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Abstract—With shrinking cycle times, clock skew has become
an increasingly difficult and important problem for high performance designs. Traditionally, clock skew has been analyzed
using case-files which cannot model intradie-process variations
and hence result in a very optimistic skew analysis. In this paper,
we present a statistical skew analysis method to model intradie
process variations. We first present a formal model of the statistical clock-skew problem and then propose an algorithm based on
propagation of joint probability density functions in a bottom-up
fashion in a clock tree. The analysis accounts for topological
correlations between path delays and has linear runtime with
the size of the clock tree. The proposed method was tested on
several large clock-tree circuits, including a clock tree from a
large industrial high-performance microprocessor. The results are
compared with Monte Carlo simulation for accuracy comparison
and demonstrate the need for statistical analysis of clock skew.
Index Terms—Clock skew, probability, process variation, statistical analysis.

I. INTRODUCTION

C

LOCK SKEW results from the unequal propagation delay
of clock paths from the source of the clock tree to the various sink nodes at the latch points and directly impacts the performance of a design. With rapidly increasing clock frequencies,
the allowable clock skew is increasingly constrained, making
clock skew a critical concern for high-performance processors.
Clock skew can be introduced either at design time, during fabrication of the design, or during its operation. During the design
phase, clock skew can arise due to unbalanced clock-path delays
resulting from unexpected changes in the capacitive loading at
the clock sinks and routing constraints. To address this, extensive work has been performed on automatic sizing and routing
of clock trees to minimize skew during design time [1]–[8].
However, even if clock-skew constraints are met at design time,
process variations can introduce unwanted clock skew during
the fabrication of the chip, thereby compromising the obtainable
performance. Also, environmental fluctuations, such as powersupply variations and coupling noise can introduce clock skew
during the operation of the design and a number of methods for
analyzing such sources of clock skew have been presented in [9]
and [10].
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In this paper, we propose a statistical method to analyze the
impact of process variations on clock skew. Process variations
result in uncertainty in the device and interconnect characteristics, such as effective gate length, doping concentrations, oxide
thickness, and ILD thickness, and are a source of significant
clock skew. In general, process variations can be divided into
interdie and intradie variations. Interdie variations represent differences in device characteristics from one die to the next, while
intradie variations represent differences in device characteristics
within a single die. Intradie variations can either be systematic
or random. The systematic component is deterministic in nature
due to topological dependencies of device processing, such as
CMP effects and optical proximity effects [11]–[13]. In some
cases, such topological dependencies are directly accounted for
in the analysis of clock skew, thereby reducing the statistical
variations [14]–[16], whereas in other cases, such variations are
treated as random. Furthermore, random variations can either be
spatially correlated, meaning that devices close to each other are
more likely to have similar characteristics than those spaced far
apart, or completely independent. Causes of spatially correlated
variations are equipment-related effects, such as lens aberration
and exposure time, whereas doping fluctuations cause independent random variations.
Traditionally, clock skew is computed using case analysis,
where all devices are assumed to have identical best-case, nominal, or worst-case characteristics. Such analysis is appropriate
for interdie process variations. However, it cannot model intradie variations where devices have different characteristics on
the same die. Case analysis, therefore, results in an optimistic
skew estimate, as the mismatch between the devices in a clock
tree is ignored. With continuous shrinking of process dimensions, intradie variations are becoming increasingly prominent
and case-analysis is no longer valid. It is, therefore, critical that
a statistical analysis of the clock skew is performed to determine the expected distribution of the skew across the manufactured die. Once the skew distribution is computed, the expected
number of die meeting a specific skew can be determined. Statistical analysis of clock skew is also useful during the design
of a clock tree to reduce its sensitivity to process variations and
increase its robustness. Hence, the target application for a statistical analysis could either be in the synthesis flow or during
physical verification.
Recently, a method for statistical clock-skew analysis based
on Monte Carlo simulation was proposed [17]. However, Monte
Carlo-based approaches have very high runtimes, especially
for large clock designs. A probabilistic approach to clock-skew
analysis was proposed in [18] and [19], and has an efficient
runtime. However, the proposed analysis is restricted to binary
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clock trees and also uses a Gaussian distribution to approximate
the maximum and minimum of two Gaussian random variables,
which may compromise the accuracy of the analysis.
In this paper, we therefore propose a new approach to
clock-skew analysis, which accurately models intradie-process
variations and has a linear runtime complexity with circuit
size. Our analysis is focused on random variations, meaning
that topological dependencies are either removed prior to the
analysis or are treated as random variations. We provide a
formal definition of the statistical clock skew problem from
which we derive our proposed analysis method. Statistical
clock skew analysis is complicated by the correlation between
the minimum and maximum path delays in a clock tree. The
approach proposed in this paper uses joint probability density
functions (JPDFs) that preserve this correlation between minimum and maximum delays in an efficient manner. The JPDFs
are propagated in a bottom up fashion along the clock tree in a
single pass, and we present efficient methods for merging and
propagating JPDFs during the traversal. The proposed method
computes the skew distribution for the entire clock tree as well
as the skew distribution of all subtrees simultaneously and
therefore allows the designer to identify which portions of the
clock tree are most prone to process variations. The presented
methods were implemented and tested on a number of clock
tree circuits, including a large clock structure from an industrial
high-performance microprocessor design. Comparison of
results with Monte Carlo simulation confirms the correctness
of the approach and demonstrates its efficiency. A comparison
with traditional case analysis shows the importance of statistical
clock-skew analysis.
The remainder of this paper is organized as follows. In Section II, we present the problem definition and modeling assumptions. In Section III, we discuss our approach and implementation for statistical clock skew computation. In Section IV, we
show experimental results and comparisons with Monte Carlo
simulation. Finally, in Section V, we draw our conclusions.
II. PROBLEM DEFINITION AND MODELING ASSUMPTIONS
In this section, we define the statistical clock-skew problem
and discuss our modeling assumptions. We consider clock
networks as composed of driver gates, such as buffers, inverters, and distributed resistance–inductance–capacitance
interconnects. In this paper, we restrict our analysis to clock
networks that have a tree topology, meaning that the circuit does
not have reconvergent fanout. Some very high-performance
clock-tree designs are constructed using multidriven meshes
and can only be represented by directed acyclic graphs (DAGs).
While such DAG clock networks cannot be modeled with our
proposed approach, a number of clock networks, especially
those in application specific integrated circuit design, have a
tree topology. Also, in most cases, DAG clock networks are
composed of clock-tree-driven meshes. In these cases, we can
analyze the clock tree up to driven meshes. It would require
an extension of our approach to analyze the mesh networks
themselves.
We represent a clock tree with a so-called timing tree, which is
similar to the well-known timing graph, except that its topology

Fig. 1. Clock tree and its timing tree representation.

is restricted to a tree. The root of the tree is the primary clock
driver and the lowest level gates of the clock hierarchy are the
sink nodes that drive the latches in the design. An example of
a clock tree and its corresponding timing-tree representation is
shown in Fig. 1. Each edge in the timing tree represents the delay
from a driver-gate input to an interconnect sink point and, therefore, represents the sum of gate and interconnect delays. For
most clock trees, the dominant factor in delay variation is the
driver delay uncertainty, due to variability of process parameters, such as gate length [20]. In this paper, we therefore focus
on driver-delay variation, although the analysis can be easily extended to incorporate interconnect-delay variability, using variational interconnect modeling methods such as those discussed
in [16]. Also, as shown in [22], the impact of these variations
can be assumed to be linear, for small variabilities. Hence, these
variabilities can be handled in the presented framework by representing them as additional edges in the timing tree.
Since timing trees are a special case of timing graphs, they
inherit all common attributes of timing graphs, such as the definition of path delay, arrival times, critical paths, etc.
A deterministic timing tree (DTT) is defined as a timing tree
where each edge has a fixed delay. The skew of a DTT is defined
in terms of the minimum and maximum path delay in the timing
tree, as stated below:
Definition 1: The minimum delay of a DTT is the minimum
from the root node to any of the sink nodes
of all path delays

(1)
Definition 2: The maximum delay of a DTT is the maximum
from the root node to any of the sink nodes
of all path delays
(2)
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Definition 3: Clock skew for a DTT can be defined as the
difference between the maximum delay and minimum delay of
a DTT
(3)
Clock skew, therefore, is the maximum arrival time difference
between any pair of sink nodes.
Typically, the aim of the designer is to create a clock tree
with zero skew, referred to as a zero-skew clock tree. However, in high-performance design, clock skew is sometimes intentionally introduced by the designer to accommodate unbalanced combinational logic delays in the circuit, referred to as a
nonzero skew clock tree. By setting nonzero clock skew targets
the designer effectively enables cycle stealing or time borrowing
which can improve the performance of the design. However, any
deviation of the skew from their intended targets in a nonzero
skew clock tree will degrade the performance of the design in the
same manner as it does for a zero-skew clock tree. For clarity,
we derive our analysis in this paper for a zero-skew clock tree,
noting that the analysis can be easily extended to nonzero skew
clock trees with intentional skew targets. Also, we define clock
skew as the maximum arrival time difference between any pair
of sink nodes. As skew is meaningful only between sink nodes
corresponding to adjacent pairs of latches, considering skew between any pair of sink nodes is conservative. If necessary, however, it is straightforward to restrict our analysis to only a particular set of sink node pairs to reduce this pessimism.
At design time, process variations create uncertainty in the
gate delays of the clock tree. Hence, we define a so-called probabilistic timing tree (PTT), where the delay of edge is modis chareled with random variable . Each random variable
. Alacterized by its probability density function (PDF)
though we formulate the clock skew problem using continuous
PDFs, we use discretized versions of these functions in our implementation, similar to those discussed in [21].
For the purpose of our analysis, we assume that edge delays
are independent random variables. However, certain device parameters, such as gate length, will exhibit spatial correlation,
meaning that drivers that are closely spaced together are more
likely to have similar device parameters than those spaced further apart. Such spatial correlations will introduce dependencies between the edge delay random variables in the PTT. However, in typical process technologies, spatial correlation is reported to drop off sharply for distances greater than 100–300
m [31]. The driver gates in a clock tree are typically spaced relatively far apart, as they are distributed evenly in the die, with
separation typically greater than 300 m. This, therefore, diminishes the impact of spatial correlation for typical clock-tree
designs. However, for situations where spatial correlation does
impact driver-delay variability, spatial correlations must be incorporated in the presented framework. A possible extension to
handle correlated effects would be to express the correlation as
a sum of two random variables, one which is perfectly correlated and the other which is independent. Then, the independent
component can be handled by our current approach, while the
perfectly correlated part can be handled separately by enumeration, and then combined together. Also, systematic variations
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can be handled in our methodology by changing the mean of the
distribution for edge delay random variables, as a preprocessing
step and, hence, is orthogonal to the methodology explained in
this paper.
Since all edge delays take a deterministic value on a manufactured die, the sample space consists of all possible dies with
different edge delay combinations. Note that the edge delays are
deterministic only in the context of process variations, but may
still vary due to environmental variations. The probability that a
is
manufactured die has a driver with a delay in interval
(4)
Furthermore, since the edge delays are independent random
variables, the probability of the occurrence of a particular
combination of edge delays is simply the product of the probabilities of the occurrence of each individual edge delay [32].
Finally, since all clock-tree characteristics, such as minimum
and maximum path delay and skew are defined over the sample
space, they are also random variables. In statistical clock-skew
analysis, the goal is to obtain the PDF or the cumulative
distribution function (CDF) of the clock skew, based on the
PDF or CDF of the edge delays in the PTT.
III. PROPOSED APPROACH FOR STATISTICAL
SKEW COMPUTATION
of clock
We start with a formal definition of the CDF
skew over the sample space of manufactured dies. The probability of skew being equal or less than value can be expressed
as the integral over the sample space of the DTTs which satisfies
. As mentioned, the probability of occurrence of a DTT
is the product of the probabilities of occurrence of its individual
, which leads to the following expression for
edge delays
clock skew CDF:

(5)
and
are defined for a DTT in (1) and (2).
where
The brute-force approach for computing the CDF of clock
skew would involve a complete enumeration of the sample space
consisting of all possible DTTs, computing the likelihood of
and
assotheir occurrence, and determining if the
. This approach has
ciated with each satisfies
exponential complexity with respect to the number of edges in
the graph and, hence, is not practical.
A more intuitive approach would be to implement a statistical timing analysis method that mirrors the approach for computing skew in a DTT, according to (1)–(3). Using one of several statistical timing-analysis methods presented in [21]–[30],
we can easily compute the earliest (minimum) and latest (maximum) arrival time distributions of each clock sink in the tree.
We can then define the maximum and minimum delay of the
and
, similar to that
clock tree as random variables

1234

Fig. 2. Joint distribution of D

IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 23, NO. 8, AUGUST 2004

=D

among a group of sinks.

for the DTT in (1) and (2), and attempt to compute their probability distributions by taking a statistical maximum and minimum over all sink nodes. From the difference of these two
random variables, the skew is then obtained. Unfortunately, this
approach is complicated by the correlations that must be accounted for during the computation. First, the arrival times at
sink nodes are correlated since timing paths to sink nodes typically share multiple edges in the timing tree. This correlation
must be explicitly expressed when computing the maximum and
minimum clock tree delay distributions, which is computationally difficult. Second, the minimum and maximum clock tree
delays themselves are correlated. This is immediately obvious
from the fact that minimum delay can never exceed the maximum delay and vice versa. Therefore, the correlation between
and the maximum PTT delay
the minimum PTT delay
must be determined in order to correctly compute the distribution of skew, again complicating the analysis.
We, therefore, propose an alternate approach to statistical
skew analysis as detailed in the next section. The key idea is
to avoid separate computation of the minimum and maximum
PTT delays and instead compute their joint probability density
function (JPDF) which preserves their correlation information.
Furthermore, we show that by propagating the JPDF of minimum and maximum PTT delay in a bottom up traversal of
the clock tree, the JPDFs that are merged during the traversal
are independent, which simplifies the analysis. From the JPDF
and
, the distribution of the clock skew is then
of
computed in a straightforward manner. The propagation and
merging of JPDFs during the bottom-up traversal of the clock
tree is performed using discretized distributions. We propose
an efficient method for merging of JPDFs during the traversal
which reduces the worst-case runtime complexity for merging
to
, where is the number of discretization
from
in each dimension of the JPDF. Note that the runtime complexity in terms of circuit size is linear in all cases.

A. Computation of Clock-Skew Distribution
We now define JPDF and the joint CDF (JCDF) of minimum
and maximum PTT delays and then show how the skew, as defined in (5) can be computed using such a JPDF. The JCDF of
and
is defined over the sample space as follows:

(6)
are clock-tree path delays and minimum and maxwhere
imum operations are taken over all clock net sinks. The JPDF
can be obtained from the JCDF through differentiation

(7)
For numerical computation, it is often more convenient to discretize the JPDF. An example of the discretized JPDF for
and
is shown in Fig. 2, as a mesh plot. Here, the darker
regions indicate the areas with higher probability. The entire disline. This follows from
tribution lies above the
can never be greater than
.
the obvious property that
Using the JPDF of
and
, we can compute
the probability of manufacturing a chip with minimum and
and
maximum delays within the intervals
as follows:

(8)
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Fig. 4.
Fig. 3. Graphical representation of integration region in (10).

We now write the expression of clock skew CDF in (5) in
terms of the JPDF of minimum and maximum PTT delays as
follows:

(9)
which follows directly from the definition of the JPDF in (8)
and the definition of clock skew in (5). Finally, we rewrite the
integral in (9) above using simple manipulation of the integral
limits as follows (as illustrated in Fig. 3):
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Propagation and merging of JPDFs in a PTT.

at
and , as shown in Fig. 4. Given the JPDF
and
at
, and the edge delay PDFs
node
of edge and
of edge , we compute the
JPDF
at the parent node using the following
two operations.
a) Propagation: Propagation
computes
JPDF
of minimum and maximum delays of
signals from the parent node to all its successors. The JPDF
is propagated through edge between a child and the parent
can be expressed as the
node. JCDF
following integral:

(11)
(10)
Using the above expression of clock skew, and a given
discretized JPDF of
and
, the computation of the
clock-skew PDF can be accomplished through simple integraand
for a PTT
tion. We now show how the JPDF of
can be efficiently computed using a single bottom-up traversal
and how the final clock-skew distribution is computed.
B. Joint Probability Distribution Computation
for the minimum and
We compute the JPDF
maximum path delays in a PTT in a bottom up fashion. The
for an internal node
in the PTT repJPDF
resents the joint probability distribution of minimum and maxto any of the leaf node of .
imum path delays from node
at node
is defined in terms of
The JPDF
at the children
of node . The
the JPDFs
JPDFs for all nodes in the PTT are, therefore, computed using a
single topological traversal of the clock tree starting at the leaf
and
is comnodes of the tree. After the JPDF of
puted for the root of the tree, we compute the skew distribution
using the integral in (10). Below, we first discuss how the JPDFs
are computed in a PTT tree and then how the final clock skew
distribution is computed.
and
: We consider
1) Computing the JDPF of
a parent node
with two children
and
, and edges

is the JPDF of minimum and maximum
where
is PDF of the edge delay.
delays at the child node and
The JPDF
can be computed by differentiating this formula as shown in (7).
We compute the JPDFs using discretized functions. Each
and
comof the JPDFs
puted at a child node
and
is propagated to parent
along the respective edges
and
to obtain the
node
and
. For node
JPDFs
this is performed by enumeration of all possible triples
of minimum and maximum path delays and edge delay, corresponding to JPDF
at node
and the delay PDF
of edge . Initially,
the JPDF
at node
is initialized with zero
. Then, for each enumerated
for all combinations of
triplet, we compute the minimum and maximum path delay
by adding the edge delay to the path delay at node
at node
and
.
From our assumption that all edge delays are independent
random variables, it follows that the edge delay random variis independent from random variables
and
able
at node
. Therefore, the probability of occurrence of triplet
is

(12)
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Fig. 5. JPDF Propagation Algorithm.

which

can

be

computed directly from the JPDF
and PDF
. The probability value
of the JPDF at node
is then
of the
incremented with the probability of the occurrence of the triplet
. The same calculation is performed
to compute the JPDF
. The
for node
computation is shown in pseudocode in Fig. 5. This can also be
represented as a discrete equation, as follows:

Fig. 6.

Algorithm for Merging JPDFs.

and
at
are
is clear that the random variables
and
independent with respect to random variables
at
. Also, the two edge delays
and
are independent
random variables. Therefore, the probability of occurrence of
is
quadruplet

(14)
which

(13)
b) Merging: Using the two propagated JPDFs
and
, we compute the JPDF
at node . The JCDF
can be expressed by the following integral. (See the equacan
tion at the bottom of the page.) JPDF
be obtained from the above formula by differentiating it
according to (7). We compute the JPDF using discretized
functions. This is performed by enumerating all possible
of minquadruplets
imum and maximum path delays to
corresponding
and
. Again, we first
at node
with zero
initialize the JPDF
. For each quadrufor all combinations of
plet, we then compute the minimum and maximum path
and
delays at node
. Since the two JPDFs at
and
are computed in a bottom up fashion, they
node
are completely determined by the delays of the subtrees rooted
and
. Since these two subtrees are by
at the nodes
definition disjoint, (meaning they do not share any edges) it

can

be

obtained directly from the JPDF
and JPDF
. The value of
at node
is then incremented
the JPDF
with the probability of the occurrence of quadruplet
. The computation is
shown in pseudocode in Fig. 6. This can also be represented as
a discrete equation as follows:

(15)
Note that if node has more than two children, the merging
procedure is iteratively repeated, each time merging a propagated JPDF from a new child node with the JPDF resulting from
the merging operation of already processed children.
By repeating the propagation and merging operations in a hierarchical fashion during a bottom-up traversal of the PTT, the
and
are computed for all nodes in the tree.
JPDFs of
The complexity of the algorithm is linear with the number of
edges in the clock tree, since each edge in the tree requires exactly one propagation and merge operation. In terms of the dis-
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cretization, the complexity of the analysis is
for the propfor the merging operation, where
agation operation and
is the number of discretizations of the edge delay PDF in each
of the two dimensions of the JPDF. Since the merging operation has the highest computational complexity in terms of the
number of discretization, we propose a more efficient method
for merging two JPDFs in Section IV, which reduces the com.
plexity of the merging operation to
It is important to note that the size of increases as we
propagate JPDFs up the tree. Therefore, the JPDFs must be
pruned as they are propagated. However, in our benchmark
testing presented in Section IV, it was not necessary to perform
pruning, as the clock trees in consideration had a small number
of levels of logic. Also, the efficiency of the algorithm can be
improved by exploiting the fact that all the arrays of JPDFs
have nonzero values only above their diagonals. This allows
reduction in memory consumption by a factor of two. The
constant of proportionality for the runtime complexity is
reduced by a factor of two for the propagation procedure and
by a factor of four for the merging procedure.
Also, the merging operation is simplified for nodes
in the tree whose children are leaf nodes. The JPDF
propagated from a leaf node is equal to
the edge-delay probability
of the leaf edge for
, and is zero for all values
values
. This allows the enumeration for the merge
operation to be simplified from enumerating quadruplets to
if child node
enumerating triplets
is a leaf node, or enumerating only pairs
if both
are leaf nodes. The complexity of merging,
children of
or
for processing leaf nodes
therefore, reduces to
of the PTT. In practice, most nodes of a clock tree are leaf
nodes, which improves the runtime of the algorithm.
2) Efficient Merging Procedure: Since the merge operation
has the highest complexity in terms of the number of discretizations, we introduce a new procedure based on precomputation
of JCDFs and marginal JCDFs to improve the computational
complexity.
We consider the computation of JPDF
at node
by merging two JPDFs
and
. From the merging procedure presented in the previous section, it follows that for each
possible quadruplet of minimum/maximum path lengths
the resulting path delay
and
at are as follows:
values
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considering the following four mutually exclusive cases for
, and their probabilities:
case I
(18)
(19)
case II

(20)
(21)
case III
(22)
(23)
case IV

(24)
(25)
Based on the four mutually exclusive cases identified above, we
can obtain the following expression for JPDF

(26)
(16)
(17)
From this, it follows that
and similarly that
In addition, we have the following inequalities:

.

. From
or
(16) and (17), it is clear that either
and
or
.
if
Also, we consider that
and similarly,
if
.
The resulting JPDF
can be computed by

where each term corresponds to each of the cases I–IV in
(18)–(24). Each of the nontrivial probability expressions in the
first two terms of (26) can be expressed with the following
summations over the discretized JPDFs, with a discretization
unit of

(27)
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Fig. 7. JPDF computation using JCDFs and marginal CDFs (a) (30), (b) (31), (c) (32).

(28)

Fig. 8. Skew computation algorithm.

(29)
with similar expressions for the nontrivial probability terms in
the last two terms of (26). Note that since the expressions necessary to compute (26) involve at most double summations, (26)
computational complexity, where
can be computed with
is the number of discretizations of the JPDFs
and
.
However, the computation can be further improved in efficiency
by precomputing the following probability functions:
1) The JCDFs

and

, where

2) The marginal PDFs
where

, and

,

(31)

and
, and
3) The marginal CDFs
where

computed similarly.
, and

(32)
(30)

and

is expressed similarly.

and
larly.

, and

can be computed simi-
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TABLE I
RESULTS OF OUR ALGORITHM AND MONTE CARLO

We can now express
in (27) in terms of JCDF
and marginal CDF
lustrated in Fig. 7 as follows:

as il-

(33)

minimal runtime overhead. This allows the designer to compare
the variability of different parts of a clock tree, which can be
helpful to determine which parts are most prone to process variations. The proposed algorithms, therefore, provide not only a
way for predicting the expected clock skew in manufactured die,
but also a means to guide the designer in improving the robustness of the clock tree to process variations.

Also, (28) and (29) can be computed as follows:
IV. EXPERIMENTAL RESULTS
(34)

(35)
where the other summations necessary to compute (26) can be
expressed similarly.
Hence, we precompute JCDFs and marginal CDFs from the
and
once, and then
JPDF
compute all terms in (26) directly from these JCDFs and marginal CDFs avoiding repeated numerical summation and improving the computational efficiency. By following the above
method, the computational complexity of the merging operation
, where is the number of discretizations of
is reduced to
and . However, the computational complexity
the JPDFs
, and hence the overall compuof propagation remains
tational complexity in terms of the number of discretizations is
to
. The runtime complexity in terms
reduced from
of the number of edges in the PTT remains linear.
3) Computing the Skew-Probability Distribution: Once
and
is computed at the root node
the JPDF of
of the PTT, it can be used for computing the probability
distribution of clock skew. We simply enumerate all possible
of the JPDF and for each pair compute
pairs
the associated skew
. We then update the
probability of occurrence of this skew with the probability of
. The algorithm is shown
occurrence of the pair
in pseudocode in Fig. 8. The complexity of the algorithm is
where is the number of discretizations.
and
is obtained for all nodes in
Since a JPDF of
the PTT during the bottom-up traversal, it is possible to compute
the skew distribution for individual subtrees in the PTT with

The proposed method for statistical clock-skew computation was implemented and tested on a number of clock-tree
benchmark circuits, including a large industrial clock tree from
an industrial high-performance microprocessor in 130-nm
technology. The other clock-tree benchmark circuits were synthesized with varying numbers of levels and sinks to examine
the operation of the algorithm under different configurations.
Gate-delay PDFs with standard deviation of 10%–15% of
the mean delay were used. Gaussian distributions truncated
points were used for the PDFs. The number of
at their
discretizations to represent the delay PDFs was ten for the
performed experiments. We also implemented Monte Carlo
simulation to obtain the skew distribution for comparison with
our proposed method.
The results for the proposed algorithm and Monte Carlo simulation are shown in Table I. Columns 2 and 3 show the number
of sink nodes and the number logic levels for the tree, respectively. Columns 4 and 5 show the average and maximum number
of fanouts for the tree. The industrial test case is circuit T7 with
12 000 sink nodes and a maximum fanout of 500. Columns 6
and 7 show the mean and 99% confidence point of the computed
skew using Monte Carlo simulations and columns 8 and 9 show
these values using our proposed algorithm. The 99% confidence
point is the skew value corresponding to the 99% yield point on
the CDF of clock skew, and signifies the maximum skew for the
best 99% of the manufactured dies. Columns 10 and 11 show the
percent error for the mean and 99% confidence points obtained
by our approach and Monte Carlo simulation. Approximately
10 000 simulations were used to achieve a good accuracy with
Monte Carlo simulation at the 99% confidence point. The maximum error is negligible, demonstrating the correctness of the
proposed approach. In column 12, the runtime in seconds for
our algorithm is shown, which includes parsing the benchmarks,
generating PDFs for the edge delays, bottom up propagation of
JPDFs and skew computation. Column 13 shows the improved
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Fig. 9. PDF of skew for clock tree T7.

Fig. 10.

JPDF of

D

and

D

for clock tree T7.

runtime using our efficient merging procedure, and column 14
shows the improvement factor. Fig. 9 shows a plot of the skew
PDF, while Fig. 10 shows a three-dimensional representation of
and
at the root of clock tree of T7. We
the JPDF of
also performed Monte Carlo simulations for the same amount of
time as our algorithm, to see how accurate Monte Carlo results
are as compared to our approach. For the industrial test-case
clock tree T7, the mean of the skew PDF obtained by Monte
Carlo had a small error of 0.5%, although the 99% confidence
point had an error of 4.7%. The errors were computed with reference to Monte Carlo simulation results which were allowed to
converge, requiring 10 000 simulations typically. This confirms
the usefulness of our approach as compared to Monte Carlo simulation.
In Table II, we show a comparison between our algorithm,
worst-case skew analysis and traditional case analysis. In
worst-case skew analysis, a deterministic delay is assigned to

each gate within its 90% or 99% confidence point range.
The delay of each gate is independently chosen from this range,
such that the total skew of the clock tree is maximized. The
results shown in columns 3 and 8 demonstrate that worst-case
skew analysis can significantly overestimate the likelihood
of skew, with overestimates ranging from 5% to over 100%.
In traditional case analysis, we again perform a deterministic
analysis but this time we use case-files and all gates are set at
their 90% or 99% delay values. The results shown in columns
5 and 10 demonstrate that traditional case analysis is highly
optimistic since it ignores the mismatch between drivers due
to intradie-process variations.
V. CONCLUSION
In conclusion, we have presented a method for modeling the
effects of process variations on clock skew. We have shown
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TABLE II
RESULTS OF OUR ALGORITHM, WORST-CASE AND TRADITIONAL CASE ANALYSIS

how the distribution of the clock skew can be efficiently obtained from the JPDF of minimum and maximum clock-tree
delay. We proposed an algorithm which is linear with circuit
size, and demonstrated efficiency of the algorithm. We verified the correctness of our algorithm by comparing with Monte
Carlo simulations. We also compared our statistical approach
with worst-case skew analysis and traditional case analysis and
demonstrated the importance of statistical analysis of clock-tree
skew.
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