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Abstract—In this paper, statistical models for the efficient analysis of interconnect delay and crosstalk noise in the presence of
back-end process variations are developed. The proposed models
enable closed-form computation of means and variances of interconnect-delay, crosstalk-noise peak, and coupling-induced-delay
change for given magnitudes of variation in relevant process parameters, such as linewidth, metal thickness, metal spacing, and
interlayer dielectric (ILD) thickness. The proposed approach is
based on the observation that if the variations in different physical
dimensions are assumed to be independent normal random variables, then the interconnect behavior also tends to have a Gaussian
distribution. In the proposed statistical models, delay and noise are
expressed directly as functions of changes in physical parameters.
This formulation allows us to preserve all correlations and can
be very useful in evaluating delay and noise sensitivities due to
changes in various physical dimensions. For interconnect-delay
computation, the authors express the resistance and capacitance
of a line as a linear function of random variables and then use
these to compute circuit moments. They show that ignoring higher
order terms in the resulting variational moments does not result
in a loss of accuracy. Finally, these variability-aware moments are
used in known closed-form delay and slew metrics to compute
interconnect-delay probability density functions (pdfs). Similarly
for coupling noise and dynamic-delay analysis, the authors rely
on the linearity (Gaussian) assumption, allowing us to truncate
nonlinear terms and express noise and dynamic-delay pdfs as
linear functions of variations in relevant geometric dimensions.
They compare their approach to SPICE-based Monte Carlo simulations and report the error in mean and standard deviation of
interconnect delay to be 1% and 4% on average, respectively.
Index Terms—Coupling, crosstalk noise, delay metric, integrated circuit interconnect, process variation, RC trees, slew,
statistical modeling, timing analysis.

I. I NTRODUCTION

W

ITH PROCESS technologies shrinking to the nanometer regime, the impact of process variation on performance has become extremely critical [1]–[3]. Manufacturing
variations can be random in nature and cause significant discrepancies between the designed and the manufactured products. The importance of these variations is increasing rapidly
with the scaling of design dimensions. This is true since process
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sions, causing the relative impact of the process variations to
increase with every new technology generation [4]. Hence, it
is now vital that manufacturing variations be included within
timing analyses.
In addition to influencing timing, process variations also
impact signal-integrity issues such as crosstalk noise, couplinginduced delay, electromigration, IR drop, etc. When process
variations impact these parameters significantly, manufactured
products may experience unexpected reliability failures. Therefore, it is extremely important to include variability during
reliability analysis and optimization—this will minimize yield
loss due to reliability failures caused by process variation and
ensure a robust design across the entire process spread.
Process variation can significantly impact both device (front
end of the line) and interconnect (back end of the line) performance [5]. In this work, we focus on modeling the impact
of process variation on interconnect performance. The effects
of device-parameter variations are typically captured using a
corner-based analysis (based on the understanding that smaller
channel lengths always yield faster circuits, etc.). However, it
has been shown that corner-based analysis cannot be applied
to interconnect due to their context-dependent nature [6]. In
particular, for two different interconnect structures, when metal
thickness is increased, the delay of one structure can increase,
while that of the other structure may decrease [6]. This makes
it difficult to capture the impact of variability on interconnect
delay using traditional corner-based methods.
Recently, work was proposed to capture the effect of interconnect variability on timing. Liu et al. [7] proposes a
reduced-order modeling approach that includes manufacturing
variations. The authors suggest a mathematical framework
to perform variational analysis using model-order-reduction
techniques such as the passive reduced-order interconnect
macromodeling algorithm (PRIMA) [8]. However, the proposed approach is computationally expensive due to the lack of
closed-form expressions. A second drawback of the approach
is that it can only be used to predict the change in interconnect
delay due to deterministic values of the changes in the physical
dimensions. In reality, changes in physical dimensions are not
deterministic values but are random variables. Therefore, it is
required that an interconnect analysis framework be developed
that takes in probability density functions (pdfs) of the changes
in physical dimensions and outputs the pdf of the change in the
interconnect delay. In this paper, we propose a methodology to
achieve this objective.
This type of new interconnect-modeling approach must be
computationally efficient in order to be useful in incremental
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timing analysis and physical-design optimizations. This same
requirement has led to substantial recent effort in developing
closed-form metrics for nominal interconnect-delay calculation. Several of these metrics are briefly discussed in the next
section as background. In this paper, we incorporate variability
into these metrics and propose the use of closed-form
variational-delay metrics that can be used to efficiently predict
the mean and variance of interconnect delay in the presence of
uncertainty in the geometric dimensions. We also show that delay pdfs due to wiring variability are nearly Gaussian. This has
the added advantage that if the mean and the variance of the delay pdf can be computed efficiently, then any confidence point
in the delay calculation can be easily predicted.
Besides statistical-interconnect-delay analysis, we also analyze the impact of interconnect variations on signal-integrity
issues, such as crosstalk noise and coupling-induced-delay
degradation (i.e., dynamic delay). Accurate statistical modeling
of interconnect coupling requires accurate nominal models for
crosstalk noise and coupling-induced-delay change caused by
the simultaneous switching of aggressor and victim wires.
Modeling static noise has been a heavily studied topic and various static-noise models have been proposed that exhibit a high
degree of accuracy [9]–[14]. On the other hand, accurate estimation of crosstalk-induced delay remains a challenging task.
Typically, dynamic delay is modeled by replacing the coupling
capacitance between two wires by an equivalent ground capacitance based on the Miller effect [15]. A few other approaches
model dynamic delay by the superposition of a static-noise
waveform on the nominal switching waveform of the isolated
victim [16], [17]. These superposition-based approaches require accurate modeling of static noise and nominal victim
waveforms. These waveforms must then be properly aligned to
obtain worst case delay change [18]. In this work, we develop
a new nominal closed-form dynamic-delay model that uses
advanced waveform models such as Weibull, along with worst
case alignment, to obtain peak-crosstalk-induced delay degradation. This new model, along with existing static noise and
delay models, is then used to obtain statistical models of coupling effects under interconnect variations. By using our model,
the means and variances of the static-noise peak and the worst
case crosstalk noise can be expressed in closed-form expressions, thereby making the proposed analysis useful in statistical
noise-related physical-design optimizations.
The remainder of this paper is organized as follows. In
Section II, we propose a new approach for variational-delay
metrics. Sections III and IV discuss the statistical modeling of
static noise and dynamic delay, respectively. We then present
our results in Section V, before concluding in Section VI.
II. V ARIATIONAL I NTERCONNECT -T IMING M ETRICS
In this section, we develop variational delay metrics for
statistical-interconnect-timing analysis and performance optimization. We begin with a brief discussion of the existing nominal delay metrics before proposing our methodology to extend
these nominal metrics to include process variation.
Substantial work has been performed to develop accurate
metrics for calculating delay and transition time in RC on-chip

Fig. 1. Moment-based-delay-modeling flow and some existing nominal delay
and slew metrics as available in literature.

interconnects. Most of the existing metrics are moment-based,
requiring computation of circuit moments that are then translated to delay and slew. The circuit moments of an RC tree can
be computed efficiently by path tracing [19], [20]. The pth order
circuit moment (p > 1) of a node i (mip ) in an RC tree can be
expressed as
mip =




−Rik Ck mip−1 .

(1)

k

Here, the summation is taken over all nodes other than the
source node. Ck is the capacitance at node k and Rik denotes
the total overlap resistance in the unique paths from the source
node to the nodes i and k.
The existing delay modeling methodology and some of the
existing moment-based metrics for delay and slew computation
are summarized in Fig. 1. Some of the metrics shown in the
table are of closed form (Elmore [21], D2M [22], S2M [23],
Lognormal [24]) while others such as Weibull [25] and
h-gamma [26] require lookup tables. In this paper, we focus only on closed-form metrics. An excellent summary of
moment-based delay metrics can be found in [27].
In this section, we discuss a new approach to model
interconnect-delay while considering variability in the physical
dimensions. Once physical dimensions are mapped to electrical
parameters, the resistances and capacitances become correlated
random variables. Modeling these random variables as correlated pdfs and mapping these correlated pdfs to moments and
then to a delay metric is very complex and does not provide
any insight into the sensitivity of delay to variations in each
physical dimension independently. In our methodology, we start
by expressing electrical parameters as functions of changes in
the physical parameters. During mapping of these electrical
parameters to delay, we maintain this form in all intermediate
steps and finally express delay directly as a function of changes
in the physical parameters. The advantages of such a formulation are that it preserves all correlations and that it can be
very useful in evaluating delay sensitivities due to changes in
various physical dimensions. The formulation is also helpful in
timing analysis as it allows delays to be easily summed while
maintaining the correlations.
Our approach is based on the observation that the interconnect delay distribution with process variation considered is
Gaussian. This implies that interconnect delay can be expressed
as a linear function of variations in physical dimensions. This
point allows us to simplify complex expressions by truncating
them to their linear terms. The basic methodology of delay
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computation remains the same as the conventional approach
of Fig. 1. The steps in our approach are summarized below.
Each of these steps is then discussed in detail in the following
sections.
1) Express electrical parameters (resistances and capacitances) in terms of changes in physical dimensions.
2) Express moments in terms of electrical parameters and
hence in terms of changes in physical dimensions.
3) Express interconnect delay as a function of moments and
therefore in terms of changes in physical dimensions.
Find mean and variance of delay distribution as a function
of the statistics of variability in physical dimensions.
For simplicity, in the following discussion we consider variations only in metal width (W ), metal thickness (T ), and
interlayer dielectric (ILD) thickness (H). In particular, we ignore material constant variations (dielectric constant and metal
resistivity) and assume linewidth and spacing are perfectly negatively correlated, letting W be the independent variable. We
explain our approach for these three dimensions; however, there
is no restriction on the number of variables in our methodology.
The approach can be easily extended to include other variation
sources. We assume that the geometric variations are expressed
as Gaussian distributions and that variation in one dimension
is mutually independent with variations in other dimensions.
We point out here that the assumption of independence may
not hold for all processes and interconnect structures. However,
in these cases, the problem can be simplified by transforming
the dependent set of variables into uncorrelated variables by
using the principal component analysis (PCA) technique [34].
A similar concept is employed by statistical static timing analysis approaches to handle spatial correlation [35], [36]. Once
correlated variables are mapped into independent variables,
the modeling methodology proposed in this paper can then be
easily used by working on the transformed set of independent
principal components.
A. Mapping Physical Dimensions to Electrical Parameters
To first order, delay through an interconnect can be expressed
as the RC product of its resistance and capacitance. With any
change in the physical dimensions of the wire, its resistance
and capacitance also change, causing interconnect delay to
fluctuate. In order to model the impact of variability on wire
delay, we need to capture the effect of geometric variations on
the electrical parameters. The change in electrical parameters
due to variations in geometric dimensions can be captured by
the simple linear approximation shown in (2)
R = Rnom + a1 ∆W + a2 ∆T
C = Cnom + b1 ∆W + b2 ∆T + b3 ∆H.

(2)

Here, Rnom and Cnom represent nominal resistance and
capacitance values, computed when the wire dimensions are at
their nominal or typical values. ∆W, ∆T , and ∆H represent
the change in metal width, metal thickness, and ILD thickness,
respectively. The coefficients ai and bi are the modeling coefficients in the linearized model. This linear approximation shows
a high degree of accuracy for our purpose while remaining very
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Fig. 2. Cross section of a generic interconnect structure.

simple to use. Linear models similar to (2) have been proposed in earlier works on interconnect variability [28]. In [28]
the authors propose a methodology that requires a one-time
nominal capacitance extraction after which lookup tables are
used to calculate delta capacitances due to geometric parameter
variations. In this paper, we use empirical capacitance modeling
equations but any lookup table-based linear modeling approach
can be used in a similar manner.
For the simple structure shown in Fig. 2, the geometric parameters of interest are wire width (W ), interwire spacing (S),
ILD thickness (H) and metal thickness (T ). For the middle line
surrounded with two lines on the side, the line resistance and capacitances per unit length can be expressed using the following
equations:
R=

ρ
WT

CCoup
ε



0.023 
1.16
T
S
T + 2H
S + 2H

0.695
T + 2H
T
= 1.064 + 3.28
S
T + 2H + 0.5S

1.4148 
0.804
W
T + 2H
+
W + 0.8S
T + 2H + 0.5S

0.055 
3.542
W
2H
+ 0.831
.
W + 0.8S
2H + 0.5S

W
CGnd
=
+ 3.28
ε
H

(3)
The capacitance expressions are taken from [29]. The linear
modeling coefficients ai ’s and bi ’s can be readily computed by
evaluating the partial derivatives of capacitance and resistance
expressions given in (3) at the nominal point. The resistance
and capacitance expressions in terms of changes in physical
dimensions can now be written as




∂R
∂R
∆W +
∆T
R = Rnom +
∂W nom
∂T nom




∂C
∂C
C = Cnom +
∆W +
∆T
∂W nom
∂T nom


∂C
+
∆H.
(4)
∂H nom
We use the formulation of (4) in this paper. However, we
point out that this formulation is not critical to our approach
and any linearized models similar to (2) can be used in our
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Here, m1(nom) is the first moment evaluated at nominal resistance Ri(nom) and nominal capacitance Ci(nom) . We express
this by the following notation:


m1(nom) = m1 Ri(nom) , Ci(nom) .

(8)

The coefficients in (7) can be calculated by evaluating the
first moment at different values of R’s and C’s. For example,
2
the coefficient kW
can be computed by calculating the first moment when all resistances and capacitances are replaced by the
corresponding Ri(W ) and Ci(W ) . The expressions for each coefficient in terms of first-moment computation are given in (9)
Fig. 3. Simple RC tree.

framework. We now discuss how these electrical parameters
can be mapped to the moments.
B. Mapping Electrical Parameters to Moments
Once interconnect dimensions are mapped to the circuit parameters, the next step is the computation of circuit moments. For
deterministic resistance and capacitance values in an RC tree,
the circuit moments can be computed easily by path tracing
as described earlier. However, with interconnect variability,
the resistances and capacitances are now random variables. If
changes in physical dimensions (∆W, ∆T , etc.) are considered
independent normal random variables, then the resistance and
capacitance calculated using (2) are correlated normal random
variables. This adds significant complexity in the momentcomputation process, especially for higher order moments. We
illustrate moment computation with variability for the simple
RC tree example shown in Fig. 3.
The first moment at any node can be expressed as a function
of resistances Ri ’s and capacitances Ci ’s. For example, the first
moment at node 3 (without considering variability) in the above
circuit is given by
m31 = m1 (Ri , Ci ) = −R1 (C1 + C2 + C3 ) − R3 C3 .

(5)

With variations in physical dimensions, the resistances Ri
and the capacitance Ci are linear functions of random variables
(∆W, ∆T , etc.).
Ri = Ri(nom) + Ri(W ) ∆W + Ri(T ) ∆T
Ci = Ci(nom) + Ci(W ) ∆W + Ci(T ) ∆T + Ci(H) ∆H. (6)
Here, Ri(nom) and Ci(nom) are nominal resistance and capacitance, respectively. The coefficient Ri(W ) models the change
in resistance Ri with a change in width ∆W. Similarly, other
coefficients capture the delta resistance and delta capacitance
with respect to each physical dimension. All such coefficients
can be computed as discussed in Section II-A. Substituting Ri
and Ci from (6) into (5) gives
m1 = m1(nom) + kW ∆W + kT ∆T + kH ∆H + kW 2 (∆W )2
+ kT 2 (∆T )2 + kW T (∆W ∆T ) + kW H (∆W ∆H)
+ kT H (∆T ∆H).

(7)





kW = m1 Ri(W ) , Ci(nom) + m1 Ri(nom) , Ci(W )


kW 2 = m1 Ri(W ) , Ci(W )




kT = m1 Ri(T ) , Ci(nom) + m1 Ri(nom) , Ci(T )


kT 2 = m1 Ri(T ) , Ci(T )




kW T = m1 Ri(W ) , Ci(T ) + m1 Ri(T ) , Ci(W )


kW H = m1 Ri(W ) , Ci(H)


kT H = m1 Ri(T ) , Ci(H)


kH = m1 Ri(nom) , Ci(H) .
(9)
Equation (7) shows the first-moment expression as a function
of normal random variables representing variations in back-end
physical dimensions. Equation (7) contains higher order terms
and cross-product terms, thereby implying that the distribution
of the first moment is not exactly Gaussian. However, experimentally, we find that the higher order terms are not significant
and can be neglected without loss of accuracy (results are
detailed later in this section). By neglecting higher order terms,
the first-moment expression from (7) reduces to the following
equation:
m1 ∼
= m1(nom) + kW ∆W + kT ∆T + kH ∆H.

(10)

We can perform a similar analysis for the second moment.
The second moment can be expressed as a function of resistances, capacitances, and the first moments. For example, the
second moment at node 3 (without considering variability) for
the circuit in Fig. 3 is given by
m32 = m2 (Ri , Ci , mi1 )




= − R1 m11 C1 + m21 C2 + m31 C3 − R3 m31 C3 .
(11)
With variations in physical dimensions, Ri ’s and Ci ’s can
be replaced by their corresponding expressions from (6), and
similarly, m1 ’s can be replaced by the expression given in (10).
If we again keep only the linear terms, m2 can be expressed as
m2 ∼
= m2(nom) + AW ∆W + AT ∆T + AH ∆H.

Authorized licensed use limited to: University of Michigan Library. Downloaded on November 14, 2008 at 14:44 from IEEE Xplore. Restrictions apply.

(12)

AGARWAL et al.: STATISTICAL INTERCONNECT METRICS FOR PHYSICAL-DESIGN OPTIMIZATION

Fig. 4.

1277

First (left plot) and second (right plot) moment distributions with and without considering nonlinear terms.

Here, m2(nom) is the second moment evaluated at nominal
resistance Ri(nom) , nominal capacitance Ci(nom) , and nominal
first moment m1(nom) . We express this using the following
notation:
m2(nom) = m2 (Ri(nom) , Ci(nom) , m1(nom) ).

(13)

The coefficients in (12) can be calculated by evaluating the
second moment at different values of R’s, C’s, and m1 ’s


AW = m2 Ri(nom) , Ci(nom) , kW


+ m2 Ri(nom) , Ci(W ) , m1(nom)


+ m2 Ri(W ) , Ci(nom) , m1(nom)


AT = m2 Ri(nom) , Ci(nom) , kT


+ m2 Ri(nom) , Ci(T ) , m1(nom)


+ m2 Ri(T ) , Ci(nom) , m1(nom)


AH = m2 Ri(nom) , Ci(nom) , kH


+ m2 Ri(nom) , Ci(H) , m1(nom) .

(14)

Here, kW , kT , and kH can be computed as shown in (9).
We again point out that (12) and (14) show only the linear
coefficients. We can write a full expression of the second
moment (similar to (7) for the first moment); however, we again
find that the nonlinear terms are not significant and can be safely
ignored.
To test the linearity assumption, we consider the simple
configuration of Fig. 3. Nominal values for width and metal
thickness are chosen to be 0.8 µm, while nominal ILD height
was taken to be 0.55 µm. We consider a three-sigma tolerance
of ±0.1 µm in width and thickness and ±0.05 µm in ILD

thickness. We also assume that spacing is inversely correlated with width. Given these distributions of ∆W, ∆T , and
∆H, we plot the distributions of first and second moments at
node 3 with and without the nonlinear terms. Fig. 4 shows that
the two curves are nearly identical. The figure also shows that
the distributions of moments are Gaussian, and hence, the linear
approximations of (10) and (12) are extremely accurate.
We emphasize that truncating the moment expression to
contain only the linear terms is not critical to our approach.
The moments will finally be translated to a delay computation
(discussed in Section II-C) and we will show that it is feasible to
keep all nonlinear terms in that process. However, the number
of terms grows significantly for higher order moments and
retaining nonlinear terms does not provide appreciably better
results. Therefore, we propose using truncated linear expressions of moments to simplify the analysis with negligible loss
of accuracy.
To this point we have provided expressions for the first and
second circuit moments as a function of random variables
(∆W, ∆T , etc.). We have also shown that the moments have
Gaussian distributions and the complicated expressions of the
moments can be safely truncated to contain only linear terms.
This allows us to keep the expressions simple and tractable.
Furthermore, we have demonstrated that the coefficients in the
expressions of the moments can be easily computed in a manner
similar to the nominal moment computation. We now turn our
attention to mapping circuit moments to the delay metrics.
C. Mapping Moments to Delay Metrics
Once moments are expressed as functions of change in
physical dimensions, the next step is to map the pdf of these
moments to an interconnect-delay pdf. We begin by initially
analyzing the simple first-moment-based ln 2 ∗ Elmore (or
scaled Elmore) metric and later, we show how the approach
can be extended to more accurate higher order metrics such as
D2M [22].
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Fig. 5. Analytical delay distribution obtained using the statistical analysis
of the scaled Elmore metric compared to Monte Carlo simulations. Nominal
values (three-sigma tolerances) for metal width, thickness, and ILD height
were 0.8 µm (±0.1 µm), 0.8 µm (±0.1 µm), and 0.55 µm (±0.05 µm),
respectively.

We have already developed the expression for the first moment in (10). Hence, the scaled Elmore delay can be simply
expressed as


Delay = − ln 2 ∗ m1(nom) + kW ∆W + kT ∆T + kH ∆H .
(15)
To test the above expression, we reconsider the test case
used in Fig. 3. We perform 1000 Monte Carlo simulations and
measure 50% delay in each case. Fig. 5 shows the distribution
of delay measured from the simulations. The figure also shows
the pdf for the delay generated using (15). Two important
observations can be drawn from this figure: 1) a one momentbased metric is not sufficiently accurate for our purposes; and
2) the mean value of delay obtained using Monte Carlo simulations is very close to the nominal delay value. The implication
of the first observation is that we need to incorporate higher
order metrics to improve overall delay-estimation accuracy and
the second observation indicates that the pdf of delay can be
approximated using a Gaussian distribution.
We can also perform the above analysis by using the nontruncated expression of m1 . The delay will then be expressed as

Delay = − ln 2 ∗ m1(nom) + kW ∆W + kW 2 (∆W )2
+ kT ∆T + kT 2 (∆T )2 + kW T (∆W ∆T )

Fig. 6. Analytical delay distribution obtained using the statistical D2M metric
compared to Monte Carlo simulations. Nominal values (three-sigma tolerances)
for metal width, thickness, and ILD height were 0.8 µm (±0.1 µm), 0.8 µm
(±0.1 µm), and 0.55 µm (±0.05 µm), respectively.

in this paper [22]. We explain our methodology for D2M, but
the approach is independent of the metric and can be applied to
any other closed-form delay metric.
Using D2M, the delay in terms of moments can be expressed as
(m1(nom) + kW ∆W + kT ∆T + kH ∆H)2
.
D2M = ln 2 ∗ 
m2(nom) + AW ∆W + AT ∆T + AH ∆H
(17)
Analyzing the D2M expression in (17) is difficult, and hence,
we can write a series expansion of the D2M expression and
keep only the linear terms, as discussed earlier. The D2M
expression can then be rewritten as
(m1(nom) )2
D2M ∼
(1 + SW ∆W + ST ∆T + SH ∆H).
= ln 2 ∗ √
m2(nom)
(18)
Here, SW , ST , and SH can be calculated using
SW =
ST =

+ kW H (∆W ∆H) + kT H (∆T ∆H)
+ kH ∆H] .

(16)

We found that the distribution computed with (16) matches
that of (15) very closely. This further demonstrates that nonlinear terms can be ignored without loss of accuracy.
We have seen that first-order metrics are not sufficiently
accurate such that the mean and variance calculated using (15)
[or (16)] does not match well with Monte Carlo simulations.
Among higher order metrics, we choose D2M for our analysis

SH =

2kW
AW
−
m1(nom)
2m2(nom)
2kT
m1(nom)

−

AT
2m2(nom)

2kH
AH
−
.
m1(nom)
2m2(nom)

(19)

We apply (18) to the same configuration as was used in Fig. 5.
Fig. 6 shows the results as well as those from the Monte Carlo
simulations.
Equation (18) is a simple linear function of ∆W, ∆T , and
∆H. If ∆W, ∆T , and ∆H are independent random variables
with their mean values equal to zero and standard deviations
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In Section V, we test our approach on a variety of test cases. The
overall modeling flow is summarized below.
Given the following information:
1) a physical net;
2) process variation in geometric dimensions.
Perform the following steps for computing interconnect delay distribution.
1) Extract nominal resistance and capacitance of the net and
compute their linear coefficients [see (2)].
2) Evaluate first moment repeatedly and compute kW , kT ,
and kH [see (9)].
3) Evaluate second moment repeatedly and compute AW ,
AT , and AH [see (14)].
4) Compute SW , ST , and SH [see (19)].
5) Model delay distribution as Gaussian distribution
[see (18)].

Fig. 7. Analytical slew distribution obtained using the statistical S2M metric
compared to Monte Carlo simulations. Nominal values (three-sigma tolerances)
for metal width, thickness, and ILD height were 0.8 µm (±0.1 µm), 0.8 µm
(±0.1 µm), and 0.55 µm (±0.05 µm), respectively.

of σW , σT , and σH , respectively, then the mean and standard
deviation of delay in terms of the standard deviations in physical dimensions can be written as

D. Extension to Ramp Inputs
The statistical-delay and slew-modeling methodology proposed in the previous section can be easily extended to include
ramp-input waveforms. We use the probability density function
extension to ramp inputs (PERI) metric [30] for estimating the
delay and slew of the output given a saturated ramp input. Under this formulation, delay (D) and slew (S) are formulated as
D = (1 − α)µ + αM

(m1(nom) )2
E(D2M) = ln 2 ∗ √
m2(nom)
(m1(nom) )2
Stdev(D2M) = ln 2 ∗ √
m2(nom)
×

2 σ 2 + S 2 σ 2 + S 2 σ 2 ). (20)
(SW
W
T T
H H

For the example of Fig. 6, the mean and standard deviation of
the delay computed using (20) are 64.9 and 1.7 ps, respectively.
These numbers match well with the 64.7 and 1.7 ps found using
Monte Carlo simulations. We point out that the test case used
to this point includes a rather wide line for which the variability is relatively small (three-sigma/mean for this linewidth is
12.5%). This results in only a small amount of delay variability.
We will see in the results section that a net taken from an
industrial-microprocessor design exhibits a quite substantial
spread in interconnect delay using realistic uncertainty tolerances and the proposed models continue to perform well in
such cases.
The above methodology can also be applied to slew computation. Fig. 7 compares the derived analytical slew distribution
using the slew metric S2M [23] with Monte Carlo simulations
for the same test case. The figure shows that the proposed
methodology works equally well for slew as for delay.
The advantage of (18) lies in its simplicity, making it useful
in evaluating delay sensitivity to variation in a particular physical dimension. This equation preserves the closed-form nature
of the nominal delay metrics and can be used to calculate the
standard deviation of interconnect delays in an efficient manner.

α=

2m2 − m21
2m2 − m21 +

5
2
2
TR
12

m2
µ = − m1 M = ln(2) · √ 1
m2
S=




ln2 (9) · (2m2 − m21 ) + 0.82 · TR2 .

(21)

Here, m1 and m2 are the first and second circuit moments, µ
is the Elmore delay [21], M is the D2M delay metric [22], and
TR is the rise time of the input signal.
To include the impact of process variations in the above
model, circuit moments m1 and m2 are replaced by the statistical expressions given in (10) and (12), and the resulting
equations are further simplified by applying Taylor-series expansions. Finally, all higher order terms in ∆W, ∆T , and ∆H
are removed. The final expressions for D and S obtained in this
manner are given by
D∼
= Dnom + (1 − αnom )∆µ − ∆α · µnom
+ ∆α · Mnom + αnom ∆M
5
(∆m2 − m1 ∆m1 )
· α · TR2 ·
T2
12
(2m2 − m21 ) · 2m2 − m21 + 12R


2∆m1
∆m2
∆M = − Mnom ·
+
m1
2m2


ln2 (9) · (∆m2 − m1 ∆m1 )
S∼
. (22)
= Snom · 1 +
2
Snom
∆α =
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Fig. 8. Analytical delay distribution for saturated ramp input obtained using the statistical PERI method compared to Monte Carlo simulations. The
Gaussian-fit curve shows Gaussian fitting to the HSPICE mean and standard
deviation. Nominal values (three-sigma tolerances) for metal width, thickness,
and ILD height were 0.5 µm (13%), 0.4 µm (16%), and 0.3 µm (19%),
respectively.

Here, ∆m1 (= kW ∆W + kT ∆T + kH ∆H) and ∆m2 (=
AW ∆W + AT ∆T + AH ∆H), representing variability terms
in the first and second moments, can be computed in a manner
discussed in the previous section.
In order to verify this result, we compare the analytical model
with SPICE-based Monte Carlo simulations. The probability
plots for one random test case are shown in Fig. 8. For this test
case, the values for W , T , and H were randomly chosen to be
0.5, 0.4, and 0.3 µm, respectively, and their 3-σ variabilities
were selected to be 13%, 16%, and 19%, respectively. The figure shows histograms obtained using Monte Carlo simulations
and compares them to two Gaussian distributions. The first
Gaussian pdf was obtained by fitting a Gaussian distribution to
the mean and standard deviation obtained using Monte Carlo
simulations. A good fit of this Gaussian pdf to Monte Carlo
simulations verified the linearity (Gaussian) assumption. The
second Gaussian pdf was obtained by using the analytical
model proposed in this section. The mean and standard
deviation of delay computed using the analytical model were
190.4 and 8.7 ps, respectively. These numbers match well with
the values of 191.5 and 8.7 ps found using Monte Carlo SPICE
simulations.
III. S TATISTICAL M ODELING OF S TATIC N OISE
In this section, we discuss the impact of process variation
on static crosstalk noise in coupled RC interconnects. Static
noise is defined as the noise pulse induced on a quiet victim
net due to the switching of neighboring aggressors. Static noise
can result in functional failures due to false switching of the
victim line. For the first order, the magnitude of static noise is
directly proportional to the ratio of coupling capacitance to total
ground capacitance. This causes the noise magnitude to be very
sensitive to variations in metal width and interwire spacing,

Fig. 9. Crosstalk-noise waveforms as obtained by Monte Carlo simulations.
Nominal values (three-sigma tolerances) for metal width, thickness, and ILD
height were 0.4 µm (25%), 0.75 µm (21%), and 0.3 µm (17%), respectively.
Nominal interwire spacing was 0.45 µm and it was inversely correlated with
width.

and small variations in these dimensions can result in large
fluctuations in the noise peak. To demonstrate this claim, we
consider a simple coupled RC-interconnect test case. The width
(W ), thickness (T ), spacing (S), and ILD layer thickness (H)
for the interconnect lines were randomly chosen to be 0.4, 0.75,
0.45, and 0.3 µm, respectively. Moreover, the variation in W ,
T , and H were taken to be 25%, 21%, and 17% of the nominal
values, respectively (recall that we consider W and S to be
perfectly inversely correlated). Fig. 9 shows the spread of noise
waveforms obtained using HSPICE Monte Carlo simulations.
The figure shows that for this test case, the noise peak varies
from approximately 160 to 235 mV, thereby implying that
variation in noise due to process variation can be significant
and should be modeled accurately.
We use the nominal static-noise-peak model proposed in [13]
for our analysis. This model approximates victim and aggressor
RC-distributed interconnects by a six-node symmetric template
as shown in Fig. 10. By solving this template, the noise peak
induced on the victim line is given by
−

Noisepeak

tR

1 − e tV
tX
=
·
t
− R
tR
1 − e tA

p

(23)

q

where
tX = CX · (RV + RV L );

q=

tV
;
tV − tA

p=

tV = CV L · RV + (CV M + CX ) · (RV + RV L )
+ CV R · (RV + RV L + RV R )
tA = CAL · RA + (CAM + Cveﬀ + Creﬀ )
· (RA + RAL ).
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Also, tR is the rise time for the saturated-ramp-input signal
at the aggressor line. Creﬀ and Cveﬀ are the effective capacitances for the right half of the aggressor and the victim line,
respectively, as discussed in [13].
In the presence of process variations, all resistances and
capacitances shown in Fig. 10 become correlated random variables. These random variables are modeled as linear functions
of changes in physical dimensions [see (6)]. These resistances
and capacitances can then be substituted in the tX , tV , and tA
expressions. These expressions are then simplified by neglecting higher order terms of ∆W , ∆T , and ∆H. This assumption
is highly accurate because ∆W , ∆T , and ∆H are small quantities, and hence, higher order terms containing multiplications
of these quantities can be safely ignored. This approximation
also preserves linearity with respect to the process variations.
Under these assumptions, tX , tV , and tA are given by
tX = (TX + ∆TX ) = TX + xw ∆W + xT ∆T + xH ∆H
tV = (TV + ∆TV ) = TV + νw ∆W + νT ∆T + νH ∆H
tA = (TA + ∆TA ) = TA + aw ∆W + aT ∆T + aH ∆H.
(24)
Here, TX , TV , and TA are nominal values. The results from
(24) can now be substituted in the Noisepeak expression of (23).
However, this results in a highly complex function with various
nonlinear terms appearing in a very complicated manner. This
new expression is stepwise reduced by using Taylor-series
expansions. At each reduction step, higher order product terms
containing ∆W , ∆T , and ∆H are ignored. Finally, we arrive
at an expression for Noisepeak that is a linear function of ∆W ,
∆T , and ∆H. This expression is given by
Noisepeak ∼
= (Noisepeak,nom + ∆Noisepeak )


∆TX
∆Noisepeak = Noisepeak,nom ·
+ M ∆TV + N ∆TA
TX


T
− TR
V
B
1
−
e

M=
· ln 
T
− R
TV − TA
1 − e TA
−

TR

A · TR
e TA

+
·
2
T
TA
− TR
1−e A


T
− TR
V
A
1
−
e

N =−
· ln 
T
− TR
TV − TA
1−e A
−

TR

B · TR
e TV

−
·
2
T
TV
− TR
1−e V
A=

TA
TV − TA

B=

TV
.
TV − TA
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Fig. 10. Six-node circuit template for coupling noise estimation as used
in [13].

The above formulation is linear with respect to variations in
physical dimensions, thereby implying that for normal distribution functions for W , T , and H, the distribution of Noisepeak is
also normal. To verify the statistical noise-peak model proposed
in (25) with respect to HSPICE Monte Carlo simulations, we
consider a pair of 15-segment RC interconnects and apply a
saturated ramp input at the aggressor line with a rise time of
110 ps. The width, thickness, spacing, and ILD thickness are
randomly taken to be 0.55, 0.44, 0.4, and 0.3 µm, respectively.
The 3-σ normal variabilities in the abovementioned parameters
are also randomly chosen as 14%, 30%, and 15% of the nominal
values, respectively. Again, spacing is considered to be inversely related to width (pitch is constant). Our model is based
on the assumption that under normal distributions of process
variations, the static-peak-noise distribution is also Gaussian.
To test this assumption, we look at the quantile–quantile (q–q)
plot of the noise-peak distribution obtained from HSPICE simulations and compare it with the analytical model. The q–q plot
is a graphical technique for determining if two data sets come
from populations with a common distribution. A q–q plot is a
plot of the quantiles of the first data set against the quantiles
of the second data set, where a quantile indicates the fraction
(or percentage) of points below the given value. Fig. 11 shows
this comparison and demonstrates that the q–q plots of HSPICE
simulations and the analytical model match very well. The
figure also shows that the distributions fall along a 45◦ reference
line, thus validating the proposed model. Fig. 12 shows these
results using histograms and Gaussian pdfs. Once again, it is
clear from this figure that noise-peak distribution is Gaussian
and the mean and variance of this distribution as obtained using
the analytical model match well with Monte Carlo results.
The impact of noise on functional failures is typically characterized by noise-immunity curves. In this section, we proposed
a method for the statistical modeling of crosstalk-noise peak
under process variations. Under linearity assumption, the approach can be extended to model other parameters such as noise
width or area in a similar manner. These noise parameters (peak
and area) should then be compared against statistical noiseimmunity curves to fully characterize the impact of process
variations on functional failures. In this work, we focus on
noise-peak modeling, but future work will extend this model
to consider this effect.
IV. D YNAMIC -D ELAY M ODELING

(25)

Dynamic delay is defined as the signal delay on the victim line when both the aggressor and the victim switch
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Fig. 11. q–q plots for noise peak: (Left) HSPICE results versus Gaussian distribution (with same mean and standard deviation as obtained from SPICE
simulations) with 45◦ reference line. (Right) SPICE result versus the analytical model with 45◦ reference line. Nominal values (three-sigma tolerances) for
metal width, thickness, and ILD height were 0.55 µm (14%), 0.44 µm (30%), and 0.3 µm (15%), respectively. Nominal interwire spacing was 0.4 µm and it was
inversely correlated with width.

simultaneously. It is well known that an adjacent switching
aggressor can either slow down or speed up a victim depending
on its switching polarity with respect to the victim. The victim
becomes slower in the case of out-of-phase switching and faster
due to in-phase switching. The delay push-out during outof-phase switching is a major concern due to the possibility
of setup-time failures, and hence, must be accounted for in
order to ensure correct operation of the circuit. In this section,
we discuss dynamic-delay modeling with and without process
variations.
A. Nominal-Delay-Noise Model
Dynamic delay can be modeled by the superposition of
the static-noise waveform on the isolated victim waveform.
In [33], and subsequently in [16], previous authors have used
this principle to describe dynamic delay. In [16], static noise
is approximated by a linear ramp followed by a decaying
exponential term. The isolated victim waveform is modeled as
an exponential function. The two waveforms are superimposed
and the new 50%-delay point is computed analytically. However, some problems with this approach are the fact that the
waveform approximations are not highly accurate and some parameters required for waveform modeling are extracted through
the curve fitting of HSPICE results. This model predicts dynamic delay as a function of the relative switching times of
the aggressor and victim wires. It is often the case that the
designer is only interested in the worst case delay change and
this value can be accurately computed by considering the worst
case alignment of victim-and-aggressor switching [18]. In this
section, we first develop a new dynamic-delay model that uses
accurate waveform modeling along with worst case alignment
to compute for worst case dynamic delay.
Our dynamic-delay model is based on the superposition
principle, as in [16] and [33]. Hence, accurate estimation of
dynamic delay requires accurate modeling of both the static

Fig. 12. Analytical noise-peak distribution compared to Monte Carlo simulations. The Gaussian-fit curve shows Gaussian fitting to the HSPICE mean and
standard deviation. Nominal values (three-sigma tolerances) for metal width,
thickness, and ILD height were 0.55 µm (14%), 0.44 µm (30%), and 0.3 µm
(15%), respectively. Nominal interwire spacing was 0.4 µm and it was inversely
correlated with width.

noise and the isolated victim switching waveforms. Static noise
can be modeled using the approach discussed in the previous
section. However, modeling of the entire victim switching
waveform is a separate (and complex) problem. A Weibull
function-based waveform model was recently proposed in [31].
The Weibull function is given by
t

α

y = 1 − e −( β ) .

(26)

In order to fully characterize the Weibull function, we
match the delay and the slew of the actual output with the
above expression. If we denote the 50% VDD crossing time

Authorized licensed use limited to: University of Michigan Library. Downloaded on November 14, 2008 at 14:44 from IEEE Xplore. Restrictions apply.

AGARWAL et al.: STATISTICAL INTERCONNECT METRICS FOR PHYSICAL-DESIGN OPTIMIZATION

Fig. 13. Slew/Delay (S/D) as a function of Weibull parameter α. A secondorder-polynomial fitting is used to express S/D in terms of α.
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Fig. 14. Output waveform of an RC circuit under ramp input. The figure
shows actual HSPICE results and various analytical approximations of the
waveform.

of the output waveform as D and 10%–90% slew as S. Then,
we have
1

D = β · (ln 2) α
S =β ·



10
(ln 10) − ln
9
1
α

 α1

.

(27)

The values for D and S can be computed analytically using
any of the existing delay and slew metrics [22]–[27]. We use the
PERI metric (21) for estimating delay and slew for a saturated
ramp input. Now, these values of D and S can be used in
(27) to solve for the Weibull parameters α and β. However,
the problem is that the equation set in (27) can only be solved
using numerical techniques. We therefore make the following
simplifications to solve (27) in a closed-form manner, which is
in keeping with the goals of this work.
By dividing S by D, we obtain
 α1

1
(ln 10) α − ln 10
9
S
=
.
1
D
(ln 2) α

(28)

The above expression of S/D is plotted for a practical range of
α (1.4–2.4) as obtained through simulations over a large set of
test cases. Fig. 13 shows this plot. This graph can now be fitted
by a simple second-order polynomial as follows:
S
= 0.5392α2 − 2.9274α + 5.124.
D

(29)

Equation (29) can be easily solved to compute α in terms of
S/D. The value of α thus obtained is then substituted in (27) to
estimate β. The values of α and β computed in this manner can
now be used in (26) to fully characterize the Weibull waveform
model of an isolated victim.
To verify this theory, we compare the analytical result with
HSPICE simulations. Fig. 14 shows that the Weibull waveform
obtained using the above method fits an actual waveform very
accurately. The figure also shows that simple-ramp or exponen-

Fig. 15. Worst case alignment of noise peak that results in maximum delay
degradation. Alignment 1 and 2 refer to the cases when noise peaks occur before
and after this worst case alignment, respectively. These alignments have smaller
impact on 50% switching time as compared to the worst case alignment.

tial expressions are highly inaccurate, and hence, using them
for dynamic-delay prediction will result in highly erroneous
results.
Once the waveforms are modeled accurately, the next step in
dynamic-delay modeling is to superimpose the static noise on
the isolated victim delay waveform. This superposition should
be done in a manner that results in maximum delay shift to
model the worst case switching behavior. This is achieved by
aligning aggressor and victim switching such that the time
when the static noise reaches its maximum value (Noisepeak )
is matched to the time when the isolated victim delay waveform crosses the (0.5VDD + Noisepeak ) value [18], [33]. This
condition is explained in Fig. 15. In Fig. 15, alignment 1 and 2
refer to the cases when noise peaks occur before and after the
time at which the isolated line waveform crosses (0.5VDD +
Noisepeak ) voltage level.
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B. Statistical-Delay-Noise Model
In the previous section, we discussed a methodology to
estimate worst case dynamic delay in coupled RC interconnects.
For the statistical modeling of delay noise, we begin with this
nominal dynamic-delay-modeling methodology. Based on the
above modeling flow, the first step is to compute slew (S)
and delay (D) under process variations. These can be easily
computed by using (22) as discussed in Section II-D. The
next step is to compute statistical expressions for α, β, and
Noisepeak . Under a linear assumption, α, β, and Noisepeak can
be replaced with
α = αnom + ∆α
β = βnom + ∆β
Noisepeak = Noisepeak,nom + ∆Noisepeak .
Fig. 16. Analytical coupling-induced dynamic-delay distribution compared to
Monte Carlo simulations. The Gaussian-fit curve shows Gaussian fitting to the
HSPICE mean and standard deviation. Nominal values (three-sigma tolerances)
for metal width, thickness, and ILD height were 0.65 µm (23%), 0.5 µm (11%)
and 0.26 µm (11%), respectively. Nominal interwire spacing was 0.4 µm and it
was inversely correlated with width.

For the Weibull-waveform model, the above condition results
in the following equation for 50% switching time (t50 ) of the
victim waveform:
1 − e −(

t50
β

α
) = 1 + Noise
peak .
2

(30)

The above expression of t50 can now be used to solve for worst
case dynamic delay (xdelay )


1
1
TR
.
(31)
xdelay = β ln α
−
0.5 − Noisepeak
2
The xdelay thus computed gives the final expression for estimating the worst case dynamic delay due to simultaneous switching
of aggressor and victim wires. The overall modeling flow is
summarized below.
For a given coupled RC network, perform the following steps
to compute worst case dynamic delay.
1) Compute the slew (S) and the delay (D) of an isolated
victim line by (21).
2) Model the victim waveform by the Weibull model. Compute Weibull parameters α and β using (27) and (29).
3) Compute for the value of noise peak Noisepeak
using (23).
4) Use worst case victim-and-aggressor alignment to calculate worst case dynamic delay using (31).

α∼
= αnom −
β∼
= βnom +

(32)

Expressions for ∆Noisepeak have already been given in (25).
∆α and ∆β are formulated by substituting expressions for S
and D from (22) into (27) and (29). After truncating to retain
only linear terms, the final reduced formulation for α and β
is given by (33), shown at the bottom of the page. Here, ∆D
and ∆S represent variability in delay and slew as obtained
from (22).
Now, we can substitute α, β, and Noisepeak in (31). Once
again, under the Gaussian (linear) assumption, the final expression for dynamic delay can be expressed as


1
∼
xdelay =
0.5 − Npeak

∆β
∆Npeak
× 1+
−
β
α · (0.5 − Npeak ) · ln(0.5 − Npeak )

∆α
TR
.
(34)
− 2 ln (− ln(0.5 − Npeak )) −
α
2
Equations (31) and (34) are our final results for nominal and
statistical dynamic-delay modeling. To verify these equations,
we compare our results against Monte Carlo simulations in
a manner similar to the static-noise example. The probability
plots and q–q plots for one randomly selected test case are
shown in Figs. 16 and 17, respectively. The width, thickness,
spacing, and ILD thickness for this arbitrarily chosen test
case are taken as 0.65, 0.5, 0.4, and 0.26 µm, respectively,
and 3-σ variations for the above parameters were 23%, 11%,
and 11% of their nominal values, respectively. Once again, it
is clear from these figures that the Gaussian approximation
is accurate and the analytical mean and standard deviation


2.1568 × ∆S −

S
D

· ∆D




(4 × 0.5392) · D · (2.9274)2 − 4 × 0.5392 × 5.124 −


∆D + αD2 ln (ln 2) · ∆α

S
D



1

(ln 2) α
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Fig. 17. q–q plots for dynamic delay: (Left) HSPICE results versus Gaussian distribution (with same mean and standard deviation as obtained from SPICE
simulations) with 45◦ reference line. (Right) SPICE result versus analytical model with 45◦ reference line. Nominal values (three-sigma tolerances) for metal
width, thickness, and ILD height were 0.65 µm (23%), 0.5 µm (11%), and 0.26 µm (11%), respectively. Nominal interwire spacing was 0.4 µm and it was
inversely correlated with width.

calculated under this assumption match well with SPICE simulations. A good match in the nominal (mean) values of the
dynamic delay (113 ps by HSPICE as compared to 114 ps
by the model) verifies the nominal dynamic-delay model as
given in (31). Similarly, a good match in the standard deviation
values (6.2 ps by HSPICE compared to 6.1 ps by the model)
verifies the proposed statistical dynamic-delay model as given by (34).
V. E XPERIMENTAL R ESULTS
In this section, we test our methodology on various test cases.
In each of the previous sections, we first proposed an analytical
model and then we checked its accuracy on a simple example.
In this section, we test the proposed models extensively over
a variety of examples and report error statistics by comparing
our models with Monte Carlo HSPICE simulations on a large
set of test cases. All simulations were performed using 130-nm
technology with 1-V supply.
A. Variational-Delay-Metric Veriﬁcation
In this section, we verify the variational-delay model proposed in Section II. First, we test the Gaussian (and hence the
linearity) assumption when the variations in physical dimensions are large. We choose a simple line with nominal metal
width and thickness of 0.6 µm and nominal ILD thickness of
0.45 µm. We consider three-sigma variations of 30% in all three
dimensions, which is slightly larger than the expected levels
of back-end process variability [1], [32]. Fig. 18 compares
the delay distribution using our approach with Monte Carlo
simulations. The figure shows that, even with large variations in
geometric dimensions, the delay distribution remains Gaussian
and the proposed model captures its mean and variance very
accurately.
To further quantify error incurred due to the linearity assumption, we consider the test case of Fig. 18 and sweep three-

Fig. 18. Analytical delay distribution obtained using statistical D2M metric
compared to Monte Carlo simulations. Nominal values (three-sigma tolerances)
for metal width, thickness, and ILD height were 0.6 µm (30%), 0.6 µm (30%),
and 0.45 µm (30%), respectively.

sigma percentage variation in physical dimensions from 5%
to 50% of the nominal value. For each three-sigma variation
point, we calculate the standard deviation of the interconnect
delay distribution using the proposed analytical statistical D2M
model and compare it with Monte Carlo simulations. Fig. 19
shows percentage error in standard deviation as a function
of three-sigma percentage variation in geometric dimensions.
The figure shows that the error increases with an increase in
variability. This is because the linearity assumption becomes
less accurate for larger values of variability. However, the figure
shows that for this test case, the proposed model (and hence, the
linearity assumption) provides good results (< 10% error) for
sufficiently large levels of back-end process variation (< 30%).
For the next experiment, we revisit the test case discussed
in Figs. 5–7. Modeling this 5-mm line using 30 identical
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TABLE II
AVERAGE ERROR IN MEAN AND STANDARD-DEVIATION ESTIMATION
OF I NTERCONNECT -D ELAY D ISTRIBUTION C OMPARED
TO M ONTE C ARLO S IMULATIONS

Fig. 19. Error in statistical D2M model as a function of percentage variation
in physical dimensions.
TABLE I
COMPARING ANALYTICAL MEAN AND STANDARD DEVIATION OF DELAY
DISTRIBUTION WITH SPICE MONTE CARLO SIMULATIONS FOR
VARIOUS NODES IN A SIMPLE 30-SEGMENT LINE
Fig. 20.

Topology of a physical net taken from an industrial design.

TABLE III
COMPARING ANALYTICAL MEAN AND STANDARD DEVIATION OF DELAY
DISTRIBUTION WITH SPICE MONTE CARLO SIMULATIONS FOR
VARIOUS NODES OF THE NET SHOWN IN FIG. 19

segments, we look at the various nodes along the line and
compute their distributions. Table I compares the mean and
standard deviation found using Monte Carlo simulations with
the proposed model. The table shows that the model works well
across all nodes. Node 10 shows a relatively large error in the
mean and variance computation, but this error is primarily due
to the error in D2M in nominal delay calculation for near-end
nodes and not the statistical component of the model. Table I
also shows the nominal delay computed using HSPICE. We
observe here that the means computed using Monte Carlo simulations are very close to the nominal delays for all the nodes,
thereby implying that the Gaussian assumption is applicable for
intermediate nodes as well.
We also generated a large set of random test cases by
varying nominal physical dimensions and their three-sigma
variabilities. Nominal linewidths and thicknesses were allowed
to vary from 0.4 to 0.8 µm, while nominal ILD thickness could
take values between 0.25 and 0.55 µm. For each test case, the
three-sigma variability in each of the three physical dimensions
was randomly chosen to be between 10% and 30% of the
nominal value. Table II shows the average error in mean and
standard deviation of delay for 2900 test cases compared to
Monte Carlo simulations. The table also shows the error bins.
The three-sigma variation in delay for this set of test cases
ranged from 5% to 34% of the mean. This implies that even
with the reverse trends shown by resistance and capacitance

for a given change in physical dimensions, the delay variability
due to back-end process tolerances can be large and should be
modeled accurately.
As a final experiment, we tested the new approach on an
actual net taken from an industrial design. The routed topology
of the net is shown in Fig. 20. The three-sigma tolerances
in the physical dimensions were taken from relevant process
technology. We examined the delay distributions at nodes N1
to N4 along the net and compared them to our approach. The
results in Table III indicate that the model works very well. Note
that the spread in the delay distribution is quite large for this
industrial example, pointing to a need for the proposed type of
variational interconnect modeling.
B. Static-Noise Peak and Dynamic-Delay-Model Veriﬁcation
In this section, we first verify the statistical-noise model proposed in Section III against HSPICE Monte Carlo simulations.
We compare our results for 2300 random test cases generated
by varying nominal physical dimensions and their three-sigma
variabilities. Nominal linewidth, thickness, and spacing were
randomly chosen between 0.4 and 0.8 µm. ILD thickness was
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TABLE IV
AVERAGE ERROR IN MEAN AND STANDARD-DEVIATION ESTIMATION OF
CROSSTALK-NOISE PEAK AND COUPLING-INDUCED WORST CASE
DYNAMIC DELAY COMPARED TO MONTE CARLO SIMULATIONS

varied between 0.25 and 0.55 µm. For each test case, the threesigma variability in each of the three physical dimensions was
randomly chosen to be between 10% and 30% of the nominal.
Spacing was assumed to be in inverse correlation with width,
i.e., pitch (linewidth + spacing) was assumed to be constant.
In addition to these terms, the rise time of the input signal
(saturated ramp) was also randomly chosen to be between 70
and 500 ps. Table IV shows the average error in the mean and
the standard deviation for these 2300 test cases compared to
Monte Carlo simulations. The table shows that the model works
well with average error values of 2.7% and 3.7%, respectively,
for the mean and standard deviation of the noise peak. For
these test cases, nominal noise peak varied between 50 and
330 mV and the three-sigma variation in noise peak ranged
from 3% to 40%.
Finally, to test the new dynamic-delay model [(31) and (34)],
we compare our results with the worst case dynamic delay
computed using SPICE simulations for the above set of randomly generated RC interconnect line configurations. Table IV
shows the average error of the mean and standard deviation
for these test cases compared to Monte Carlo simulations. The
table shows that the models proposed in Sections IV-A and
IV-B work very well. The overall three-sigma variation ranged
from 3% to 30% for the test cases under consideration, thereby
implying that variability in dynamic delay can be significant
and must be modeled accurately.
VI. C ONCLUSION
In this work, we describe simple techniques for efficient variational modeling of VLSI interconnects for statistical physicaldesign optimizations. First, we developed a methodology to
extend popular closed-form moment-based delay and slew
metrics to consider back-end process variation. These variational delay metrics are based on the use of linearized models of electrical parameters (R, C) that capture uncertainty in
process parameters such as linewidth, metal thickness, and ILD
thickness (W, T, H). These models are then used to compute
moments using known path-tracing techniques—a key point
is that only terms linear with the random variables (W, T, H)
were found to be necessary to ensure good accuracy. These
variation-aware moments were then used in accurate delay and
slew metrics such as D2M and S2M to capture the distribution
of interconnect timing. We demonstrate good accuracy in the
mean and standard deviation of the resulting interconnect delay
distribution for a number of test cases (1.2% and 3.8% average
error, respectively, for 2900 randomly generated test cases). We
also tested the approach on a large industrial net and found
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significant variability in the interconnect delay, motivating the
need for the newly developed variational-delay-modeling approach. We also proposed an analytical model to estimate the
mean and the variance of coupling noise and dynamic delay in
the presence of process variations. The proposed noise models
are also based on the assumption that distribution functions
of crosstalk noise and delay can be approximated as normal
random variables, thereby allowing us to simplify the models by
truncating complex expressions to retain only linear terms. In
the process, we developed a new model for worst case couplinginduced delay estimation. The proposed model uses accurate
Weibull waveform modeling along with the worst case victim/
aggressor alignment to estimate worst case delay change in a
closed-form manner. We compare our approach with SPICE
and show that the mean and standard deviation computed by
the proposed model match well with simulations. Due to its
efficiency and accuracy, the proposed techniques can be very
useful in statistical noise-related physical-design optimizations.
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