direct techniques for determining the required
aperture-intensity mask for arbitrary ba are not presented, a
mask is found for a problem of practical interest. The prob-

cc
c.)

zw

SUMMARY

-5

lem is one of adaptive tilt correction in the presence of a 17.4-

a-

_grad point-ahead angle ba. This point-ahead angle corresponds to a transmitter on the ground and a satellite in
geosynchronous orbit. The aperture solution for a 30-cmdiameter transmit antenna and a 17.4-,gradpoint-ahead angle is found to be a 4.7-cm-diameter

0

5

10

15

HEIGHT (km)
Fig. 5. Error in tilt weighting function approximation.

_
20

circle.

Unlike the isoplanatic angle, the anisoplanatic tilt error
derived from scintillation data can be compared directly
with binary star measurements. This provides an opportunity to validate further the theoretical framework on which
several remote-sensing techniques are based.
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APPENDIX A

Combining Eqs. (Al), (A7)-(A1l), and (A13) produces the
desired result:

In this appendix Eq. (7) of the main text is derived:

J

W(v + 0.5u) W(v - 0.5u)(v

2

0.25u 2 )dv = g(u) + s(u),

-

J|

W(v + 0.5u)W(v - 0.5u)(v2 - 0.25u2)dv

(Al)

=

4/16

[cos'1 u - (3u - 2u3 )(1 - u2)1/2].

(A14)

where

g(u) =

JJ

(A2)

s(u) =

JJ

(A3)

W(v + 0.5u)W(v -0.5u)V2dv,

Therefore we can assume that u lies along the x-

coordinate axis in v space and write
g(u) = 4

B

In this appendix Eqs. (16)-(19) of the main text are derived.

W(v + 0.5u)W(v - 0.5u)(-0.25u2 )dv.

Note that g(u) is invariant under a coordinate rotation in v
space.

APPENDIX

(x2 + y 2 )dy

CI-u)/2dx
0

Jo

(A4)

(1-u)/2
= 4 Jo
fx2 [0.25 - (0.5u + x) 2 11/2
+ 1/3[0.25- (0.5u + x) 2 ]1'5Jdx.

The analysis closely follows that given by Loos and Hogge in

Ref. 19. The inner and outer scales of the turbulence are
neglected in the derivation given below, and weak-scintillation conditions are assumed. For a more thorough discussion of these issues see Ref. 24.

Let I(x) denote the intensity at a point in the telescope
aperture (before the attenuation mask), and let Io denote the
average value of I(x). Then the log amplitude x(x) at x is
defined by
I(x) = I0 exp[2X(x)].

(A5)

The covariance C,(p) of the log amplitude is given by

CX(p)
= ([x(x)- (x)][x(x')-(x)D,

On making the followingcoordinate substitution in Eq. (A5):
x = 0.5(s

(A6)

-u),

P = 1PI= Ix - x'l.

g(u) = 0.25

J

+ 1

2

(S -

J

2us +

2

U )(1

-

Similarly, the covariance Cj(p) of the intensity is defined by

S2)112ds

CI(P) = (11W - Io] VW) - IoD -

(1 _ s2 ) 3 /2 ds

(A7)

Equation (A7) can be evaluated by using the following
easily derivable definite integrals:
L

|s(

(I- S2)1/2ds = -0.5u(1-

(B2)

where

it followsthat

1

(B1)

s2)'12 ds =

'3(1-

U2)1/2 + 0.5 cos-' u,

U2)3/2

(A8)

0.125u(l

(1 - s2)3/2ds = 3/ cos' u -

u2 )1/2,

-

5

It can be shown [see Eq. (1.11) of Ref. 22)] that the log

amplitude and the intensity covariance functions are related
by
C1(p) = I0 2 jexp[4C'(p)] - 11.

(B5)

It will be assumed that C,(p) << 1 (i.e., weak turbulence);
then Eq. (B5) becomes

(A9)

CI(P) _

1024C,(P).

(B6)

From Table II, Eq. (T21) of Ref. 32, the log-amplitude

| s 2 (1 - s 2 )"/2 ds = 0.25u(1 - u2 )3 /2 + 0.125 cos-' u
-

(B4)

covariance function is given by
(A10)

/8u(l - u2 ) 1/2

C (p)= 47i2k 2

J

C 2(z) | LJo(Lp)4,n0(L)sin2(k )dLdz,
(B7)

+ 1/413(1 _- 2)1/2

(All)

From Eq. (A3)it followsthat
s(u) = -0.25u2

J|

W(v + 0.5u)W(v - 0.5u)dv.

malized power spectral density is33
(A12)

The integral on the right-hand side of Eq. (A12) is recognized as the area of overlap of two circles (diameters = 1)

separated by a distance u. On using simple geometry, it
then followsthat
s(u) = -0.25u2[0.5 cos'1 u - 0.5u(1 -

U2)1/2].

where 4bn(L)is the normalized power spectral density of the
turbulence refractive index. Assuming Kolmogorovturbulence (and neglecting inner and outer scale effects), the nor-

(A13)

(P°(L) = 0.033L-1 /3.

(B8)

Let P(x) denote the transmittance (in percent/100) of the
attenuation mask in front of the telescope. Then the total
signal power S collected by the telescope is given by

S = f P(x)I(x)dx,

(B9)
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and the normalized power variance as is defined by

- (S))2)i(S)2
Cs= ((SB

2
2
0S2= 4(27) 4 0.033k A-

K{J

N(L)L-'
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(B22)

Making the substitution

With Eqs. (B4) and (B5) and relation (B6), Eq. (B11) becomes

in Eq. (B22) produces the desired result:
or2= 4(27r)

JJP(x)P(x')Cx(p)dxdx',

(B23)

z = h sec /

(B11)

as - 4A-2

J

X sin2 (L2Z>dLdz.

dx/}7(S)2.
j P(x')[I(x') - 10]

P(x)[I(x) - IoJd

2
C, (z)

(B10)

Combining Eqs. (B9) and (B10) yields

0s=

J

1935

4

0.033 (12A) A-2 sec(/)

(B12)
X sin2[L'h sec()x

f

C" 2 (h)

IdLdh.

J

N(L)L-8/3
(B24)

where
A=

J

(B13)

P(x)dx.

Make the change of variables

p = x-x'

(B14)

and
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p = 0.5(x + x')

(B15)

in relation (B12). Then
2

= 4A-

2

fJ
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+ 0.5p)P(p'

P(p

-

0.5p)dp 'CX(p)dp.

(B16)

If we assume that P(x) is circularly symmetric, M(p) can be
defined as

J

(B17)

0S2=4A-2
= 4A- 2

X

JM(p)Cx(p)dp

Appl. Opt. 18, 828-833 (1979).

J

J. Opt. Soc. Am. 65, 65-68 (1975).
6. R. K. Buchheim, R. Pringle, and H. W. Schaefgen, "Lead angle

effects in turbulence compensating reciprocity tracking sys-

2rpM(p)Cx(p)dp.

(B18)

2

k

J

2
C" (z)

cdLdz.

J

(1977).
9. D. L. Fried, "Differential angle of arrival: theory, evaluation,
and measurement feasibility," Radio Sci. 10, 71-76 (1975).
10. D. L. Fried, "Statistics of a geometric representation of a wavefront distortion," J. Opt. Soc. Am. 55, 1427-1435 (1965).

11. D. L. Fried, "Optical resolution through a randomly inhomogeneous medium for very long and very short exposures," J. Opt.
Soc. Am. 56, 1372-1379 (1966).

12. B. L. Ellerbroek and P. H. Roberts, "Turbulence-induced angular separation measurement errors: expected values for the

Define N(L) by
4r 2 N(L) = 2wr

tems," Appl. Opt. 17, 165-166 (1978).
7. K. A. Winick, "Atmospheric turbulence-induced signal fades on
optical heterodyne communications," Appl. Opt. 25, 1817-1825
(1986).

8. D. P. Greenwood,"Tracking turbulence-induced tilt errors with
shared and adjacent apertures," J. Opt. Soc. Am, 67, 282-290

(B19)

pJO(Lp)M(p)dp.

(B20)

The right-hand side of Eq. (B20) is the Fourier transform of
the circularly symmetric function M(p). Since M(p) is the
autocorrelation of P(p), it immediately follows that
=

stellar speckle interferometry,"
Am. 72, 52-61 (1982).

f [f 2wrpJO(LPM(p)dp]L-8/3sin2f(2)

N(L)

3. D. P. Karo and A. M. Schneiderman, "Laboratory simulation of

5. J. H. Shapiro, "Point-ahead limitation on reciprocity tracking,"

It now follows from Eqs. (B7), (B8), and (B18) that
2

of

the size of the isoplanatic patch using a phase-correcting tele-

4. D. L. Fried, "Anisoplanatism in adaptive optics," J. Opt. Soc.

Combining Eqs. (B16) and (B17) yields

2
4(2wr) 0.033A-

Eng. 75, 20-29 (1976).
2. S. Pollaine, A. Buffington, and F. S. Crawford, "Measurement
scope," J. Opt. Soc. Am. 69, 84-89 (1979).

M(p) = M(p) = P(p' + 0.5p)P(p' - 0.5p)dp'.

aj2=

1. D. L. Fried, "Varieties of Isoplanatism," in Imaging through the
Atmosphere, J. C. Wyant, ed., Proc. Soc. Photo-Opt. Instrum.

J

pJo(Lp)P(p)dp

Combining Eqs. (B19) and (B20) yields

2
*

(B21)

SOR-2 experiment," Rep. No. TR-613 (Optical Sciences Company, Placentia, Calif., December 1984).
13. A. Peskoff, "Theory of remote sensing of clear-air turbulence
profiles," J. Opt. Soc. Am. 58, 1032-1040 (1968).

14. R. W. Lee and J. C. Harp, "Weak scattering in random media,
with applications to remote probing," Proc. IEEE 57, 375-406
(1969).

15. D. L. Fried, "Remote probing of the optical strength of atmospheric turbulence and of wind velocity," Proc. IEEE 57, 415420 (1969).

16. R. W. Lee, "Remote probing using spatially filtered apertures,"
J. Opt. Soc. Am. 64, 1295-1303 (1974).

1936

J. Opt. Soc. Am. A/Vol. 5, No. 11/November 1988

K. A. Winick and D. vL. Marquis

17. A. Rocca, F. Roddier, and J. Vernin, "Detection of atmospheric

turbulent layers by spatiotemporal and spatioangular correlation measurements of stellar-light scintillation," J. Opt. Soc.

Am. 64, 1000-1004 (1974).
18. G. R. Ochs, T. Wang, R. S. Lawrence, and S. F. Clifford, "Re-

fractive-turbulence profiles measured by one-dimensional spatial filtering of scintillations," Appl. Opt. 15, 2504-2510 (1976).

19. G. C. Loos and C. B. Hogge, "Turbulence of the upper atmosphere and isoplanatism," Appl. Opt. 18, 2654-2661 (1979).
20. S. F. Clifford and J. H. Churnside, "Refractive turbulence pro-

filing using synthetic aperture spatial filtering of scintillation,"
Appl. Opt. 26, 1295-1303 (1987).

21. J. L. Cacia, M. Azouit,and J. Vernin, "Wind and

CN

2

profiling

by single-star scintillation analysis," Appl. Opt. 26, 1288-1294
(1987).
22. D. L. Fried, "Aperture averaging of scintillation," J. Opt. Soc.
Am. 57, 169-175 (1967).
23. D. L. Walters, "Saturation and zenith angle dependence of

atmospheric isoplanatic angle measurements," in Effects of the
Environment on Systems Performance, R. B. Gomez,ed., Proc.

Soc. Photo-Opt. Instrum. Eng. 547, 38-41 (1985).
24. K. B. Stevens, "Remote measurement of the atmospheric iso-

planatic angle and determination of refractive turbulence profiles by direct inversion of the scintillation

amplitude

covari-

ance function with Tikhonov regularization," Ph.D. disserta-

tion (Naval Postgraduate School, Monterey, Calif., December

1985).
25. F. D. Eaton, W. A. Peterson, J. R. Hines, and G. Fernandez,

"Isoplanatic angle direct measurements and associated atmospheric conditions," Appl. Opt. 24, 3264-3273 (1985).

26. H. T. Yura and M. T. Tavis, "Centroid anisoplanatism," J. Opt.
Soc. Am. A 2, 765-773 (1985).

27. J. H. Churnside, M. T. Tavis, and H. T. Yura, "Zernike-polynomial expansion of turbulence-induced anisoplanatism," Opt.
Lett. 10, 258-260 (1985).

28. M. T. Tavis and H. T. Yura, "Scintillation effects on centroid
anisoplanatism,"

J. Opt. Soc. Am. A 4, 57-59 (1987).

29. J. L. Bufton, "Comparison of vertical turbulence structure with
stellar observations," Appl. Opt. 12, 1785-1793 (1973).
30. R. Barletti and G. Ceppatelli, "Mean vertical profile of atmo-

spheric turbulence relevant for astronomical seeing," J. Opt.
Soc. Am. 66, 1380-1383 (1976).

31. D. L. Walters and K. E. Kunkel, "Atmospheric modulation
transfer function for desert and mountain locations: the atmospheric effects on ro," J. Opt. Soc. Am. 71, 397-405 (1981).
32. R. S. Lawrence and J. W. Strohbehn, "A survey of clear-air

propagation effects relevant to optical communications," Proc.

IEEE 58, 1523-1545 (1970).
33. J. W. Goodman, Statistical Optics (Wiley, New York, 1985), p.
389.

