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Abstract

We consider the problem of communication over a three user discrete memoryless interference channel (3—IC).
The current known coding techniques for communicating over an arbitrary 3—IC are based on message splitting,
superposition coding and binning using independent and identically distributed (iid) random codebooks. In this work,
we propose a new ensemble of codes - partitioned coset codes (PCC) - that possess an appropriate mix of empirical
and algebraic closure properties. We develop coding techniques that exploit algebraic closure property of PCC to
enable efficient communication over 3—IC. We analyze the performance of the proposed coding technique to derive
an achievable rate region for the general discrete 3—IC. Additive and non-additive examples are identified for which
the derived achievable rate region is the capacity, and moreover, strictly larger than current known largest achievable

rate regions based on iid random codebooks.

I. INTRODUCTION

An interference channel (IC) is a model for communication between multiple transmitter receiver (Tx-Rx) pairs
that share a common communication medium. Each transmitter wishes to communicate specific information to it’s
corresponding receiver. Since the Tx-Rx pairs share a common communication medium, every user’s transmission
causes interference to every other user. Communication over an IC is therefore facilitated by a coding technique
that manages interference efficiently, in addition to combating channel noise.

The quest for designing an efficient coding technique for managing interference was initiated in the context of
an IC with two Tx-Rx pairs [1] [2] [3], henceforth referred to as 2—IC. Over a 2—IC, the source of interference
is the transmission of the lone interfering transmitter. Based on his findings in [4]], Carleial proposed the technique
in which each receiver decodes a part of the signal sent by the interfering transmitter. To enable this, Carleial
employed superposition coding [5] [6]]. Each transmitter splits it’s message and transmission into two parts - public
and private. Cloud center and satellite codebooks encode the public and private parts of the message respectively. In
addition to both parts of the corresponding transmitter, each receiver decodes the public part, i.e., the cloud center

codeword, of the interfering transmitter.
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In characterizing the performance of his coding technique via random coding, Carleial employed, quite naturally,
random unstructured codebooks for each pair of cloud center and satellite codebooks. Moreover the two pairs were
statistically independent. Subsequently, Han and Kobayashi [7]] strictly enlarged Carleial’s achievable rate region by
(1) replacing the successive decoder he employed by a more powerful joint decoder, and (ii) incorporating a time
sharing random variable. This coding technique is optimal under strong interference [4], [8]. E1 Gamal and Costa
[9] prove that this technique is optimal for a class of deterministic ICs. Recently Etkin, Tse and Wang [10] prove
that it is within 1 bit of the optimal for the Gaussian IC.

The above coding technique of message splitting via superposition coding and employing unstructured cloud
and satellite codebooks, henceforth referred to as CHK-technique, remains to be the best known coding technique
for communication over a 2—IC. The interfering transmitter’s transmission being the only source of interference,
decoding a part of the same amounts to decoding a part of the interference. This coding technique is in general
more efficient than either ignoring or decoding the entire interference. Whether the rate region proved achievable in
[7], henceforth referred to as the CHK rate region, is the capacity region of a 2—IC has remained a long standing
open problem in information theory.

In this article, we consider the problem of communicating over a three user interference channel (3—IC). In a
3—IC, transmission by two transmitters contribute to interference. The nature of interference over a 3—IC being
richer, we develop a technique based on coset codes built over finite fields and Abelian groups for interference
management. Coset codes are algebraically closed. The sum of any two codewords of a coset lies in another coset.
Moreover, two cosets of a group or linear code, when added result in another coset of the same code. As against to
adding two random codebooks whose codewords are statistically independent, we emphasize that the sum of two
random cosets of a random group or linear code yields a collection of the same size. This property of coset codes
behaving nicely under addition - a bivariate operation - is exploited for managing interference, wherein, interference
over a 3—IC is in general a compressive bivariate function of the signals sent by the two interfering transmitters.

The use of lattice codes [11], [12], [13] and interference alignment techniques [14] have been proposed for
efficient interference management over Gaussian ICs with three or more Tx-Rx pairs. Cadambe and Jafar [14]]
propose the technique of interference alignment for the Gaussian IC and thereby harness the available of degrees
of freedom in an IC with several Tx-Rx pairs more efficiently. Jafarian and Vishwanath [[11] propose an achievable
scheme for communicating over K —user Gaussian IC based on lattice codes and characterize it’s efficiency. Bresler,
Parekh and Tse [[12] employ lattice codes to align interference and thereby characterize the capacity of Gaussian ICs
within a constant number of bits. While these works are restricted to additive ICs, the key contribution herein is the
development of a framework based on coset codes for efficient communication over an arbitrary discrete 3—IC. The
framework involves (i) a new ensemble of field and group coset codes - partitioned coset codes (PCC) - possessing
algebraic and empirical properties, coupled with (ii) efficient joint typicality based encoding and decoding rules that
exploit algebraic properties of PCC and moreover, enable us to achieve rates corresponding to arbitrary single-letter
distributions, (iii) mathematical tools and proof techniques to characterize the performance of the proposed coding

technique over arbitrary 3—ICs. This framework enables us to characterize PCC rate region - a new achievable rate



region for an arbitrary discrete 3—IC. We demonstrate the utility of this framework by identifying additive as well
as non-additive 3—ICs for which the proposed technique enables efficient communication.

Conventionally, the random codebooks employed in characterizing achievable rate regions are unstructured and
independent, i.e., codewords of each random codebook, and the random codebooks themselves, are statistically
independent. Since our findings are based on a fundamentally different approach - use of statistically correlated
codes possessing algebraic closure properties - it is natural to enquire the need for the same. Indeed, one can
employ unstructured codes for communication over an arbitrary 3—IC and optimally stitch together all current
known relevant coding techniques - message splitting, binning and superposition - to derive the current known
largest achievable rate region for communication over an arbitrary 3—IC. How does this rate region, henceforth
referred to as ZSB—region, compare to the PCC rate region?

An important element of our findings is the strict sub-optimality of the S5 —technique for communicating over
3—ICs, including non-additive instances. In particular, we identify (i) an additive 3—IC, and (ii) a non-additive
3—IC for which we analytically prove strict containment of the S5 —region in it’s corresponding capacity region.
Moreover, for these 3—ICs the PCC rate region is the capacity region. This justifies the need for the framework
developed herein. The reader will now wonder whether PCC rate region strictly subsumes %SB—region for an
arbitrary 3—IC[]

In addition to efficiently decoding a bivariate function of the two interfering transmissions, which the proposed
coding technique based on PCC accomplishes, it is necessary to enable receivers efficiently decode individual
parts of interfering transmissions. The coding technique based on statistically correlated PCC proposed herein, is
tuned to exploit the algebraic properties of coset codes in decoding a bivariate function - field addition or group
multiplication - of transmissions of the two interfering transmitters. Such a technique is strictly sub-optimal for the
purpose of decoding individual parts of interfering transmissions, when compared to the conventional technique
based on unstructured independent codes. This leads us to enhance the PCC coding technique by incorporating the
% SB—technique. This enables us to characterize a new achievable rate region for an arbitrary discrete 3—IC that
contains PCC rate region and strictly enlarges the S5 —region.

While our findings appear similar to the idea of interference alignment, we would like to reiterate the following
key elements. Our work provides a technique of aligning interference over arbitrary channels even while achieving
rates corresponding to non-uniform distributionsE] Example [3| illustrates the utility of this technique. We begin
with preliminaries - notation, definitions and the precise statement of the problem - in section [[} In section
we provide a characterization of the CHK rate region for 2—IC. The first main finding of this article is the strict
sub-optimality of current known coding techniques based on unstructured codes for communication over 3—IC. In

order to present this finding, we characterize a sub-class of 3—IC’s called 3—to—1 IC (section |[lI-B)), and derive,

I'A little thought will convince an alert reader, that is this were true, the PCC rate region should particularize or enlarge the CHK rate region
for a 2—IC. Indeed, this is not true, as will be indicated in the sequel.
2We note that the technique of interference alignment proposed by Cadambe and Jafar was studied in the context of Gaussian fading channels

and achieve rates corresponding Gaussian input distributions.



in section an achievable rate region for the same, called ZSB—region, that employs current known coding
techniques based on unstructured codes. In section we identify an additive 3—to—1 IC and propose a strategy
based on correlated linear codes that is analytically proven to strictly outperform %SB—technique.

Our second main finding - a new achievable rate region for an arbitrary discrete 3—IC - is presented in three
pedagogical steps. In the first step, we employ PCC to manage interference seen by only one receiver. In the second
step, we employ PCC to manage interference seen by all three receivers. Finally, in the third step, we indicate how
a coding technique that incorporates both %SB—region and PCC region can be developed for a general discrete
3—IC.

In this article, we develop coding techniques based on PCC built over finite fields and Abelian groups. Characteriz-
ing achievable rate regions for arbitrary 3—IC using statistically correlated codes endowed with algebraic properties,
is a paradigm shift from the conventional techniques (based on unstructured codes) employed in information theory.
The theory developed in this article contains several new elements. The rich structure of the finite field, and our
fair understanding of coset codesﬂ provides us with the right setting to convey some of the new elements in it’s
simplest setting. Employing coset codes built over general Abelian groups involves, thanks to it’s looser algebraic
structure, a whole new set of tools and ideas. These being fairly group theoretic, we develop the same in a separate
section. In section [V] we develop PCC rate region by employing codes built over finite fields. Section [V]] contains
our exposition in the context of Abelian groups, i.e., characterization of PCC rate region based on codes built over
Abelian groups. While it is true that the PCC rate region using group codes contains PCC rate region based on
finite fields, the above subdivision provides a pedagogical development of the involved techniques. Moreover, it also
enables a reader unfamiliar with group theory to gather several of the key elements by a careful study of section
A\l

In sections we present the first step that describes all the new elements of our framework in a simple
setting. Here, we employ PCC built over finite fields, Abelian groups respectively, to manage interference seen by
only one receiver. For this step, we furnish a complete and elaborate proof of achievability. In the second step,
presented in section we employ PCC to manage interference seen by all three receivers. Finally, in section
we incorporate unstructured codes via ZSB—technique and PCC to derive an achievable rate region that is
strictly larger than %SB—region.

Our third main finding is the identification of 3—IC’s for which the proposed framework outperforms all current
known coding techniques. In particular, we identify in section|[V-A] a non-additive 3—to—1 IC (Example [3) for which
%S B—technique is strictly sub-optimal and moreover, the coding technique based on PCC is capacity achieving.
This example illustrates the central theme of this article - codes endowed with algebraic closure properties enable
efficient communication over arbitrary 3—IC’s not just additive, symmetric instances - and thereby justifies the

framework developed herein. We strengthen this claim by identifying in section 3—IC’s for which PCC codes

3While there has been several works that study performance of particular coset codes, a systematic information theoretic study of it’s

performance over an arbitrary instance of a multi-terminal channel has not been undertaken.



built over Abelian groups achieve capacity, while all known coding techniques, including PCC codes built over
finite fields are sub-optimal. This illustrates the need to develop a fundamental theory of codes built over the various

algebraic objects.

II. PRELIMINARIES: NOTATION AND DEFINITIONS
A. Notation

o We let N, R denote the set of natural numbers and real numbers respectively. Calligraphic letters such as X', )
exclusively to denote finite sets.

e For K €N, welet [K]:= {1,2--- ,K}.

o In this article, we will need to define multiple objects, mostly triples, of the same type. In order to reduce
clutter, we use an underline to denote aggregates of objects of similar type. For example, (i) if Vi, Yo, Vs
denote (finite) sets, we let ) either denote the Cartesian product }; X )V X V3 or abbreviate the collection
(Y1, V2, V3) of sets, the particular reference being clear from context, (ii) if Yy €Vi:J € [3], we let Yy € Yy
abbreviate (y1,y2,y3) € Y, (iii) if d; : Y] — M : j € [3] denote (decoding) maps, then we let d(y™) denote
(d(y1), d2(y3), d3(yi))-

o If j € {1,2}, then 4 € {1,2} \ {j} is the other index.

o Unless otherwise mentioned, we let € denote an integral power of a prime. Throughout, 7y will denote the
finite field of cardinality 6.

« We employ the notion of typicality as in [15]. In particular, if U,V are random variables distributed with
respect to pyv, then T, (U, V) € U™ x V™ denotes the typical set with respect to pyy and deviation parameter

n. For any v™ € V", T,,(Ulv™) = {u" : (u",v") € T,,(U,V)} denotes the conditional typical set.

B. Definitions: 3—IC, 3—to—1IC, achievability, capacity region

A 3—IC consists of three finite input alphabet sets X, X5, A5 and three finite output alphabet sets V1, Vo, V3. The
discrete time channel is (i) time invariant, i.e., the pmf of Y, : = (Y74, Yo, Y3;), the output at time ¢, conditioned
on X, : = (Xy+, Xat, X3¢), the input at time ¢, is invariant with ¢, (ii) memoryless, i.e., conditioned on present
input X ,, the present output Y, is independent of past inputs X,,---, X, ;, past outputs Y;,---,Y, ; and (iii)
used without feedback, i.e., encoders have no information of the symbols received by decoders. Let Wy | x (y|z) =
Wy, v, vs X1 X2 X5 (15 Y2, Y3| 21, T2, 22) denote probability of observing symbol y; € V; at output j, given x; € X
is input by encoder j. Inputs are constrained with respect to bounded cost functions x; : X; — [0,00) : j € [3].
The cost function is assumed additive, i.e., cost of transmitting vector 7 € X[ is K7 (z}) : = LS ki)
We refer to this 3—IC as (X,), Wy x, k).

Definition 1: A 3—IC code (n, M, e,d) consist of (i) index sets M7, My, M3 of messages, (ii) encoder maps
ej : Mj — Xj' 1 j € [3], and (iii) three decoder maps d; : V' — M, : j € [3].



Definition 2: The error probability of a 3—IC code (n, M, e, d) conditioned on message triple (mq,ma, m3) €
M is

fledm):=1— Y Wyx(y"ler(m), ea(ma), es(ms)).

ymd(y™)=m
The average error probability of a 3—IC code (n, M, e,d) is (e, d) : = > meM Ml/jf(gﬂm). Average cost per
symbol of transmitting message m € M is z(elm) : = (K} (e;(m;)) : j € [3]) and average cost per symbol of
3—IC code (n,M,e,d) is T(e) : = @1‘ > mem T(elm).
Definition 3: A rate-cost sextuple (R, Re, R3, 71,72, 73) € [0,00)¢ is achievable if for every n > 0, there exists

(n)
N(n) € N such that for all n > N(n), there exists a 3—IC code (n, M™, (™ d™) such that (i) % >

Rj —n:j € [3], Gi) £(e™,d™) < n, and (iii) average cost 7(e™); < 7; + 1. The capacity region is C(r) :
= {E €ER3: (R, 1) is achievable}.

We now consider 3—to—1 IC, a class of 3—IC’s that was studied in [16]]. 3—to—1 IC enables us to prove
strict sub-optimality of coding techniques based on unstructured codes. A 3—to—1 IC is a 3—IC wherein two
of the users enjoy interference free point-to-point links. Formally, a 3—IC (&, Y, Wy |x,7) is a 3—to—1 IC if
() Wy x(y2lz) © = D20, ye)ev xvs Wyx (ylz) is independent of (z1,23) € A1 x A3, and (i) Wy, x(ys|z) :
= 2 (yr.u2)e¥s x, Wy |x (y]z) is independent of (z1,22) € X1 x X for every collection of input output symbols

(z,y) € X x Y. For a 3—to—1 IC, the channel transition probabilities factorize as

Wy x (ylz) = Wy, 1 x (Y112) Wy, x, (2] 22) Wy, x, (Y3]73)

for some conditional pmfs Wy, | x, Wy,|x, and Wy;|x,. We also note that X; X3 — Xo — Y5 and X1 X5 — X35 —V3
are Markov chains for any distribution px, px,px, Wy |x EI
In the following section, we describe the coding technique of message splitting and superposition using unstruc-

tured codes, in the context of a 2—IC, and employ the same in deriving the ZSB—region for 3—to—1 IC.

IIT. MESSAGE SPLITTING AND SUPERPOSITION USING UNSTRUCTURED CODES
A. CHK-technique for 2—IC

Encoder j builds codebooks over two layers - public and private. The public layer contains a cloud center
codebook built over WW;. For each codeword in the cloud center codebook, a corresponding satellite codebook is
built over &;. The satellite codebooks form the private layer. The user’s message is split into two parts - public
and private. The cloud center codeword is the codeword in the cloud center codebook indexed by the public part
of the message. In the satellite codebook corresponding to the cloud center codeword, the codeword indexed by the
private part of the message forms the satellite codeword. The satellite codeword is input on the channel. Decoder j

decodes into codebooks built over Wy, W, and X;, i.e., the two cloud center codebooks and it’s satellite codebook.

4Any interference channel wherein only one of the users is subjected to interference is a 3—to—1 IC by a suitable permutation of the user

indices.



A standard information theoretic analysis of probability of error yields an achievable rate region referred to herein
as CHK rate region for 2—IC.

Definition [4] and theorem [I] provide a characterization of rate pairs achievable using CHK-technique. We omit
restating the definitions analogous to definitions [T} 2} [3] for a 2—IC.

Definition 4: Let Dy (1) denote the collection of pmfs pow,w, x, x,v;v, defined on Q@ x Wi x Wy x X x
Xa X Y1 X Vo, where Q, Wy, W, are finite sets of cardinality at most 7, |X1| + 4, |X2| 4 4 respectively, such that
@) py|xw = Wy x, (i) (W1, X1) is conditionally independent of (W2, X5) given @, (iil) E {x;(X;)} < 7,. For

powxy € Dk (1), let apgk(powxy) denote the set of rate pairs (Ry, Ra) € [0, 00)? that satisfy
R < min{I(X;;Y;|QW;), I(X;; Y;|QW) + T(W; X5 Y QW5)} : j € [2]

2
Ri+ Ry < minQ I(X;;Y;QW) + I(W; X5 Y5Q) : 5 € [2], Y T(W; X5 Y;1QWs5)

j=1

and

anx(r)=c | |J anx(powxy)
PQWXYE
Duk(T)

Theorem 1: For 2—IC (X, Y, Wy |x, k), agk(7) is achievable, i.e., apr () C C(1).
Remark 1: Recently, several efforts [17], [18]], [19] have yielded simplified descriptions [20] of a g (7). The
description stated above involving fewer auxiliary random variables and tighter bounds on their cardinalities is due

to Chong et. al. [17].

B. %SB—technique for 3—to—1 IC

Before we consider the case of a 3—to—1 IC, it is appropriate to state how does one optimally stitch together
current known coding techniques - message splitting, superposition coding and precoding via binning - for com-
municating over 3—IC? Each encoder must make available parts of it’s transmission to each user it interferes with.
Specifically, encoder j splits it’s transmission into four parts - one public, two semi-private and one private. The
corresponding decoder j decodes all of these parts. The other two decoders, say ¢ and k, for which encoder j;’s
transmission is interference, decode the public part of user j’s transmission. The public part is decoded by all
receivers, and is therefore encoded using a cloud center codebook at the base layer. Moreover, each semi-private
part of encoder j’s transmission is decoded by exactly one among the decoders ¢ and k. The semi-private parts
are encoded at the intermediate level using one codebook each. These codebooks, referred to as semi-satellite
codebooks, are conditionally coded over the cloud center codebook. The semi-satellite codebooks are precoded for
each other via binning. The private part is encoded at the top layer using a satellite codebook. The satellite codebook
is conditionally coded over the cloud center and semi-satellite codebooks. Each decoder decodes the seven parts

using a joint typicality decoder. Finally, the encoders and decoders share a time sharing sequence to enable them



synchronize the choice of codebooks at each symbol interval. We henceforth refer to the above coding technique
as the ZSB—technique.

One can characterize ZSB—region - an achievable rate region corresponding to the above coding technique - via
random coding. Indeed, such a characterization is quite involved. Since our objective is to illustrate sub-optimality
of ZSB—technique, it suffices to obtain a characterization of ZSB—region for 3—to—1 ICs.

For the case of 3—to—1 IC, user 1’s transmission does not cause interference to users 2 and 3, and therefore will
not need it to split it’s message. This can be proved using the Markov chains X; X3 — X9 —Y5 and X7 X5 — X3 —Y3.
Moreover, transmission of user 2 does not interfere with user 3’s reception and vice versa. Therefore, users 2 and
3 will only need to split their messages into two parts - a private part and a semi-private part that is decoded by
user 1. We now describe this coding technique.

Since encoder 1’s transmission does not cause interference to any of the other users, it employs a simple point-
to-point (PTP) encoder. Specifically, encoder 1 builds a single codebook (z}(mq) : m; € My) of rate T} over
X, and the codeword indexed by the message is input on the channel. The operations of encoder 2 and 3 are
identical. Moreover, since their transmissions cause interference only to user 1, their operations are identical to that
of a generic encoder of a 2—IC. In anticipation of a generalization to 3—IC , we employ an alternate notation and
therefore describe operation of encoder 2.

Encoder 2 splits it’s message My € M into two parts - semi-private and private. We let message (i) M2, € Moy
of rate Lo denote it’s semi-private part and (i) Myx € Mox of rate T denote it’s private part. A single semi-
private layer codebook (uf(ma1) : ma1 € Mao) is built over Us. For each message mo; € Maop, a codebook
(28 (ma1,max) : Mmax € Max) is built over X». The codebooks over X, form the private layer. The codeword
a8 (Mazy1, Max) corresponding to message My = (Ma1, Max) is input on the channel.

Decoders 2 and 3 enjoying interference free reception perform simple PTP joint typical decoding into the
corresponding pair of semi-private and private codebooks. Decoder 1 looks for all messages r; € M; for which
there exists a pair (u3 (7ha1), u% (h31)) such that (27 (7)), ud (1ha1), ul (ths1), Y{*) is jointly typical, where Y7
is the vector received by decoder 1. If there is exactly, one such message m; € My, this is declared as decoded
message of user 1. Otherwise, an error is signaled.

A typical information theoretic analysis of probability of decoding error yields the ZSB—region for 3—to—1 IC.
For the sake of completeness, we provide the details. A well versed reader may skip over to the characterization
provided in definition [5] and theorem 2} Let @, taking values over the finite alphabet Q, denote the time sharing
random variable. Let pg be a pmf on Q and ¢" € Q™ denote a sequence picked according to [, pg. ¢"
is revealed to the encoders and decoders. The distribution induced on the ensemble of codebooks is such that,
conditioned on the time sharing sequence ¢", the three collections of codebooks, one corresponding to each userE]
are mutually independent. Let popx,|QPU, X, |QPUs x5/QWy|x be a pmf on Q x Uz x Us x X x ). The codewords

in X; —codebook are independent and identically distributed according to [, ; px,|o(-|¢:). The codewords in user

SHere, the collection of user j’s codebooks refers to the entire collection of codebooks employed by encoder j.



2’s semi-private codebook are independent and identically distributed according to [];"_; pu,o(-/g:). Conditioned
on the entire Us—codebook, codewords (25 (ma1,max) : max € Max) in the private codebook corresponding to
semi-private message m5; are independent and identically distributed according to [T, px, 0,0 (| (w8 (m$)))e, @)
The distribution induced on user 3’s codebook is analogous to that of user 2 and a description is therefore omitted.

We now average probability of decoding error over the ensemble of codebooks. The probability of either decoder

2 or 3 decoding erroneously decays exponentially if
LJ—FT’] <I(UJX],}/]|Q) and TJ<I(X],Y}|Q,U])]=2,3
The probability of decoder 1 decoding erroneously decays exponentially if

Ty < I(X1;Us,U3,Y11Q), Lo+Ty < I(UxX1;UsY1|Q), Ls+ Ty <I(UsX1;U2Y1]Q), and
Lo+ L3+Ty < I(UUsX1;Y1|Q).

Incorporating non-negativity constraints, 7; > 0: j € [3],L; > 0: j = 2, 3, substituting Ry, Ro, Rs for T1, Ly +
Ty, L3 + T3 respectively, and eliminating all variables except R; : j € [3] using the technique of Fourier-Motzkin
yields the following achievable rate region.

Definition 5: Let D, (1) denote the collection of pmfs poy, v, xy defined on Q xUs xUs x X x ), where Q, Us,Us
are finite sets, such that (i) py | xv,v,0 = Wy |x. (ii) the triplet Xy, (U, X>) and (Us, X3) are conditionally mutually
independent given @, (iii) E {x;(X;)} < 7; : j € [3]. For pou,v,xy € Du(7), let ay(pou,u,xy) denote the set
of rate triples (R, Ra, R3) € [0,00) that satisfy

0< R <IX1;11]Q,Us,Us), 0<R; <IU;X;;Y;|Q):75=2,3 (1)

Ry + Ry < I(U2X1;Y1|QUs) + I(X2;Y2|QUsa),  Ri+ Rz < I(UsX1;Y1|QUz) + 1(X35;Y3|QUs)

Ry + Ry + Ry < I(U2UsX1;Y1|Q) + 1(X2; Y2|QUz) + 1(X3;Y3|QU3), 2)
and

ay(z) =cl U au(PQUyUs X Y)

PQUaUs XY € Du(T)
Theorem 2: For 3—to—1 IC (X, Y, Wy |x, k), a,(T) is achievable, i.e., o, (1) € C(1).
The reader will also recognize that () is also achievable over an arbitrary 371Cﬁ This is stated below.

Theorem 3: For 3—IC (X, Y, Wy |x,k), o (7) is achievable, i.e., o, (1) C C(1).

IV. STRICT SUB-OPTIMALITY OF ZSB—REGION FOR 3—TO—1 IC

This section contains our first main finding of this article - strict sub-optimality of ZSB—technique. In particular,
we identify a binary additive 3—to—1 IC for which we prove strict sub-optimality of ZSB—technique. We begin

with the description of the 3—to—1 IC.

Unless the 3—IC (X, ), Wy | x, k) is a 3—to—1IC, ay (1) is not it’s %SB—region.
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Fig. 1. A binary additive 3—to—1 IC described in example [I]

Example 1: Consider a binary additive 3—to—1 IC illustrated in figure [1| with X; = V; = {0,1} : j € [3]
with channel transition probabilities Wy |x (y|z) = BSCs, (y1|r1 © 22 @ 23)BSCs, (y2|22) BSCs, (y3|r3), where
BSC,(0|]1) = BSC,(1|0) = 1 — BSC,(0|0) = 1 — BSC,(1]|1) = n denotes the transition probabilities of a BSC
with cross over probability € [0, 3]. Inputs of users 2 and 3 are not costed, i.e., £;(0) = x;(1) = 0 for j = 2,3.
User 1’s input is constrained with respect to a Hamming cost function, i.e., k1(x) = x for € {0,1} to an average
cost of 7 € (0, 1) per symbol. Let C(7) denote the capacity region of this 3—to—1 IC.

Clearly, C(7) C (T, 2, 2, d), where

B(z,8) : = {(R1, R, R3) € [0,00)% : Rj < hy(8; 1) — ho(8;) 1 j = 1,2,3}. (3)

Let us focus on achievability. We begin with a few simple observations for the above channel. Let us begin with
the assumption 0 : = d2 = d3. As illustrated in figure [I} users 2 and 3 enjoy interference free unconstrained binary
symmetric channels (BSC) with cross over probability § = d5 = d3. They can therefore communicate at their
respective capacities 1 — hy,(9). Constrained to average Hamming weight of 7, user 1 cannot hope to achieve a rate
larger than hy (7% d1) — hb(él)ﬂ] What is the maximum rate achievable by user 1 while users 2 and 3 communicate
at their respective capacities?

User 1 cannot hope to achieve rate hy(7%01) —hy(d1) and decode the pair of codewords transmitted by user 2 and
3if hy(T%01) — hp(01) +2(1 — hy(5)) > 1 — hp(01) or equivalently 1+ hp(7 % 01) > 2hy(J). Under this condition,
%S B—technique forces decoder 1 to be contented to decoding univariate components - represented through semi-
private random variables Us, U3 - of user 2 and 3’s transmissions. We state that as long as the univariate components
leave residual uncertainty in the interfering signal, i.e., H (X2 & X3|Us,Us) > 0, the rate achievable by user 1 is
strictly smaller than it’s maximum hy, (7% d1) — hb(él) This claim and the strict sub-optimality of %S3—technique

is stated in theorem [l

7If receiver 1 is provided with the codewords transmitted by users 2 and 3, the effective channel it sees is a BSC with cross over probability
01.

8 An informed reader will be able to reason this by relating this situation to a PTP channel with partial state observed at the receiver.
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We now describe a simple linear coding technique that enables user 1 achieve it’s maximum rate hy,(7x01)—hp (1)
even under the condition 1 4 hy(7 * §1) > 2hy(5)! Let us assume 7 x 67 < 6. We choose a linear code, or a coset
thereof, that achieves the capacity of a BSC with cross over probability §. We equip users 2 and 3 with the same
code, thereby constraining the sum of their transmitted codewords to this linear code, or a coset thereof, of rate
1 — hp(6). Since 7% 01 < 6, decode 1 can first decode the interfering signal - sum of codewords transmitted by
encoders 2 and 3 - treating the rest as noise, peel it off, and then decode the desired signal. User 1 can therefore
achieve it’s maximum rate hy (7 * d1) — hp(01) if 7% 6; < 6.

In theorem 4] we prove that if 14 hy(01%7) > hy(82) +hy(63), then (hy(7%01) —hy(81), 1 —hp(02), 1—hy(63)) ¢
a,, (7). We therefore conclude in corollary (1| that if 7, 1, d2, d5 are such that 1+ hy (51 % 7) > hyp(d2) + hp(d3) and
min {d2,d3} > 1 * 7, then ZSB—technique is strictly suboptimal for the 3—to—1 IC presented in example

Theorem 4: Consider the 3—to—1 IC described in example If 7%01 < min {2, 3}, then C(7) = B(7, 3,1, 6),
where 3(r, d) is given by (). If hy(02) + Ry (d3) < 14hy(7%61), then (hy(T%61) —hy (1), 1—hy(d2),1—hy(83)) ¢
ay(7,0,0).

Proof: We only need to prove the second statement. If H(X;|Q,U;) = 0 for j = 2,3, then the upper
bound in (2) reduces to Ry + Re + Ry < I(X2X3X1;Y1|Q) < 1 — hy(d1). From the hypothesis, we have
hy(T % 61) — hp(01) +1 — hy(d2) + 1 — hyp(d3) > 1 — hp(61) which violates the above upper bound and hence the
theorem statement is true.

Henceforth, we assume H (X;|Q,U;) > 0 for j =2 or j = 3. Let us assume j,# are distinct elements in {2, 3}
and H(X;|Q,U,) > 0. Since (Us, X) and (Us, X3) are conditionally independent given (), we have

0 < H(X;|Q,U;) = H(X;|X5,Q,Us,Us) = H(X2 @ X3|X;,Q,U2,Us) < H(X2y @ X3|Q, UxUs).

The univariate components Us, Us leave residual uncertainty in the interfering signal and imply the existence of a
§* = (q*,ub,ul) € Q: = Q x Uy x Us for which H(X5 @ X3|(Q,UyUs) = ¢*) > 0. Under this condition, we
prove that the upper bound on R is strictly smaller than hy(7 * 01) — hyy(071). Towards that end, we prove a
simple observation based on strict concavity of binary entropy function.

Lemma 1: If Z; : j € [3] are binary random variables such that (i) H(Z1) > H(Z,), (ii) Z3 is independent of
(Z1,Z3), then H(Zy) — H(Z3) > |H(Z1 @ Z3) — H(Z2 ® Z3)|. Moreover, if H(Z,) > H(Z2) and H(Z3) > 0,
then the inequality is strict, i.e., H(Zy) — H(Z3) > |H(Z1 @ Z3) — H(Z> & Z3)|.

Proof: Note that, if either H(Z1) = H(Z3) or H(Z5) = 0, then H(Z,)— H(Z2) = H(Z1©Z3)— H(Z2® Z3).
We therefore assume H(Zy) > H(Z3) and H(Z3) > 0 and prove the case of strict inequality. For j € [3], let
{pz,(0),pz,(1)} = {6;,1—6;} with §; € [0,1], 65 > 0. Define f : [0, 3] = [0,1] as f(t) = hy(61 xt) — hy(d2%t).
It suffices to prove f(0) > f(d3). By the Taylor series, f(d3) = f(0) + d3f'(¢) for some ¢ € [0, 3] and therefore
it suffices to prove f'(t) < 0 for ¢ € (0, 3].
It may be verified that

F(t) = (1 - 26,) log -~

(1—252)10g1 55 , where 0; = 6; +t(1—25;):j € [2].
1 2



Note that (i) 0 < (1 —28;) < (1 —2d2) < 1, (i) 6; < &; + 2(1 —26;) < 3, (iii) since §; > 62 and t <
61 — 0 = (01 — 62)(1 — 2t) > 0. We therefore have 0 < 65 < &, < 1 and thus log 1 ‘52 > log L. Combining

1
2’

this with the first observation, we conclude (1 — 245) log 6"‘ > (1—26) 1og 9 wh1ch 1mphes 1/ (t) < 0 for
te(0,3]. [
We are now equipped to work with the upper bound (1)) on R;. Denoting Q:= (Q,Us2,Us) and a generic element
G:=(q,uz,u3) € Q: = Q x Uy x Us, we observe that

I(X1;Y1]Q) = ZpQ HX10MeXo0X3|Q=0) - > pyo@dHM & X2 @ Xs|Q=49) 4

z1,G

> po(@)H(X1 & Ny @ Xo @ X5]Q = §) — Zp@@H(Nl ® X @ X5|Q = q)

< ZPQ(Q)H(Xl@Nl\Q:q ZPQ H(M[Q =q) = ZPQ(Q)H(XlGBNl\QZQ)*hb((;l) &)
q q

ZPQ Yo (px,1Q(1lg) * 1) — hb(51) < hy(Eq {px,1q(Llg) * 61}) — he(61) < hy(7 % 01) — hy(61),(6)

where (i) (4) follows from independence of (N1, X2, X3) and X; conditioned on realization of @, (ii) follows
from the existence of a §* € Q for which H (X, @ X3|Q = ¢*) > 0 and substituting Px,en0(177) for pz,,
le\Q('|Q*) for pz, and pX2®X3\Q('|q*) for pz, in lemmam and noting that pX1®N1|Q~(1|q*) > le\Q(l\q*), (iii)
the first inequality in (6) follows from Jensen’s inequality and the second follows from the cost constraint that any
test channel in D, (7, 0,0) must satisfy. [ |

Corollary 1: Consider the 3—to—1 IC in example |I| with § = d5 = 3. If hp(7 % 61) < hp(0) < W, then
(he(T%01) — hp(61), 1 — hp(8), 1 — hp(9)) € c(7,0,0) but (hy(7 % 1) — hp(61), 1 — hp(d), 1 — hp(5)) € C(7) and
thus v, (7,0,0) # C(7). In particular, if §; = 0.01 and d5 € (0.1325,0.21), then v, (§,0,0) # C(3).
Comparison with Bandemer and El Gamal [21] :- We refer the reader to [21, Section II.D] wherein the authors
propose an achievable rate region for the three user deterministic interference channel with noisy observations. To
avoid conflict in notation, we restate example |1| with a notation consistent with that employed in [21].

Example 2: Consider a binary additive 3—to—1 IC illustrated in figure |I| with X; = Z; = {0,1} : j € [3]
with channel transition probabilities Wy x (z|z) = BSCs, (21|21 © w2 © 23)BSCs, (22|12) BSCs, (23|73). Inputs
of users 2 and 3 are not costed, i.e., x;(0) = k;(1) = 0 for j = 2,3 and user 1’s input is constrained by a Hamming
cost function, i.e., x1(z) = = for z € {0,1}.

Let us describe the above example using the notation employed in [21]. It maybe verified that X5, X13, Xo3, X352,
S, 83 are trivial, Xj; = X for j =1,2,3, Yo = Xoo = X, Y3 = X33 = X3, §1 = X1 ® X531, Y1 = X1 ® 54,
Z; =Y; ® N, for j = 1,2,3. N1, Ny, N3 are independent Bernoulli processes with P(N; = 1) = 4, and
P(N; =1) =0 for j = 2,3. We now state the main elements in the argument that proves (hy(7 % d1) — hp(01),1—
hy(02), 1—hy(d3)) ¢ Rip. Let (Q, X1, X2, X3) be such that (Ry, 1—hy(62), 1—hy(d3)) € M3_, Ri(Q, X1, X2, X3).
It can be proved that px,o(0lg) = px,o(llg) = % for every ¢ € Q and j = 2,3 using standard information
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theoretic argumentﬂ We now employ the bound
Ry + min{Rs + H(X31|Q), Rs + H(X21|Q), Re + R3, H(S1|Q)} < I(X4, S1; Z1|1Q) @)

present in the description of R (Q, X1, X2, X3). Clearly, the right hand side of (7) is 1 — hy(d1). We also know
Ry + Ry < min{Ry + H(X3|Q), Rs + H(X21|Q)}. If Ry + Ry < H(S1|Q) = H(Xo1 & X1|Q) = H(Xo @
X3|Q) = 1, then the above bound reduces to Ry + Ry + R3 < 1 — hy(d1). Therefore, if (2 — 2h3(6)) < 1,
or equivalently hy(8) > 3, we have Ry + Ry + R3 < 1 — hy(01). Consider the choice d; = 0.01,7 = % and
d = 0.15. We have hy(7 * §1) < hp(d) < %‘M and therefore (2 — 2hy(6)) + (hp(01 * 7) — hp(d1)) >
(1= hy(61 % 7)) + (hyp(81 % T) — hy(61)) = 1 — hy(61) and moreover hy () = 0.6098 > 1. Therefore the rate triple

(ha(T % 61) — hy(61),1 — hp(d2),1 — hs(d3)) ¢ QRip but is achievable using linear codes.

V. ACHIEVABLE RATE REGION USING PCC BUILT OVER FINITE FIELDS

In this section we present our second main finding - a new achievable rate region for 3—IC - in the context of
finite fields. In other words, we propose a coding technique based on PCC built over finite fields. Characterizing
it’s information-theoretic performance enables us to derive an achievable rate region, henceforth referred to as
PCC—regionPE] We derive PCC rate region in three pedagogical steps. In the first step, presented in section
we employ PCC to manage interference seen by only one of the receivers. This simplified setting aids the reader
recognize and absorb all the key elements of the framework proposed herein. For this step, we provide a complete
proof of achievability. In this section, we also identify a non-additive 3—to—1 IC (Example [3) for which we
analytically prove (i) strict sub-optimality of S5 —technique and (ii) optimality of PCC rate region. This example
indeed illustrates the central theme of this article - codes endowed with algebraic closure properties enable efficient
communication over arbitrary general multi-terminal communication channels, not just additive, symmetric instances
- and thereby justifies the framework developed herein.

In the second step, presented in section we employ PCC to manage interference seen by every receiver and
thereby provide a characterization of PCC rate region. In the third step we provide a unification of PCC rate region

and ZSB— rate region along the lines of [22] Section VI].

A. Step I : Managing interference seen by one receiver using PCC built over fields

The linear coding technique proposed for example [I] seems to hinge on the additive nature of the channel therein.
One of our main contributions is in being able to generalize this technique to arbitrary channels. In this section,
we present our generalization in a simple setting that elaborates on the structure of the codebooks and captures all

the key elements.

9This can be proved by employing the bound R; < I(Xj; Z;1Sj,Q) involved in the description of :;(Q, X1, X2, X3) for j = 2,3 and
noting that S; if trivial for these j.

10We employ the same terminology for the rate region achievable using PCC built over Abelian groups in section
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Definition 6: Let Ds(7) denote the collection of distributions pou, v, xy € Dy (7) defined over Q x Us x Us x
X x Y, where Us = Us is a finite field. For pou,u,xy € Df(1), let o ' (pgu,u,xy) be defined as the set of rate
triples (R1, Ra, R3) € [0,00)? that satisfy

Ry < min{0,H(U;|Q) — H(U2 @ Us|QY1) : j = 2,3} + I(X1; Uz @ Us, Y1]Q),
Ri+R; < I(X;Y5]QU;) + 1(X1;U2 @ Us, Y1(Q) + H(U;|Q) — H(Uz © Us|QY1) 1 j = 2,3,

and

af () = cocl U  of'renv,xy)
PQUaUs XY €
D (z)

Theorem 5: For 3—IC (X,Y, Wy x, &), a} (1) is achievable, ie., a} () C C(x).

Before we provide a proof, we describe the coding technique in a simplified setting that highlights the new elements
and indicates achievability of promised rates. Towards that end, consider a pmf pou,u,xy € Dy(7) with Q =
and Uy = Us = Fp. Encoder 1 builds a single codebook C; = (a7 (my) : m1 € My) of rate Ry over X; and the
codeword indexed by the message is input on the channel.

The structure and encoding rules for users 2 and 3 are identical and we describe it using a generic index
j € {2,3}. As in section we employ a two layer - cloud center and satellite - code for user j and split
it’s message M; € M, into two parts. Let (i) M;; € My : = [0%7] denote it’s semi-private part, and (ii)
M;x € Mjx : = [exp{nL;}] denote it’s private part. While in section user 1 decoded the pair of cloud
center codewords, the first key difference we propose is that user 1 decode the sum of user 2 and 3 cloud center
codewords. Let a coset A\; C L{}‘ of a linear code Xj C Z/{]” denote user j’s cloud center codebook. In particular,
let g; € Z/{; 7*™ denote generator matrix of \; and coset \; correspond to shift b} € Uj'. We let the cloud center
codebooks of users’ 2 and 3 overlap, i.e., the larger of Xg,Xg contains the other. For example, if s;, < s;,, then
ij - Xj3. We therefore let gjq; = [g}; g};/j2].

Since codewords of a uniformly distributed coset code are uniformly distributed, we need to partition the coset
code \; into 6% bins to induce a non-uniform distribution over the auxiliary alphabet ¢/;. In particular, for each
codeword uj(a®7) : = a*g; & b}, where a¥ € U;j, a binning function i;(a®) € [0%] is defined that indexes
the bin containing v (a®). We let cj1(mj1) = {a% € Z/ljsj :i;(a®) = mj1} denote the set containing indices
corresponding to message m;;.

The structure of the cloud center codebook plays an important role and we formalize the same through the
following definition.

Definition 7: A coset code A is completely specified by the generator matrix g € ]-'(f *™ and a bias vector

b7 € Fg. Consider a partition of A into 6' bins. Each codeword a*g @ b™ is assigned an index i(a*) € [0']. This

Since the time sharing random variable Q is employed in a standard way, we choose to omit the same in this description.
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coset code A\ with it’s partitions is referred to as partitioned coset code (PCC) (n, k,l, g,b™, 1) or succinctly as an
(n,k,1) PCC. For each m € [0'], let ¢(m) : = {a* € F} :i(a*) = m}.

User j’th satellite codebook C;, built over X;, consists of exp{nL;} bins, one for each private message m,x €
M;x = [exp{nL;}]. Let (2] (m;x,bjx) € A" : bjx € c¢jx : = [exp{nk;}]) denote bin correspond-
ing to message m;x € M,x. Having received message M; = (M;1,M,x), the encoder identifies all pairs
(u}(a®),z} (Mjx,bjx)) of jointly typical codewords with (a*,b;x) € cj1(M;1) x cjx. If it finds one or more
such pairs, one of them is chosen and the corresponding satellite codeword is fed as input on the channel. Otherwise,
an error is declared.

We now describe the decoding rule. Predictably, the decoding rules of users 2 and 3 are identical and we
describe this through a generic index j € {2,3}. Decoder j identifies all (7i21,72,x) for which there exists
(a%,bjx) € ¢j1(rj1) x cjx such that (uf (a™),z7 (;x, bjx), Y}") is jointly typical with respect to p; x v . If
there is exactly one such pair (7721, 77, x ), this is declared as the message of user j. Otherwise an error is signaled.

Decoder 1 constructs the sum Ay & A3 : = {ug Duy:uj €Aj,J =2, 3} of the cloud center codebooks. Having
received Y7", it looks for all potential message 7721 for which there exists a ufy, € Ao @ A3 such that (ug, 7 (1), Y)")
is jointly typical with respect to py,qus, x,,v; - If it finds exactly one such message 11, it declares this as the decoded
message of user 1. Otherwise, it declares an error.

We characterize the performance of the proposed coding technique in the following proof by averaging over the
ensemble of codebooks. Since the distribution induced on the codebooks is such that codebooks of users 2 and 3
are statistically correlated and moreover, contain correlated codewords, this involves new elements.

Proof: Let pou,u,xy € Dy(7), R € a?‘l(pQUﬂSﬂ) and 77 > 0. Let us assume Us = Uz = Fy is the
finite field of size #. For each n € N sufficiently large, we prove existence of a 3—IC code (n, ., e, d) for which
gt > Ry — i), Ti(ex) < i + 7 for k € [3] and (e, d) < 7).

Taking a cue from the above coding technique, we begin with an alternative characterization of a?’{l (PQULUsXY)
in terms of the parameters of the code.

Definition 8: Consider pou,u,xy € Df(7) and let Fy : = Us = Us. Let (Sz‘ﬁ'j’c'l(ngzU3 xv) be defined as the set
of rate triples (Ry, R2, R3) € [0,00)? for which §L>JOS(E,pQU2U3ﬂ, d) is non-empty, where S(R, pou,v,xv,0)
is defined as the collection of vectors (So, Ty, K2, Lo, S3, T3, K3, L3) € [0,00) that satisfy

Rj=T;+L;, K; >4, (S;—T;)>logh— H(U;|Q)+ 4,
(S; —Tj) + K; >logb + H(X;|Q) — HU;, X;|Q)+
T; >, L; >6, K;+L; <I(X;;Y;,U;|Q) — 0, Sj <logb—H(U;|X;,Y;,Q) — 9,
Sj+ K+ L; <logf+ H(X;|Q) — H{U;, X;|Y;,Q) — 6, Ry <I(X1;Y1,Us ®Us|Q) —
Ry + S <logf + H(X1|Q) — H(X1,Uz © Us|Y1,Q) — 0

for j = 2,3.

Lemma 2: &5 (pqu,usxy) = o (pQuavsxy )
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Proof: The proof follows by substituting R; = T; + L; in the bounds characterizing S(R, pqu,uv,xy) and
eliminating S;, T}, K;,L; : j = 2,3 via the technique of Fourier Motzkin. The resulting characterization will be
that of o (pu,u,xy). The presence of strict inequalities in the bounds characterizing o' (pqu,v,xy) and
S(R, pou,usxy,9) enables one to prove 6L>JOS(E, PQU,Us XY ,0) is non-empty for every R € ai’{l(pQUQUBﬂ). [ |
Lemma (7| provides us with § > 0 and parameters (S;,T;, K;,L;,: j = 2,3) € S(R,pou,usx,y,0) of the code
whose existence we seek to prove. Define n = 2% min{d, 77}, where d € N will be specified in due course. Let ¢" €
T, (Q) denote the time sharing sequence. User 1’s code contains exp{nR; } codewords (7 (m1) € X" : mqy € My),

where My : = [exp{nR:}]. For j € {2,3}, user j’th cloud center codebook A; is the PCC (n, s;,t;,g;, b, i;)

TLSj nTj
log 6 log 0 °

built over U' = Fg' where s; : = and t; : = We refer the reader to the coding technique described
prior to the proof for the definitions of u}(a®) and c;1(m;1). The PCCs overlap, and without loss of generality,
we assume sp < s3 and therefore g1 = [gf gg/Q].

We now specify encoding rules. Encoder 1 feeds codeword « (M7 ) indexed by the message as input. For j = 2, 3,

encoder j populates
,Cj(Mj) L= {(U,}L(as-j),l‘?(ij,bjx)) S Tgn(Uj,Xj|q") : (as-j,bjx) S Cj1(Mj1) X ij}.

If £;(M;) is non-empty, one of these pairs is chosen. Otherwise, one pair from A; x C; is chosen. Let (U*(A%),
X7 (Mjx,Bjx)) denote the chosen pair. X'(M;x, Bjx) is fed as input on the channel.

Decoder 1 constructs the sum Ay @ A3 : = {ug Gug ruy €N, j =2, 3} of the cloud center codebooks. Let
ug(a®s) : = a® g3 @by ® by denote a generic codeword in Az & A3. Note that Ay ® A3 = {uf (a®?) : a® € U3® }
Having received Y7", it looks for all potential message 7i; for which there exists a a*® € U3® such that (¢", uj (a*?),
P (m1),Y") € Ta,, (Q, Uz ® Us, X 1,Y1)[§ If it finds exactly one such message 1, it declares this as decoded
message of user 1. Otherwise, it declares an error.

For j € {2,3}, decoder j identifies all (77,1, 77, x ) for which there exists (a®,b;x) € ¢;j1(M;1) X ¢jx such that
(q",uj(a®), 2} (mjx, bix), Y]") € Tay, (Q,U;, X;,Y;), where Y[ is the received vector. If there is exactly one
such pair (77,1, 7;x ), this is declared as message of user j . Otherwise an error is signaled.

The above encoding and decoding rules map every quintuple of codes (Cq, A2, A\3,C2,C3) into a corresponding
3—IC code (n,M,e,d) of rate % = Rl,%ﬁ/‘j‘ = tn—jlogHJrLj =T;+L; =R; : j € {2,3}, thus
characterizing an ensemble of 3—IC codes, one for each n € N. We average error probability over this ensemble
of 3—IC codes by letting (i) the codewords of C; : = (XJ"(m1) : my € M), generator matrices GQ,GS/ZE],
bias vectors By, By, bin indices (I;(a®) : a® € Z/l;j) : j = 2,3 and codewords of C; = (X7'(m;x,bjx) :
(mjx,bjx) € Mjx x¢;jx) 1 j = 2,3 be mutually independent, (ii) the codewords of C; : j = 1,2, 3 are identically

distributed according to [];_, px,|o(|g:). (iii) generator matrices G, , G}, ,;,, bias vectors B}, By, bin indices

2Here we have used the assumption s < s3. In general, if sj, < s;,, we have Ao ® A3 = {uég(asfé) 1a’i2 € M;;z }, where
uff(a®2) : = a2 g;, © b} O bY denotes a generic codeword.
13The choice for 7; is indicated at the end of the proof.

14Recall, that we have assumed so < s3.



17

(I;(a%) :a% € Ll; 7)1 7 = 2,3 be uniformly distributed over their respective range spaces. We denote the random
partitioned coset code (n,s;,t;, G}, B}, 1;) of user j as Aj and let (i) Uj'(a®) : = a® G; @ B} denote a generic
random codeword in Aj, (ii) Ug(a*®) : = a®G3 ® By @ BY denote a generic codeword in Ay @ A3, and (iii)
Cii(Mj1) = {a% € U; 7 :1;(a%) = Mj;} denote the random collection of indices corresponding to message Mj.

We now proceed towards deriving an upper bound on the probability of error. Towards that end, we begin with

a characterization of error events. Let

e = {(¢", X{'(M1)) ¢ T271(Q)X1)}

€1+ = m {(qn7U]n(a’%)ﬂX]n(MJX7ij)) ¢ T277(Q7Uj7Xj)}v forj = 273
(a®,bjx)€
Cir(Mj1)xcjx

e2 = {(¢", Uy (A%?), U3 (A%), XT'(M1), X3 (Max, Bax ), X5 (Msx, Bsx)) ¢ T, (Q,Uz,Us, X)} ¥
€3 1= {(qn7U27L(AS2)3U?:l(ASS)?XIL(Ml);X;(M2X7B2X)7X§1(M3X7B3X)3Xn) ¢ T27]1 (Q7X17U27U37X7X)19)

en:= |J U {(@02@?),X](0),Y7") € Top, (Q, U2 ® Us, X1,Y1) }
m1#My a3 el

= U U U (@U@, X Ohyxbix) YY) € Togy (Q. Uy, V3, Y))} for j =2,3.
mj#AM; a’ie  bjx€cjx
Cjr(mj1)
3

Note that € : = |J (€15 Uea Uesz Ueq;) contains the error event. We derive an upper bound on the probability

j=1
of this event by partitioning it appropriately. The following events will aid us identify such a partition. Define
€ : = €, Ue¢,, where
e, 1= {;(a" M) < Z(m)}, and &5(q" My) 1= D L i@t X (M by ) €T QU X))}

(a®i,bjx )€
Cir(Mj1)Xejx

Z;(n) is half of the expected number of jointly typical pairs in the indexed pair of binsE| For sufficiently large
n, We prove Dipj(n) > 2. For such an n, €;; C €, 1 Jj = 2,3. Since, we can choose n sufficiently large, we
will henceforth assume €;; C ¢, : j = 2,3. It therefore suffices to derive upper bounds on P(e11), P(e;) = j =
2,3,P(€fNey), P((€1Ue2)Ne3), P((E1U€eaUez) NMeyy) 1 j=1,2,3 where € : = €11 Ue = €11 U, Uey,.
Upper bound on P(e11) :— By conditional frequency typicality, for sufficiently large n, P(e11) < 35.
Upper bound on P(e;;) :— Using a second moment method similar to that employed in [15, Appendix A], we

derive an upper bound on P(¢;;) in appendix [Al In particular, we prove
P(e1j) < 12exp{—n(d—32n)} (10)
for sufficiently large n. In deriving the above upper bound, we employed, among others, the bounds
K;>6>0, (S;—1Tj)—[logd—H(U;|Q)] > >0

(S; = T;) + K; — [log 0 + H(X;[Q) — H(Uj;, X;|Q)] >0 > 0.

13Since the precise value of % (n) is necessary only in the derivation of the upper bound, it is provided in appendix@
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Upper bounds on P(€§ Nez), P((€1 U €2)® Neg) :— These events are related to the following two events. (i)
The codewords chosen by the distributed encoders are not jointly typical, and (ii) the channel produces a triple of
outputs that is not jointly typical with the chosen and input codewords. In deriving upper bounds on P(€& N e3),
P((€1 Uez)°Nes), we employ (i) conditional mutual independence of the triplet X1, (U;, X;) : j = 2,3 given Q
and (ii) the Markov chain (U; : j = 2,3) — X — Y. For a technique based on unstructured and independent codes,
the analysis of this event is quite standard. However, since our coding technique relies on codewords chosen from
statistically correlated codebooks, we present the steps in deriving an upper bound in appendix [B| In particular, we

prove that for sufficiently large n,

A

P(& Ney) + P((6 Uez)® Nez) < 2exp{—n(n?uni —32n)} + 35 (11)
Upper bound on P((é1 U ez Ue3)®Meqq) i— In appendix [C| we prove
P((&1UeaUe3)Neqy) <4dexp{—n[d— 28y — 121} (12)

for sufficiently large n. In deriving (I2), we employed, among others, the bounds
logf + H(X1|Q) — H(X1,Us & Us|Y1, Q) — (R + max{Sy,S3}) > > 0,1(X1; Y1, U2 & Us|Q) — Ry > > 0.
Upper bound on P((é; U e3)° Ney;) :— In appendix [D} we prove

P((61UeaUes) Neyj) <10exp{—n(d — (In+ 16m))} (13)
for sufficiently large n. In deriving (I3)), we employed, among others, the bounds

(logd — H(U;|X,,Y;,Q)) —S; >8>0, (logh+ H(X,;|Q)— H(U;,X;|Y;,Q)) — (S; + K;) >6 >0,
IX1;Yh, U8 Us|Q)— R >0 >0, (I(X;;U;,Y5]Q)) — (K; +Lj) >6é >0,
(log 0 + H(X;|Q) — H(X;,U,;|Y;,Q)) — (Kj + Lj +.5;) > 6 > 0.

We now collect the derived upper bounds. From (I0), (TT)), and (I3), we have

3
P( o) (e1j Uesj Ueyj)) < 3% + 24 exp {—n (6 — 32n)} + 2exp{—n(n?un? — 32n)} + ?%
J:

+dexp{—n[0 —28n — 12n]} +20exp {—n (6 — (In+ 1671))}

The reader may recall that we need 1 = 2—1d min{7j, 0} and that 7, > 47 for the above bounds to hold. The reader
may verify that, by choosing d sufficiently large, one can choose 1 and 7; > 47 such that the upper bound above
decays exponentially. This completes the derivation of an upper bound on the probability of error.

We only need to argue that the chosen input codewords satisfy the cost constraint. For sufficiently large n,
we have proved that the chosen input codewords are jointly typical with respect to pou,uv,xy, a distribution that
satisfies IE {x;(X;)} < 7;. Using standard typicality arguments and finiteness of max {rp(xy) : xr € X : k € [3]},
it is straight forward to show that the average cost of the codeword input by encoder j is close to 7; per symbol.
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Fig. 2. A binary 3—to—1 IC described in example 3]

The coding technique proposed in the proof of theorem [5is indeed a generalization of that proposed for example
[Il and moreover capacity achieving for the same. We formalize this through the following corollary.

Corollary 2: For the 3—to—1 IC in example |1} if 7% 6, < min{dy,ds}, then o} '(7, 3, 3) = C(7).

It can be verified that 5(7, 3, 5,0) = ' (pu,usxy) where P(U; = X; = 0) = P(U; = X; = 1) = 3,
P(X,;=1)=17 and Q = ¢, the empty set, where 3(z,d) is given in (3).

In the sequel, we illustrate through an example the central claim of this article that utility of codes endowed with
algebraic structure, and in particular coset codes, are not restricted to particular symmetric and additive problems.
Furthermore, this example establishes the need (i) to achieve rates corresponding to non-uniform distributions which
is accomplished via the technique of binning, (ii) to build coset codes over larger fields, and (iii) to analyze decoding
of sums of transmitted codewords over arbitrary channels which hinges on typical set decoding.

Example 3: Consider a binary 3—to—1 IC illustrated in figure [2[ with X; = Y; = {0,1} : j € [3] with channel
transition probabilities Wy |x (y|z) = BSCs, (y1]|z1 © (z2 V 23)) BSCs, (y2|2) BSCs, (y3]|3), where V denotes
logical ORE] Users’ inputs are constrained with respect to a Hamming cost function, i.e., x;(z) = « for z € {0, 1}.
Assume user jth input is constrained to an average cost per symbol of 7; € (0, %)

We begin by stating the conditions for sub-optimality of ZSB5—technique.

Lemma 3: Consider examplewith §:=0,=03€(0,3)and 7: =7 =73 € (0,3). Let B: = 01 % (27 —72).

The rate triple (hy(71 * 91) — hp(01), hp (7 % §) — hy(0), hp(T % ) — hp(9)) ¢ au,(7) if

ho (1% 61) = hp(01) + 2(he (7 % 8) — hp(0)) > hp(T1(1 = B) + (1 — 71)B) — hp(61) (14)

In particular, if is true, o, (1) C B(7,6), where 3(t,d) is defined in (3).
Please refer to appendix @ for a proof. We now derive conditions under which a‘:’fl (11,7,7) = C(m1, 7, 7). Clearly,
C(m,7,7) C B(1,96) where 7 = (11,7, 7) and & = (41, 6,0). It therefore suffices to derive conditions under which

(he (11 % 01) — hp(81), ho (T % 6) — hp(9), ho (T % 6) — hp(d)) € a?fl(ﬁ,T, 7).

16 BSC(-]) has been defined in example
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Lemma 4: Consider examplewith §:=0,=03€(0,3)and 7: =7 =73 € (0,3). Let B: = 01 % (27 —72).
The rate triple (hy(T1 % 61) — ho(81), b (T * 8) = hy(8), ho (7 % §) — hy(6)) € o' (11,7, 7) ie., achievable using

coset codes, if,
ho(T % 6) — hy(6) < 6, (15)

where 6 = hy(7) —hy((1—-7)%)— (27 _7'2)hb(27.7—7_2.,.2) — hy (11 %81) 4 hp (71 % 3). We therefore have a?ﬁl(ﬁ, T, T) =
C(r1,7,7) if holds.

Proof: The proof only involves identifying the appropriate test channel pou, v, xy € ]D)f’c_1 (r1,7,7). Let @ = ¢
be empty, Us = Uz = {0, 1,2}. Let px, (1) = 1 — px, (0) = 7. Let py,x,(0,0) =1 - py,x,(1,1) =1 — 7 and
therefore P(U; = 2) = P(X; # U;) = 0 for j = 2,3. It is easily verified that pou,u,xy € D} ' (71, 7,7), i, in
particular respects the cost constraints.

The choice of this test channel, particularly the ternary field, is motivated by H (X5 V X3|Us @3 Us) = 0. The
decoder 1 can reconstruct the interfering pattern after having decoded the ternary sum of the codewords. It maybe
verified that for this test channel pou,v,xv, a?’[l(pQUWS xv) is defined as the set of rate triples (R1, Ro, R3) €

[0,00)3 that satisfy

Ry <min{0,0} + hy(11 % 61) — hp(d1), R; < hp(T%8) — hp(6) : 5 = 2,3

R, -‘er <hb(7'1 *51)—]117((51)4—9, (16)
where 0 = hy(7) — hp((1—7)2) — (27—72)11;,(2777_272) —hyp(71%01) +hy(11(1 = B) + (1 —71)3) is as defined in the
statement of the lemma. Clearly, (hy(71 % 81) — hp(61), ho (T %8) — hy(8), ho(T %) — hp(0)) € cocl(a?’l(p(b%ﬂ))
if (TI3) is satisfied. |

Conditions and are not mutually exclusive. It maybe verified that the choice 7 = 7 = 0.15,

90>
01 = 0.01 and § = 0.067 satisfies both conditions thereby establishing the utility of structured codes for examples
well beyond particular additive ones.

A skeptical reader will wonder whether the utility of PCC hinges on the additive multiple access channel (MAC)
Y1 = X1 ® (X2 V X3) @ N;. The following example provides conclusive evidence that this is indeed not the case.

Example 4: Consider a binary 3—to—1 IC illustrated in figure (3| with &; = ); = {0,1} : j € [3] with channel
transition probabilities Wy |x (y|lz) = MAC(y1|z1, 22 V 23) BSCs(y2|r2) BSCs(ys|x3), where M AC(0[0,0) =
0.989, M AC(0]0,1) = 0.01, M AC(0|1,0) = 0.02, M AC(0]|1,1) = 0.993 and M AC(0|b,c) + MAC(1]b,c) =1
for each (b, c¢) € {0,1}2. Users’ inputs are constrained with respect to a Hamming cost function, i.e., x;(z) = x for

z € {0,1}. Assume user jth input is constrained to an average cost per symbol of 7; € (0, 1), where 7 : = 75 = 73.
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Fig. 3. A binary 3—to—1 IC described in example E

Our study of example |7_l| closely mimics that of example [3| In particular, we derive conditions under which C™* :
= (Cy, hp(T % 6)) — hp(8), hp(T % 6)) — hp(d)) € ai_l(z) and C* ¢ (1), where 7 : = (11,7,7),

Cr:= sup I(X1;Y1|X2V X3), 4

pxy €D(T)

Dlr): = pxy is a pmf on X x Y such that (i) py|x = Wy |x is the channel transition probabilities as)
of example [ (i) px = px,Px,Px.,Px,; (1) =7 for j = 2,3 and (iii) px, (1) < 71

By strict concavity of I(X1;Y1/X2 V X3) in px,, and the compactness of D(z), there exists a unique p%- with

respect to which 1(X7;Y7|Xs V X3) = Cy. We are now set to state the conditions under which C* ¢ a, (7).

Lemma 5: Consider example (4| and let C*, C1,D(7), py be defined as above. If
C1 + 2(ho(1 % 0) — hp(6)) = I(X1; Y1| X2 V X3) + 2(he(7 % 0) — hy(8)) > I(X; Y1), (19)

where the mutual information terms I(X;;Y7|X2 V X3),I(X;Y7) are evaluated with respect to Py then Cc* ¢
o, (7).
The reader will recognize that above lemma is the counterpart of lemma [3] for example i} We provide a (sketch of
the) proof in appendix

Lemma 6: Consider exampleCl,p}l be as defined above. If hy(72) + (1 *TQ)hb(%) +H(Y1| X2V X3)—
H (Y1) < min{H(X2|Y2)H (X3|Y3)}, where the entropies are evaluated with respect to p%y-, then (Cy, hp(0%7) —
ho(8), ho (6 % ) — hy(8)) € aFH(x).

Proof: As in proof of lemma 4 we identify an appropriate test channel pou,u,xy € Dy(r) for which
(C1,hp (0 % T) — hp(9), hp (6 * 7) — hp(9)) € a‘j}*l(pQUngﬂ). Let Q = ¢ be empty, Us = Us = {0,1,2}. Let
px = P Let py;x;(0,0) =1 —py,x,(1,1) = 1 — 7 and therefore P(U; = 2) = P(X; # U;) = 0 for j = 2,3.
It is easily verified that pou,u,xy € Di’c—l(z), i.e, in particular respects the cost constraints.

It maybe verified that the hypothesis hy(72) + (1 — TQ)hb(%) + HY1| X2 vV X3) — H(Y1) = H(U; &3
Us)+ H(Y1|Xa vV X3) — HY1) = H(Uy @3 Us) + H(Y1|Us @3 Us) — H(Y1) = H(Us ®3 Us|Y1). we therefore

have H(Us @3 Us|Y1) < min{ H(X,|Y>)H (Xs|Ys)}. This implies (i) H(U;) > H(Us @ Us|Y;) and (i) H(U;) —
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HU; & Us\lYh) > HU;) — H(U,|Y;) = I(U;;Y;) = I1(X;Y;) = hy. Employing these in bounds characterizing
ai}*l(pQUZUBﬂ) and the marginal pxy = py, it can be verified that (C1, hy (6 * 7) — hy(0), he (% 7) — hs(0)) €
af  (pQuavsxy)-

|
For example [4] with 7 = 0.01,7 = 75 = 73 = 0.1525,8 = 0.067, the conditions stated in lemma [5] and [6] hold

simultaneously. For this channel, p% (1) = 0.99,
Ci 4 2(hp(T %) — h(6)) — I(X; Y1) = 0.0048,

and

_ )2
min{H(Xa[Y2) H(Xa(¥3)} — [ho(r2) + (1 — 2 U=

)+ H(Y1|X2 V X3) — H(Y7)] = 0.0031.

A note on our choice of the MAC X1, X5 V X3 — Y7 is in order. The reader will recognize the MAC being ‘quite
close’ to the additive scenario Y7 = X; & (X2 V X3) @ N; studied in example [3| In order for coset codes to
outperform unstructured codes, we do not need the MAC to be so ‘close’ to the additive MAC. The need for the
MAC to be ‘so close’ is a consequence of our desire to provide an analytical proof for strict sub-optimality of
unstructured codes. Note that since we (i) do not resort to outer bounds, (ii) wish to provide analytical upper bounds
to the rates achievable using unstructured codes, and (iii) cannot compute any of the associated rates in a reasonable
time, we demand the MAC to be such that coset codes achieve the maximum possible rate for user 1, with users 2
and 3 constrained to achieve their PTP capacities and unstructured codes to be strictly sub-optimal. This justifies
the ‘closeness’ of the considered MAC to an additive MAC. Finally, the above documented findings indicate that

if structured codes yield gains for particular additive scenarios, then one can reason out the presence of such gains

for ‘close’ non-additive scenarios simply by appealing to the continuity of rate regions in the channel parameters.

B. Step 1I: PCC rate region for a general discrete 3—IC using codes built over finite fields

In this section, we employ PCC to manage interference seen by every receiver. In the sequel, we describe the
coding technique and provide a characterization of the corresponding achievable rate region. In the interest of
brevity, we omit the proof of achievability. All the non-trivial and new elements of such a proof have been detailed
in the proof of theorem [5]

User j splits it's message M; of rate R; = Lj; + Tj; + Ty, into three parts (M, M}, M;X), where i, j, k are
distinct indices in {1, 2, 3}. Let U;; = Fy,,U;;, = Fy, be finite fields. Let A;; C UJ; denote an (n, sj;,t;;) PCC and
Aji € UJ;, denote an (n, s, ;) PCC. If we let Sj; : = 2 log;, Tj; - = Li1og §; and Sjy : = 2% Jog O, Ty,

n n

= tJT" log 6, then recall that \;;, Aj; are coset codes of rates Sj;, S;i partitioned into exp{nT};}, exp{nTj} bins

respectively. Observe that cosets A;; and Ag; are built over the same finite field Fp,. To enable contain the range

7Note that we are demanding the channel to permit user 1 communicate at a rate as though he knew all of the non-linear interference.

Moreover, we are employing linear codes to decode the non-linear interference efficiently.
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the sum of these cosets, the larger of A;;, Ax; contains the other. A codebook C; of rate K; + L; is built over &j.
Codewords of C; are partitioned into exp {nL;} bins.

U
MY,

M ﬁc and M jX index bins in Aj;, Aji and C; respectively. Encoder looks for a triplet of codewords from the
indexed bins that are jointly typical with respect to a pmf py,,u;, x, defined on Uj; X Uji, x X;. The corresponding
codeword chosen from C; is input on the channel.

Decoder j receives Y;" and looks for all triples (u?z,u?k,x?) of codewords in \j; X Aji X C; for which there
exists a ug, € (Aij ® Ag;) such that (ug, uf;, ufy, 7, Y[") are jointly typical with respect to py,,au,; .U Uk, X;.Y; -
If it finds all such triples in a unique triple of bins, the corresponding triple of bin indices is declared as decoded
message of user j. Otherwise, an error is declared.

In order to characterize an achievable rate region, we average the performance of the above coding technique via
random coding. The distribution induced on the ensemble of codebooks is a simple generalization of that employed
in proof of theorem [5| In particular, the codewords of C; are chosen independently according to ]—nlp Xj‘Q(~|qt),
where ¢™ is an appropriately chosen time sharing sequence. The three pairs (A12, Asz), (As, A31),2(1A13, As3) of
random PCC are mutually independent. Within each such pair, (i) the generator matrix of the smaller PCC is obtained
by choosing each of it’s rows uniformly and independently, and (ii) the generator matrix of the larger is obtained
by appending the generator matrix of the smaller with an appropriately chosen number mutually independent and
uniformly distributed rows. All the vectors specifying the coset shifts are chosen independently and uniformly.
Moreover, partitioning of all codes into their bins is effected uniformly and independentlyp;g] Deriving an upper
bound on the average probability of error of this random collection of codebooks coupled with the above coding
technique yields the following rate region.

Definition 9: Let Dy (1) denote the collection of probability mass functions (pou xy ) defined on O xU x X' x ),
where

1) Q is an arbitrary finite set,

2) Ui; = Fo[?|for each 1 <i,j <3, and U : = U X Uz X Uny X Uns X Usy X Usg,

3) U:= (U2, U1, U1, Us3,Us1, Usz),
such that (i) the three quadruples (Uis,Uis, X1), (U2s,Ua21, X2) and (Usy, Use, X3) are conditionally mutually
independent given Q, (i) py | xvg = Py|x = Wy |x. (iii) E{x;(X;)} < 7; for j =1,2,3.

For pouxy € D¢(1), let af(pouxy) be defined as the set of rate triples (Ry, Re, R3) € [0,00)* for which
there exists nonnegative numbers S;; : ij € {12,13,21,23,31,32},Tj; : jk € {12,13,21,23,31,32} ,K, : j €
{1,2,3},L; : j € {1,2,3} that satisfy Ry = T2+ Ti3 + L1, Ry = T + Tog + Lo, R3 = T31 + T30 + L3 and

Sa, = Ta, +K; > > loglU,| + H(X;|Q) — H(Ua,, X;|Q), (20)
a;€EA;
(LjEAj

18The reader is encouraged to confirm that the distribution induced herein is a simple generalization of that employed in proof of theorem

19Recall Fo, is the finite field of cardinality 6.
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Sa, < Y log|Ua| — H(Ua,|Q,Uac,Ui; & Uyj, X, Y;)
GGA]‘

Sa; +Sij < Z log |Ua| +1log6; — H(Ua,, Ui @ Uy;|Q, Uag, X;,Y5)
(lGAj

Sa, + Sk < Y log Ua| +log 0y — H(Ua,, Uyj @ Ups|Q, Uas, X;,Y;)

a€A;
(22)

Sa, + Kj+Lj < Y log|Ua| + H(X;) — H({Ua,, X;|Q, Ua:s, Uy @ Uy, )
aEAj

SAj +K;+ L+ 85 < Z log |U,| +log§; —|—H(X]) — H(UAJ,XJ',UM S Ukj|Q,UA§,}/j)
ac€A;

SAj +Kj +Lj +Skj < Z log\Z/l,,| +10g9j +H(Xj) 7H(UAj,Xj,Uij @U}g‘Q,UA;,Yj),
ELEAj

for every A; C {ji,jk} with distinct indices 4,7,k in {1,2,3}, where Sy, : = ZajeAj Sa;,Ua; = (U, 2 aj €
Aj). Let

ap(r) =cocl | |J arlpouxy)
PQUXY €
Dy (1)

Theorem 6: For 3-IC (X,)Y, Wy |x, k), ay(7) is achievable, i.e., ay(7) € C(1).

Since all the non-trivial elements of this proof are captured in the proof of theorem [5] and is only more involved
in notation, we omit the same.

The above coding technique presents an approach to simultaneously manage interference at all of the receivers.
It is natural to question whether the use of structured codes to manage interference comes at a cost of respective
individual communication. We now provide a simple generalization of example|[I] that requires managing interference
at two receivers. In contrast to [[13], wherein the benefit of interference alignment can be exploited at all receivers,
channels equipped with finite alphabets present a fundamental trade-off in managing interference and enabling
individual respective communication.

Example 5: Consider a binary additive 3—to—1 IC illustrated in figure 4 with X; = ); = {0,1} : j € [3] with
channel transition probabilities Wy | x (y|z) = BSCs, (y1]|x1 & w2 © x3) BSCs, (ya|2xe & 23) BSCs, (y3|23). Inputs
of users 2 and 3 are not costed, i.e., £;(0) = k;(1) =0 for j = 2,3. User 1’s input is constrained with respect to
a Hamming cost function, i.e., k1(z) = z for « € {0,1} to an average cost of T € (0, 3) per symbol. Let C(7)
denote the capacity region of this 3—to—1 IC.

In order to illustrate the trade-off, let us consider the case § : = Jo = 3 is arbitrarily close to, but greater than
7 % 01. For example, one can choose §; = 0.01,7 = é and § = 0.1326. If receiver 1 desires communication at
hy(91 % T) — hp(d1), it needs to decode Xo @ X3. To satisfy user 1’s desire, users 2 and 3 have two options. Either
employ codes of rates Ry and Rj3 such that Ry + R3 < 1 — hy(d1 * 7), or employ cosets of the same code with

a hope to boost individual rates. In the latter case, user 2 is hampered by the interference caused to it by user 3.

While we do not provide a detailed analysis, we encourage the reader to contrast this to the Gaussian IC studied in
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Fig. 4. A binary additive 3—to—1 IC described in example |§]

Wl V12 VlS U12 U13 Xl Yl Wl W2 W3 V21 V3l U21®U3l V12 Vl3 U12 U13 Xl
W2 V21 V23 U21 U23 X2 ’ WY1Y2Y3|X1X2X3 ’ Y2 Wl W2 W3 V12 V32 U12®U32 V21 V23 U21 U23 X2

W3 V31 V32 U3l U32 X3 Y3 Wl WZ W3 VlS V23 Ul3®U23 V31 V32 U3l U32 XS

Fig. 5. Collection of random variables associated with coding technique that incorporates unstructured and partitioned coset codes

[L3], wherein the richness of the real field enables each receiver to exploit the benefits of alignment. We conjecture
an inherent trade-off in the ability to manage interference over finite valued channels using coset codes, and enable

individual respective communication.

C. Step IlI: Enlarging the PCC rate region using unstructured codes

Let us describe a coding technique that unifies both unstructured and partitioned coset codes. We follow the
approach of Ahlswede and Han [22, Section VI]. Refer to figure [5 for an illustration of the random variables
involved. Each user splits it’s message into 5 parts. The VW —random variable is decoded by all users. In addition,
each user decodes a univariate component of the message of the other users. This is represented by the random
variable V. Furthermore, it decodes a bivariate interference component denoted using U. Lastly, each decoder
decodes all parts of its intended message. As was done by Han and Kobayashi [7], this achievable rate region can
be enlarged through the use of a time sharing random variable. Clearly, a description of the above rate region
is involved. In the sequel, we illustrate the key elements via a simplified achievable rate region. In particular, we
employ PCC and unstructured codes to manage interference seen by only one receiver, say receiver 1 and state the
corresponding achievable rate region. We begin with a description of the same.

Definition 10: Consider a 3—1C (X, Y, Wy |x, k). Let D, ¢ (1) denote the collection of distributions pqu,v,u;vs xy
defined over Q x Uy X Vo x Us X V3 x X x ), where Uy = Us is a finite field and Vs, and Vs are finite sets, such

that (i) py | xv,vavsvs = Wy x, (i) X1, (Uz, V2, X2) and (Us, V3, X3) are conditionally independent given @, (iii)
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E{x;(X;)} < 7; for j = 1,2,3. For pou,v,usvsxy € Dyy(7), let ai_fl(pQUQVQUngﬂ) be defined as the set of
rate triples (R1, Rz, R3) € [0, 00)? for which S, ¢ (pou,vausvsxy, R) is non-empty, where Sy, ¢ (pou,vavsvsxy, R)
is defined as the vectors (S;1,Tj1,Sj2, Tj2, Lj : j = 2,3) € [0,00)!° that satisfy

Sjo —Tjo >logd — HU;|V;,Q), Rj=Tjpn+Tjo+L;:5=2,3 23)

Lj+58j2<log0—H(U;|V;,Q)+1(U;, X;;Y;|V;,Q), Tin+L; <I(Uy; Vi1Q)+1(V;, X;3Y;|U;,Q):j = 2,3, (24)

Ly < I(X;;Y5|U;,V5,Q), Tjr + Sjo + Ly <logf — H(U;|V;, Q) + I(U;, V5, X35 Y5|Q) : j = 2,3 (25)

Ry <I(X1;Y1,Va,V3,Uz @ Us|Q), Ri+Sjo<logt — H(Us @ Us|Q)+1(X1,Uz @ Us; Vo, V3, Y11Q) : j =2, 3(26)
Ry +Tj < I(X1, V3 V3, U @ Us, Y1|Q) : j = 2,3, Tor + T3y + Ry < I(Va, V3, X1; U © Us, Y1(Q)

Ry 4+ Tj1 + Ska <logd — H({U; @ Us|V;, Q) + I(X1,V;,Us @ Us; V3, Y1|Q) : j = 2,3 and k = 2,3 (27)

To1 4+ T31 + Sjo + Ry <logb — H(Us & Us| X1, Vo, V3, Q) + I(X1, V2, V3, Uz & Us; Y1|Q) (28)

where 0 = |Us| = |Us|. Let

a7 (1) = cocl U ut (PQUVAUs VXY )

PQUa VU3 V3 XY €
Doy (1)

Theorem 7: For 3—1IC (X, Y, Wy |x, k), uf( T) is achievable, i.e., o f( 7) C C(7).

We provide a brief sketch of achievability. For simplicity, user 1 builds an unstructured independent code of rate
Ry over &y by choosing codewords independently and identically according to p’ . For j = 2,3, user j builds
three random codebooks - one each over V;,U;, X; respectively. An unstructured and independent codebook of
rate T);; is built over V; by choosing codewords independently and identically according to py,- A random PCC
(n, ?O‘ZJ;, I;?;,G B wF ) denoted Aj, is built over U;. As before the PCC’s of users 2 and 3 overlap, i.e., if
71 < ja, then gj2 = [gj1 95, /jl]' Consider a codeword in V;—codebook and a bin in the PCC. For every such pair,
a random unstructured independent codebook is constructed over Xj.

User jth message is split into three parts - univariate part, bivariate part and private part. The univariate part
indexes a codeword, say Vj"(M jv) in V;—codebook. The bivariate part indexes a bin in the PCC. A codeword,
say U}'(Mjy) is chosen in the indexed bin such that (V*(M;y), U (M;y)) is jointly typical according to the
probability distribution pqv,u,, the marginal of pou,v,u,vsxy € Duf(z) in question. The codewords of the
codebook built over X, corresponding to (M;yv, M,y), are independently and identically distributed according to
P, v, u; (|V]"(M;v),Uj*(Mjy)). The private part M;x indexes a codeword in this codebook. This codeword is
input on the channel by user j. User 1 inputs the codeword from it’s X} —codebook that is indexed by it’s message.
It can be verified that the inequality in ensures users 2 and 3 find jointly typical triples of codewords.

Users 2 and 3 employ a simple point-to-point decoding technique. However, note that the codebook over X is
conditionally built. Therefore, an error in decoding the correct I/;— or V;—codeword is interpreted as an error even
in decoding the &’j—codeword. It can be verified that , ensure the probability of decoding error at receiver

7 decays exponentially with block length n.
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Fig. 6. A 3—IC with univariate and bivariate interference components.

User 1 constructs the sum codebook Ay @ Az : = {uy @ uy : u} € Aj : j = 2,3} and decodes into V2, V3, Ao @
A3, X1 codebooks. In particular it looks for a quadruple of codewords in these codebooks that are jointly typical
with the received vector Y* according to pov, v, .U, |v; - It can be verified that @ - (]7_8'[) imply the probability
of decoding error at receiver 1 decays exponentially with block length.

Example 6: We briefly describe an example wherein the above coding technique can yield larger achievable rate
regions than ones based exclusively either on PCC or on unstructured based codes. Consider the 3—IC depicted
in ﬁgureH For each j = 1,2, 3, the input alphabet X; = kngjk and output alphabet is )J; = kilyjk; where
Xji = Vi = {0, 1}. Essentially, each user can input three binary digits on the channel and each receiver observes
three binary digits per channel use. Let X3 : £ = 1,2, 3 denote the three binary digits input by transmitter j and
Y, : k =1,2,3 denote the three digits observed by receiver j. Figure |§| depicts the input-output relationship. Let
us also assume the Bernoulli noise processes N;j : j = 1,2,3,k = 1,2,3 are mutually independent. Users 2 and 3
enjoy complete free point-to-point links for each of the digits. They are only constrained by noise that is modeled
by the corresponding Bernoulli noise processes. Receiver 1’s digit Y7; experiences bivariate interference. It’s 2nd
the 3rd digits experience univariate interferences@ The reader will recognize the need for receiver 1 to decode
univariate and bivariate parts of user 2 and 3’s transmissions. The above coding technique enables the same.

We conclude this section with a discussion, wherein, we employ the notion of common information to argue,
more fundamentally, the need to decode bivariate interference components. Let us view the above coding technique
from the perspective of common information in the sense of Gacs, Kérner and Witsenhausen [23]] [24]. Let K (A; B)
denote the common information of two random variables A and B. Let X ; denote the collection of random variables
decoded at decoder j. The CHK scheme for 2-IC can be interpreted as inducing non-trivial common information

between X; and X5, and K (X;;X,) = H(Wy, W5). The question that comes next is how to extend common

20The IC depicted in figure |§| can be used to model a scenario wherein Tx-Rx pair 1 is assigned frequency bands around carrier frequencies
f1, f2, f3, Tx-Rx pair 2 is assigned frequency bands around carrier frequencies f1, f2, f4, Tx-Rx pair 3 is assigned frequency bands around
carrier frequencies f1, f3, f5 respectively. If the powers transmitted by users 2 and 3 are large, then user 1 does not cause any appreciable
interference to users 2 and 3. The interference caused by transmissions of Txs 2 and 3 on each other in frequency band around f; has been

ignored by this model.
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information to 3 random variables? We can consider the following vector as the common information among three

random variables A, B and C:
[K(A; B; C), K(4; B), K(B; C), K(C; A)],

where K (A; B;C) is defined in a natural way. We refer to this as univariate common information as they are
characterized using univariate function of the random variables. The ZSB—technique induces non-trivial univariate

common information among X 1, Xz and X 3, and
K(X1; Xo; X3) = H(Wy, Wa, W), K (X5 Xi) = H(Vig, V).

The common information captured via univariate functions can be enhanced with the following components

captured via bivariate functions. Define

” . — ; . Vi=f1(A)=g1(C),Va=F2(B)=02(C),Va=h(A,B)=g5(C) Where fi:A—-V,
K(4,5:0) = ;iufs f17f121,1§1792 {H(V‘Q’Wl’ Va): f2:B—V,g::C—Vri=12 h: Ax B—V are maps into a finite set v }

We define common information among three random variables as a seven-dimensional vector as follows:
K (4; B; ), K (4; B), K(B; C), K(C; A), K(A, B; C), K (B, C; A), K (C, A; B).

We refer to the last three components as bivariate common information. Note that the ZSB—technique induces
trivial bivariate common information among Xl,Xz and X3. The PCC technique induces non-trivial bivariate

common information among them, and K'(Xl-, Xj; Xk) = H(Uir, @ Ujg) for all i # j # k.

VI. STEP IV: ACHIEVABLE RATE REGION USING PCC BUILT OVER ABELIAN GROUPS

In this section, we present PCC scheme using codes built on Abelian groups. The rate region we get can be

interpreted as the algebraic extension of that given in theorem [5

A. Preliminaries about groups

For an Abelian group G, let P(G) denote the set of all distinct primes which divide |G| and for a prime p € P(G)
let S,(G) be the corresponding Sylow subgroup of G. It is known [25| Theorem 3.3.1] that any Abelian group G
can be decomposed as a direct sum of its Sylow subgroups in the following manner

G= P S (29)

pEP(G)

Furthermore, each Sylow subgroup S,(G) can be decomposed into Z, groups as follows:
S, G = Pz (30)
reRH(G)
where R,(G) C Z* and for r € R,(G), M, , is a positive integer. Note that le,vfp " is defined as the direct sum of
the ring Z,- with itself for M, , times. Combining equations ([29) and (30), we can represent any Abelian group
as follows:

My
P B U-® D o

PEP(G) reRH(G) pEP(G) rER,H(G) m=1
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where Z;TT”) is called the m™ Z,- ring of G or the (p,r, m)™ ring of G. Equivalently, this can be written as follows
¢ Pz
(p,r;m)€G(G)
where G(G) C P x Z1 x Z* is defined as:

G(G)={(p,r,m) €ePxZ* xZ*|p € P(G),r € Rp(G),m e {1,2,--- , M, ,}}

This implies that any element a of the Abelian group can be regarded as a vector whose components are indexed
by (p,7,m) € G(G) and whose (p,r, m)"™ component a, ., takes values from the ring Z,~. With a slight abuse
of notation, we represent an element a of G as

a= @ Ap,rm
(p,r;m)€G(G)
For example let G = Z3 & Z3 & Zs. Then we have P(G) = {2,3}, R2(G) = {2,3}, R3(G) = {1}, Mo = 3,
My3 =1, M3, =5, and

G(G) ={(2,2,1),(2,2,2),(2,2,3),(2,3,1),(3,1,1),(3,1,2),(3,1,3),(3,1,4), (3, 1,5) }.
For two elements a,b € G, we have

at+b= @ ap,r,m tpr bp,rm
(p,r,m)€G(G)

h

where + denotes the group operation and +,~ denotes addition mod-p”. Let [-],, ., denote the (p,r, m)" component

of it’s argument.

Let Ig.p.m € G be a generator for the group which is isomorphic to the (p,r,m)" ring of G. Then we have

(@)
=~

a = Z ap,r,mHG:p,r,m (32)
(p,r,m)E€G(G)

where the summations are done with respect to the group operation and the multiplication ay . mlG.p rm is by
definition the summation (with respect to the group operation) of Ig.p ».m to itself for ay , ,, times. In other words,

ap.rmlG:p,r,m 1 the short hand notation for

(@)
~~

afp,r,m]IG:p,r,m = g HG:p,T,m
i€{1,,ap,r,m}

where the summation is the group operation.

B. The Group Mutual Information
We will need to define information theoretic quantities in relation to groups. Define
Q(G) ={(p,7)lp € P(G),r € Rp(G)} (33)

We denote vectors §, w and #, whose components are indexed by (p, ) € Q(G), by (ép)r)(p’r)eg(g), (Wp,r) (p,r)c0(@)

and (0,,)(p,ryc0(q) respectively. Let w be a probability distribution on Q(G).
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For é define a vector

min | —s|T 46,
(9,5)€Q(G)
=p (p,m)EQ(G)

0(0) =
and let

0 = {8(0)/(8y.0)(g.0c0(6) 0 < fy,s < 5

This set corresponds to a collection of subgroups of G which appear in the expression for the achievable rates. In
other words, certain subgroups of the group become important in the achievable rate region when we are confined

to use Abelian group codes. For 6 € ©, define

Z 0p rwp r logp

_ (e
Z rwp, logp
(p,r)€Q(G)
and let Hy be a subgroup of G defined as
Ho= D oz (34)

(p,r;m)€G(G)

We give an example in the sequel.
Let X and Y be two random variables with X taking values over G and let [X]yp = X 4+ Hy be the random
variable taking values from the cosets of Hy in G that contains X. Let w be a probability distribution on Q(G).

We define the source coding group mutual information between X and Y as
1
Su(X;Y) = H(X) —log |G| + max — [log |G : Hy| — H([X]o|Y)]

70 °

)th

where 0 is a vector whose components are indexed by (p,r) € Q(G) and whose (p,r)™ component is equal to 0,

and G : Hy is the quotient group. We define the channel coding group mutual information between X and Y as

1
Cu(X;Y) = H(X) — log |G| + min -—— [log [Ho| — H(X|[X]o, V)] (35)

— W
0F#r 0

where 7 is a vector whose components are indexed by (p,r) € Q(G) and whose (p, 7)™ component is equal to 7.

For example, let G = Zs X Zs X Zs. In this case, we have P(G) = {2,3}, R2(G) = {1,3}, R3(G) = {1}
and Q(G) = {(2,1,(2,3),(3,1))}. The vectors w, § and 0 are represented by w = (ws1,ws s, ws,), 0 =
(éz’l, éz’g, 93’1) and 6 = (021,053,03 1) and the function 0(-) is given by

0(&) = (min(égyl, égyg), IHil’l(Q —+ éQ,la égvg), égyl)

The set © turns out to be equal to

0= {(0,0,0), (0,0,1), (0,1,0), (0,1,1), (0,2,0), (0,2,1), (1,1,0), (1,1,1), (1,2,0), (1,2,1), (1,3,0), (1,3,1)}

and we have 0 = (0,0,0) and r = (1,3,1). For § = (1,1,0), we have wy = W21 +13.3 and Hy =

wa,1+3w2,3+w3,1 log 3

0 x 2Zg X Z3. so that the random variable [X], takes values from the set of cosets {{0} x 27 x Z3,{0} x (1+
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27.8) x Zi3, {1} x 2Zg x Z3,{1} x (1 + 2Zsg) x Zg}. Furthermore, for this choice of 6, we have |Hy| = 4 and
|G : Hyp| = 12.

When G is cyclic, i.e., G = Zyr, then w = 1 and it can be shown that

SE(X;Y)=H(X)— min fH([X]9|Y), CY(X;Y)=H(X)- max

H(X||X]o,Y
1§0§r9 OSHS(Tfl)T—e ( |[ ]97 )7

where Hy = p?Z,-. When G is a primary field, i.e., G = Z,, then it follows that

SS(X;Y) =I(X;Y) = C5(X;Y)

C. Managing interference seen by one receiver using PCC built over Abelian groups

In this section, we employ PCC built over Abelian groups to manage interference seen by only receiver 1. As
the reader might have guessed, receiver 1 decodes the group sum of codewords chosen by receivers 2 and 3. In the
following, we characterize an achievable rate region using codes built over groups.

Definition 11: Let D,(7) denote the collection of pairs consisting of a distribution pgu,u,xy defined over
Q X Us x U3 x X x Y, where Us = Us is an Abelian group G, and a distribution w on Q(G) satisfying the
following conditions: (i) py|x = Wy x, (ii) X1, (U2, X2) and (Us, X3) are conditionally mutually independent
given Q and (i) E{x;(X;)} <7 : j € [3] and (iv) I(X;;Y;|U;) + CS(U;j;Y;) — SS(U;;0) > 0 for j = 2,3. For
(PQuaUsxy,w) € Dy(1), let a3 (pou,u,xy,w) be defined as the set of rate triples (R, Rz, R3) € [0,00)? that

satisfy
R < I(X1;Y11QZ) — H(Z|Q) + min{H(Z|Q), H(U;|Q) + C5(Z: Y1|Q) — S5 (U3 01Q) : j = 2,3}
R; < I(X;;Y;1QU;) + C (U Y51Q) :j =2,3,
Ri+ R; < I(X13;Y1|QZ) + CJ(Z;Y1|Q) + H(U;|Q) — H(Z|Q) + 1(X;: Y;|QU;)
+ min{0, C$ (U3 ¥;1Q) - SS(U;:00Q)} +j = 2.3,
where Z = U @ Us, and

042'1(1) = cocl U ag'l(pﬂ)
(PQuaus xy,w)€EDG(T)

Theorem 8: For 3—1C (X,Y, Wy x, k), the set ™' (7) is achievable, i.e., &) () € C(z).

We provide an illustration of the main arguments of the proof without giving complete details. In view of our
detailed proof of theorem [3} the interested reader can fill in the details. We begin with an alternate characterization
of a3 (pxy) in terms of the parameters of the code.

Definition 12: Consider (pqu,u,xy,w) € Dy(z) and let G : = Us = Us. Let a3 (pqu,usxy, w) be de-
fined as the set of rate triples (Ry, Ra, R3) € [0,00)3 for which 5503(3’19@2% Xy,w,d) is non-empty, where
S(R, pou,usxy,w,d) is defined as the collection of vectors (Sy,Th, Ko, Lo, S3, T, K3, L3, R,) € [0,00)? that
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satisfy
R;=T;+L;, K; >0, (S;—1T;)>1og|G|—H(U,|Q)+ 9,
(S; —T;) + K; >1og |G|+ H(X;|Q) — H{Uj;, X;|Q) + 6, Ry > S; + 0
S; > SS(U;;01Q) +1og |G| — H(U;|Q) + 6,
T;>6, Ly >0, K;+L; <I(X;;Y;,U;|Q) — 6, S; <log|G|+CS(Uj; X;Y;1Q) — H(U;|Q) — 6,
Sj+ K+ Lj <log|G| + I(X;:Y;U;|Q) + CG (U Y3|Q) — H(Uy|Q) — 6, Ry < I(X1:Y1,2|Q) 6
Ry + Ry <log |G| + I(X1;Y1]2Q) + C5(Z;1|Q) — H(Z|Q) — 6

for j = 2,3, where Z = U, ¢ Us.
Lemma 7: & (pqu,u,xy, w) = ) (PQu,Usxy, W).

Proof: The proof follows from Fourier-Motzkin elimination. [ ]
Having obtained the parameters of the codes, we now describe the coding technique. Choose the parameters
(R1,S2,T5, Ko, Lo, S3,T5, K3, L3, Ry) € [0, o0)'0. The coding technique is exactly the same as that considered
in the case of finite fields and is given in the proof of Theorem [5} The main exception is that the PCCs are built
on the abelian group G. Instead of constructing vector spaces of F", we construct subgroups of G™. The cloud
center codebook \; of user j is characterized as follows. Let

S2Wp, _ S3Wp,r
L= B z"v, = @z,

(p,r)€Q(@) (p,r)€Q(G)

for two positive integers so and ss.

= @ z

(p,m)€Q(G)
Note that J; < J for j = 2,3. Let ¢ be a homomorphism from J into G". Let ¢; be the restriction of ¢ to J; for
j =2,3. It is shown in [26, Equation 11] that ¢ has the following representation

(ZPT)
A~

¢(a) = @ Z Q(q,s,0)9(q,s,)—(p,r,m)

(p,rm)€G(G™) (g,5,)€G(J)
where gq 5.1 (p,r,m) = 0 for p # q and g(g s 1) (p,r,m) i uniformly distributed over p"’*8|+Zp7~ for p = q. The
code \; is given by ¢;(J;) ©bl, where b7 is a bias vector in G™. For a given choice of w, Ry, Sz and S3, choose
S9, s3 and s such that
nSs nSs nl,

So = S3 = y s =
Z(p,T)GQ(G) Twp,r log p Z(p,r)GQ(G) rwp,r logp Z(p,r)eg(c) rwp,r logp

Note that

1 s

21 _ 2

- og|J| - E rwp  log p,
(p,r)€Q(G)

and |J;| can be expressed in terms of s; similarly. In summary, we have

1 1
—logJ:Rg, —long:Sj:j:2,3.
n n
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The binning functions ¢; are defined analogously: i; : J; — |G|", where t; = nTj, for j = 2,3. The encoding
and decoding operations are defined analogously. This implies that |M;] = 21, | M| = |G|% for j = 2, 3. The
homomorphism and the bias vectors are chosen independently and with uniform probability over their ranges.

For any a,a € J, and (¢, s,1) € G(J) , let éq,s’l €{1,2,...,s} be such that
g0 — Qguet € 4051 Zgo \ 1o 1 2

and any (p,r) € Q(G), define

0,,(a,a) = i S
pr(a,a) (p’sg)nengu)lr 5| g,5,1

Define for any a € J, and any 6 = (0,+) (p.r)c0(c)>

Tro(a) ={a € J:¥(p,r) € QG),0pr(a,d) =0pr}.

It can be shown that the expected value of the probability of all the error events over the ensemble approach
zero as the block length increases if the parameters of the code belong to a (pQUQU3 Xy, w). For conciseness, in
the following, we give proofs of the elements in this argument that are new as compared to the analysis done in
the case of fields.

Upper bound on P(e),):- Given a message mo that indexes the bin in the cloud center codebook, define

m21 Z Z ﬂ{¢(a)+32:u2,i2(a):m2}

a€J2 ux €Ty (Us2)

We have
E {t¢2(ma1)} = Z Z P(o(a) + By = v, Io(a) = mo)
a€J2 uzx €T, (U2|Q)
y ¥ 11 2] [Ty (U2|Q)]
Gr e T el G
a€J2 uz €T, (U2|Q)
and

E {42(ma1)*} = Z Z P (¢(a) + B2 = uz, ¢(a) + By = 1, [2(a) = ma, Iz(a) = m2)

a,a€J2 ug,lz€T2y, (U2]Q)

:Z Z Z Z Z |C§|n 'ﬁ'P(I2(a):m2aI2(d):m2)

0€O a€J2 €Ty, ,0(a) u2€Ty, (U2|Q) 42€T3, (U2|Q)

Uz C€us+Hy
1 1
- Z Z G e

a€Jz u2€Ty, (U2|Q)

S IDVND VEEED DI D e

9;:;@ a€Jz a€Ty, o(a) uQETZ'L"(U2|Q) UQETZTI(UQIQ)

UQE’U,2+H9
|2 - T3, (U2|Q)]

0€O acJs
0+#r

Ts.0(a)| - | T, (U2|Q)] - | T3, (U2|Q) N (uz + HY)|
|G|n . |H9|n .Gtz
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where,  is a vector whose components are indexed by (p,r) € Q(G) and whose (p, )" component is equal to 7.

Using [26l Lemma IX.2], we get

Var {12(ms1)*} < 2| - 1T, (U] Q)] Z Z I T.0(

G|™ - Gt2
| ‘ 0cO© acJs
0+£0,0#r

. on[H(U2Q)+n]gn[H (Uz|[U2]e Q)+n]
|G| - [H|"™ - G2

Here, 0 is a vector whose components are indexed by (p,r) € Q(G) and whose (p, )™ component is equal to 0.

We have
Var {42(m21)? } < IGIn G2 . Z Z G|™ - | Ty, 0(a)| - 271H (U2[U2]0@)+n]
E2(1p2(ma1)) | Jo| - 2nH(Uz]Q)—n] |Hy|™ - 20[H(U2]Q)~1]
0cO® a€edy
0+£0,6%r

Note that |.J,| = 27(52) = |G : Hp|", and using [26, Lemma IX.2] we have |T7;, g(a)| < 27(1=we)(S210g[Gl+ms)

slH ‘n

In order for the probability of error to go to zero, we require
(S2 —T3) > log |G| — H(U2|Q)
Sy > %gagwie[log |G : Hy| — H([U2]0|Q)],
070
which is equivalent to (Sy — T3) > log |G| — H(U|Q), and So > SG(Us;0|Q).

Upper bound on P ((e11 U €1, U €, U €3 U €3)® M eqq): This probability can be decomposed into two parts: (i) the
first, Py, is the probability of the event that X{* and U} + U3' are both decoded incorrectly and (ii) the second, P,
is the probability of the event that X' is decoded incorrectly but U 4+ U3 is decoded correctly. A vanishing upper
bound on the second part can be obtained in a way that is analogous to the case of fields if Ry < I(X;;Y1|Z). In
the following we provide an upper bound only on the first part. For simplicity, let us assume that ) is trivial.

2 2
Pl—w\z 2 Loxom) “|G|fzz|(;\f3Z 2  E{da(ma)} | 2 E{¢3(ma1)}

mi1 xy €Tan, (X1) m31 uz €T3, (U uz €Ty, (Us)

—2
Z PYL X0, Us U (Y121, U2, ug)27 "M Z Z L {4(a)+ Ba=usz,d(b)+ Bs=us iz (a)=man iz (b)=ms1}

y1EYVY mi17#mi a€Ja,bEJ3

Z ]l{%:Xl"(ﬁn)}]1{3a,BeJ;¢(&)+Bz+¢(8)+33:s}
(21,2)€Tun, (X1,Z|y1)

Z#z

Using the condition z # Z, note that the event {3a,b € J : (@) + By + ¢(b) + Bz = 2} is equal to the event
{3c € J:c# (a+b),d(¢)+ B2+ B3 = z}. Therefore, using the union bound, and decomposing the set J\(a + b)
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into smaller parts, we get

9—2nn4

4
B < 2 T GG 2 2 Eatman Bt

mi1 a1 €Tan, ( ma,ms3 ugengz(Uz)

us€Ty;, (Us)

& 1
IR AERACICRISSID DEED DD DEND DRI DI e e =
y1EVY mi#my a€J2,b€J3 0€0O (a71,2)€Tan, (X1,Z|y1) ¢€T (a+b)

0#r Fo

1
e P(¢(a+b) + Bz + By = uz + u3, ¢(¢) + Ba + By = %)
|Ton, (X1)]

9—2na9nRy . 9n[H(X1|Z,Y1)+n] . 9n[H (Z|[Z]eY1)+n] . |T7.0(a+ b))
| Jo|[J5| 2 H (X0 =] . | H 7|

D3I

0€eO acJz beJs
0F#r

Using [26, Lemma IX.2], note that |T)7¢(a + b)| < 2n(1=wo) Ry Therefore, in order for the probability of error to

go to zero, it suffices to have
R+ (1 —wo) Ry < I(X1;Y1|Z) + log |Hp| — H(Z|[Z]oY1)

for 6 # r. For optimum weights {wy. } . eo(q). the condition Ry + Ry < I(X1;Y1|2) 4+ C§(Z; Y1) +1og |G| —
H(Z) implies

1
I(X;Y1|72) — i log |Hy| — H(Z||Z]eY;
Ry < (I(X1:Y112) = Ry) + min 5—— llog | Ho| — H(Z|[Z)sY1)

0Fr
@ . 1
= I(X;Y1|Z) - R log |He| — H(Z|[Z)sY;
min -, HXu[2) = ] 4 min o [log [Ho| — H(Z][Z]sY1)]
O#r 0#r
< mi I(X1;Y1)|Z) — Ry + log |H, Vi)
_%gliwe[( 1 Y1|Z) = Ry +log |He| — H(Z|[Z]oY1)]
r

which is the desired condition. In the above equations, (a) follows since the maximum of 1 — wy is attained for
0 =0 and is equal to 1.

Similarly, one can show that the probability of decoding error at decoder 2 and 3 can be made to go to zero for
all sufficiently large n if the code parameters are chosen accordingly.

We have thus proved the bounds provided in definition (T2) suffice to drive the probability of incorrect decoding
exponentially down to 0. We now illustrate the need to build codes over appropriate algebraic objects to enable
interference management. In other words, we provide an example where codes built over groups outperform
unstructured codes as well as codes built over finite fields ]

Example 7: Consider a quaternary 3—to—1 IC with input and output alphabets X; = ); = Z4 = {0, 1,2,3}
being the Abelian group of cardinality 4. Let @4 denote the group operation, i.e., addition mod—4 in Z,4. The

channel transition probabilities are described through the relation Y7 = X @4 Xo @4 X3 $y Ny, YV; = X; B4 N;

2l'while, we do not provide a proof of the statement that codes built over groups outperform PCC built over finite fields, this can be recognized

through standard arguments.



36

for 5 = 2,3 such that (i) Ny, No, N3 are independent random variables taking values in Z, with

1-4¢; ifn;=0 )
for j =1,2,3.

5; .

5 otherwise

It can be verified that the channel transition probabilities are given by Wy |x(ylz) = QSCs, (y1|r1 @4 2 Dy

x3)QSCs, (y2|12)QSCs, (y3]x3), where for any n € [0,1],

1-n ifacib=0
QSC,(alb) : =

7 otherwise

Inputs X5, X3 of users 2 and 3 are not costed, i.e., k;(x;) =0 for j = 2,3 and any z; € X}, whereas x1(z1) =1
if z1 € {1,2,3} and £1(0) = 0. User 1’s input is constrained to a average cost of 7 per symbol.
The reader will recognize that the 3—to—1 IC described in example [7] is analogous to that in example [I] with the
binary field replaced by Abelian group Z,. Our objective here is to illustrate the utility of building codes over
Abelian groups. In particular, we prove codes over Abelian groups outperform unstructured codes and coset codes
over finite fields.

For simplicity, let us henceforth assume 5 = d3 = J. Since users 2 and 3 enjoy interference free point-to-point
links, they could communicate at their respective capacities even using PCC built on Z4. This can be seen by
choosing U; = X; and putting a uniform distribution on X; for j = 2,3, and evaluating the corresponding group

capacity as follows:

CY(X;;Y;) = min{I(X;;Y;), 21(X;; ;][ X,]1)}

Jr = Jr =] Jr =

= min{2 — hy(0) — d1logy(3),2 + 2hp(26/3) — 2hy(0) — 26 1ogy(3)} = 2 — hyp(d) — dlogs(3), (36)

where the last equality follows from the concavity of entropy. In the sequel, we constrain users 2 and 3 to achieve
their respective PTP capacities. In particular, we let X; to be uniformly distributed over &; for j = 2, 3.

Clearly, user 1 can achieve a rate not greater than C* : = sup I(X1;Y1| X2 @4 X3). In the sequel, we
state the conditions under which Ry < C*. Our approach is szi)r(rii.lpa);lt(;)tghgt in section

Lemma 8: Consider the 3—to—1 IC described in example (7| with 6, = 65 = § € (0, 1), 61 € (0,%) and 7 < 3.

If 1,7 and § are such that
C* +2(2—hp(d) — dlogy 3) > 2 — hy(d1) — 01 logy 3, 37

then the rate triple (C*,2 — hy(d) — dlog, 3,2 — hyp(d) — dlogy 3) ¢ (7, 0,0).
Proof: We first note that for any pou,v,xy € Du(7,0,0) with H(X,|Q,U;) = 0 for j = 2,3, we have
Ri+Ry+ R3 <I(X;1) < sup I(X;Y7). This follows from substituting the corresponding quantities in

PX,PXyPX3

. It can be easily verified that sup I(X;Y1) = 2 — hy(01) — 61 logy 3 which is achieved for all those
PXx,1PXoPX3
distributions px, px,Px, that ensure Y; is uniformly distributed. Condition therefore implies (C*,2 — hy, () —

dlogy 3,2—hp(8)—dlogy 3) ¢ aw(pou,usxy) if H(X,;|Q,U;) = 0 for j = 2,3. Hence either H(X5|Q,Usz) > 0 or
H(X3|Q,Us) > 0. Assume H(X;|Q,U;) > 0 and {j,5} = {2,3}. By the conditional independence of (Us, X3)
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and (Us, X3) given @, we have 0 < H(X;|Q,U;) = H(X;|Q,U;,Us;, X;) = H(X; ®4 X4Q,U;,Us, X3) =
H(X: @4 X3|Q,Us,Us, X;) < H(X2 ®4 X3|Q,Us, Us).

We only need to prove H(X3 @4 X3|Q,Us,Us) > 0 implies I(X1;Y1|Q,Us,Us) < C*. For this, we allude
to the proof of fifth claim in appendix [F} Therein, we have proved an analogous statement for example [4 The
statement herein can be proved through an analogous sequence of steps and we let the reader fill in these details.

|
We now show that user 1 can achieve rate equal to C* exploiting the fact that user 2 and 3 use group codes. We
also derive the condition in terms of parameters d1, 7, . Note that the channel between X5 &4 X3 and Y] is
additive with noise given by X7 @4 N7. Let us choose px, (1) = g forz; € {1, 2, 3}. The resulting distribution of
X1 @4 N; is given by px,@,.n, (a) = 8/3 for a € {1,2,3}, where 8 =6, +7 — MT”. Using concavity of entropy

once again, we get

O (Xo ©a X35 Y) = min{2 — hy(8) — Blog,(3),2 + 2h5(28/3) — 2hy(8) — 2810g,(3)} = 2 — hy(8) — Blogy(3).

(38)
Note that for §; € (0, %) and 7 < %, using the fact that X; and NN; are independent, we get S € (O,%).

Note also that 2 — hy(8) — Slog,(3) is monotone decreasing for 5 € (0,3/4). Hence if 8 > 4, the signal
X5 @4 X3 can be decoded at decoder 1, and user 1 can communicate at the rate C*. A simple calculation yields
C* = hy(B)+Blogy 3—hy (1) —61 log, 3. In summary, under the following conditions: (i) 6,6, € (0, 1), (i) 7 < 2,
(iii) equation (37), and (iv) 5 > 4, all three users can achieve their respective capacities using PCCs built on Z,4, but

the corresponding rates cannot be achieved using unstructured codes. It can be shown that there exists a non-empty

set of parameters (4,01, 7) that satisfy these conditions. An example is given by § = %, o =7= % — @.
APPENDIX A
UPPER BOUND ON P(¢;;)
Recall
n 1 n
630" M) = D D ML= My(an U @) X (M by DeTan QU X Z5(0) 1= SE{65(q", Mj)}

a®i €U bjx€Ecjx

and ¢, = {¢;(¢", M;) < Zj(n)}. Employing Cheybyshev’s inequality, we have

, 1 , 4Var{¢;(q", M;)}
Ple ) = P(o; "’Mj .,% n)) <P j n,Mj —E ' n,Mj > -E ' n7Mj < .
(e1;) = P(¢;(q", My) < Z;(n)) < P(|¢;(q", M;) — E{¢;(q )} = 5E{¢;(q )} < (B, (q", M,)})’
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Note that Var{¢;(q", M;)} = T+ T + T+ Tz — T, where

;(a%)=M;1,UT (a®)=ul\ _ "
>, > >, P( XMy b )=ar ) = B (@" Mj)}, (39)
a’i €U’ bjx Ecjx (H;LJ;L)E
T2n(Uj,X;1q")
7 — Z p (1@ =M X (M byx)=27,
v Z Z U (@) =u? X' (M;x by x )= )
a®I€UT by bix Ecix (U] @] ), (u} &) )€
bix#bix T2y (U;,X,19™)

T

S D SR DA Gl ity
5 (Mjx,bjx)=a} U (a% )=u] ’
a®i,a% €U’ bjx €cjx (uj x7), (4] 2} )€
a®i#a% T2y (U;,X;10™)
%= X X S p (Bl O )y
I;(a%7)=M;1, X} (M;x,bjx)=&7,Uj" (a° )=a}

a7 \87 €U byx byx Ecjx (1 5w7),(05,E7)€
ad#ay bix#bjx T2y (Uj,X51q™)

The codewords of PCC A; are pairwise independent [27, Theorem 6.2.1], and therefore

P 1j<asi>:Mm,X;<ij,qjx>:wy7U;L<aS{>:uy7) _ p (B)= MU @)=l p (15(E)=Mp U @)=,
1;(@%)=M;1, X (M;x by x)=&7 U@ )=a? X (Mjx bix)=al XP(Mjx,bjx)=&7 :

J
It can be verified that .75 < %2, and therefore, P(elj) < 4%. For sufficiently large n, we employ upper
<0
bounds on conditional probability and the number of conditional typical sequences to conclude

exp {—nH (X;|Q) — 4nn} |cix || T2y (Uj, X;lq™)]

% — ethrn*S]' (40)
7 < exp {—2nH(X;|Q) + 8nn + nH(X;|U;, Q) + 8nn} lejx |(lejx| — 1)[To, (Uy, X;|q™)]

— et]‘Jrn*S]‘
2 exp {—nH (X;|Q) + 4nn + nH(U;| X;Q) + 8nn} |e;x || T2, (Uj, Xjlg")|

- §2(t+n—s;)
For sufficiently large n, exp{—4nn} < exp{—nH (U;, X;|Q)}|T2,(U;, X;|¢")| < exp{4nn}. Substituting S; =

s; log 6

T = % and |¢j x| = exp{nK}, it maybe verified that, for sufficiently large n,

P(er;) < dexp{-n[S; —T;+ K; — (logf + H(X,|Q) — H(U;, X;|Q)) — 8n]} +
dexp{—n[S; = T; — (log6 — H(U;|Q)) — 28n]} + 4exp {—n [K; —32n]} .
Using the bounds on S;,7}; and K as given in definition [12]in terms of J, we have
Pley;) < 12exp{-n(5—32n)} (41)

for sufficiently large n. Before we conclude this appendix, let us confirm .Z;(n) grows exponentially with n. This

would imply €1; C €, and therefore €1; N €] = ¢, the empty set. From @, @), we haven for sufficiently large

n,
1 n % exp{—nH(XﬂQ) - 47’L7’]} ‘CJXHTQn(UﬁXJ'qn”
Zj(n) = §]E{¢j(q M)} = > > 206 s,
1 1
> 5 EXP {n[S; —T; + K; — (logb + H(X;|Q) — H(Uj, X;|Q)) — 8]} > 5 exP {n[6 —8n]} (42)
where, as before, we have employed S; = = Isgg,Tj = % and |¢jx| = exp{nkK;}, the lower bounds on

|T5,(U;, X,;|q")| and the definition of 4.
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APPENDIX B

UPPER BOUNDS ON P(€§ Nez), P((€; Uez)® Nes)

In the first step, we derive an upper bound on P(&f Nez), where é; = €1 U ¢, and
€2 = {(qn7 U;(A32)7 U?:L(Ass)’ X{L(Ml)v XS(M2X’ B2X)v Xg(M3X7 B3X)) ¢ Tm (Q, U27 Ug,X)} ) (43)

was defined in (8). In the second step, we employ the result of conditional frequency typicality to provide an upper
bound on P((e; U e, Ue, Uea)®N (31 Uega Uess)).

As an astute reader might have guessed, the proof of first step will employ conditional independence of the triple
X1, (Us, X3), (Us, X3) given Q. The proof is non-trivial because of statistical dependence of the codebooks. We

begin with the definition
(uy,uy,z") €U x UF x X" : (¢",u},x}) € Ton(Q,U;, X;5) 15 = 2,3
(qn’w?) € TQU(Q’Xl) (q u27u37 ) ¢ Tm(Q U, Us, X )

O(¢") : =
Observe that

- Ij(A%)=M;1,UP (A% )=u™ X" (M;x,Bjx)=z"
P& Neg) = E P(Jw T n
(61N e2) s ;e M) > 5B{ (a7 M;) }:j =23, X] (My)=2T]

€0(q")
P U U U U { Ij(a®1)=M;1,U} (a7 )=u} , X[ (M;x,bjx)=a] A% =a®i }
§ b;(q" Mj)>5E{¢;(a",M;)},Bjx =bjx:j=2,3,X{ (M1)=x}
(ugy,ugz,z"™) a2 €US? a®3 €U, bax € bax €
E@(q’r) C2x C3X

I;(a®7)=M;1,U} (a7 )=u} A i —ai

E E E E E X7 (Mjx bjx)=z},2¢;(q",M;)> | P | Bjx 2be

(uz uf ") a®2 € a®8 € bax € b3x € B{¢;(q",M;)}:5=2,3, X7 (M) =z} =23
€@(q ) z,{ 52 z,{ 53 C2x C3X

I;(a®)=M;1,U} (a7 )=u}
X "(Mjx,bjx)= =T; 7.2¢;(q" JV[) >
]E{¢>J(<1"M)}J 2,3, X7 (M1)==7

M;1,Uf (a®F)=uj

oS p (e o) e

s P X{'(My)=x
(uz,ug z")a’2€a®3€bax €bzx €
GO( ) Z/{;Z ubB Ca2x C3X

I]' (asj ):]\/[jl
¢j(q"7MJ)Z%E{¢j(q">MJ)}) 44

Let us now evaluate a generic term in the above sum (@4). Since the codebooks Ci,Cs,Cs, A2, A3 are mutually

independent, the probability of the event in question factors as

Uj (a®)=u} X7 (M;x,bjx)=z},\ _ n _ .n Uj(a®d)= -
P (Ij(asj):Mjlij:2>3’3Xf’(J1Vfl):$?> = P(XY (M) = 27)P ( Ij(a®i)= M =2 3) H PXG(Mjx,bix) = 7)

Furthermore, (i) mutual independence of I;(a%) : a% € Z/lj” 1 j = 2,3,Gs, By, By, (i) uniform distribution of

the indices I;(a%) : a% € Z/{;j 7 =2,3 and (iii) distribution of codewords in C; : j = 1,2, 3 imply

3 n
U (@) =0y X} (M byx)=23 _ porrng ey _om . i o gy L=t Lli=1 PX;1@(%5¢l9r)
P (If(asﬂ)szl:jiz&Xf(JMl):iy) =PUj(a¥) =uj : 7 =2,3) Jiatis (45)
The following simple lemma enables us characterize P(U}'(a%) = uf : j = 2,3).
Lemma 9: Let s5,53,n € N be such that s, < s3. Let G : = [G] Gj),] € F;**" be a random matrix

such that Gy € F, 2*™ and BY, BY € F}' be random vectors such that G3, By, B be mutually independent and
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uniformly distributed over their respective range spaces. For j = 2,3 and any a® € F,°,let U(a® ) : = a% G;® B}
be a random vector in the corresponding coset. Then P(UJ'(a%) = u} : j = 2,3) = o
Proof: The proof follows from a simple counting argument. It maybe verified that for every g € F,**", there

exists a unique pair of vectors by, by € Fy' such that a® g; & b} = uj for j = 2, 3. Therefore
| {(gs, by, b5) € Fg> ™ x Fg x Fg - a®g; & b) = uj for j =2,3} [ = 6",

Now employing the mutually independence and uniformly distribution of G3, By, BY, we have the probability of

the event in question to be

| {(g3,b5,05) € Fy>"" x Fgt x F§ :a%g; @b} = for j =2,3}[  gmss 1
[{(95,05,08) € 73" x Fy x Fy }| grosan g
|
We therefore have
3 n
P (U}L(asf):u?xX}l(ij’bjx)::r?,) _ o [T px;1Q(@jelar) < ;-1 Pxi1Q(@1e|ge) exp {—nH (X5|Q)} (46)
I;(a®i)=M;1:j=2,3, X7 (M1)=2 ) — g2n+ta+ts = exp {78m] 4 nH(X3|Q)} f2n+ta+ts
Encoders 2 and 3 choose one among the jointly typical pairs uniformly at random. Hence,
2 I;(a%)=M 4
T G A P S tn A . (7)
jll Bix=bjx|¢;(q" M;)>5E{;(¢",M;)} E {$2(q", Mo)}E {ps(q™, M3)}
It maybe verified from (39) that
2.25(n) =E{¢;(q", M;)} = 05" |ejx| exp {—n(H (X;|Q) + 4n)} T2, (Uj, X;q")|- (48)
Substituting (@8), @7) and @6) in (@4), we have
exp{nl6 v x
P(g(i N 62) S p{ 77} Ht,l pxl‘Q( ltht)
(s gy | T2n (U2, Xa| @)l [ Ton (Us, Xslq™)]
€0(q™)
- exp{24nn — nH(Us, X
< Z HPX1|Q(9€1t|Qt) p {24nn (Us, X5|Q)} (49)

(") 1 exp {nH (Uz, X»|Q)}
€o(qM)

where the last inequality follows from lower bound on size of the conditional typical set. We now employ the lower
bound for conditional probability of jointly typical vectors. In particular,

exp {—nH (Uj;, X;|Q) — 4nn} < HpUj,Xj\Q(ujtvmjt‘qt) < exp {—nH(Uj, X;|Q) + 4nn} (50)

t=1

for any (u%,u},z™) € ©(¢"™). Substituting lower bound in (@9), for n sufficiently large, we have

n 3 n
P(E{Ne) < > I exe@ula) [T [ pv,x, 10 uisilar) | exp {32nn}
(ul al ™) t=1 j=2t=1
L €O6(¢") i
n
< Z HpX1U2X2U3X3|Q(x1t7U2ta932tau3t7I3t|Qt) exp {32nn}, 61y
(uguz,z™) t=1
L €O(q¢™) .
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where follows from conditional mutual independence of the triple X1, (U2, X32) and (Us, X3) given (). We
now employ the exponential upper bound due to Hoeffding [28], Sanov [29]. Under the condition 7; > 4n, a

‘conditional version’ of Sanov’s lemma [29] guarantees

Z HpX1U2X2U3X3|Q(x1taU2t7x2t7U3t7x3t|Qt) < 2exp{—n’un?} (52)
(uf ) 121
€0(q")

for sufficiently large n, to enable us conclude
P(& Nez) < 2exp{—n(n’puni — 32)} (53)

for such an n.

This gets us to the second step where we seek an upper bound on P((&; U €2)¢ Ne€3), where

es = {(q", U3 (A%),Ug' (A%), XT'(My), X5 (Max, Bax ), X5 (Msx, Bsx),Y") ¢ Ty, (Q, X1,U2, Us, X, Y)}
(54
was defined in (E[) Deriving an upper bound on P((é; U €2)¢ N e3) employs conditional frequency typicality and
the Markov chain (Q,Us,Us) — X — Y. In the sequel, we prove P(e5 M e3) < gL for sufficiently large n.
If
(ug,ug, 2™, y") € Uy x Us x X" x Y™+ (uy,ug,z") € Ty, (U2, Us, X|q"),
(u, ug,z", y") & Top, (Uz, Us, X, Y|q")

P(e&sne)= > P(UMAY) =u}, X} (M;x, Bjx) =a} : j = 2,3, X7'(My) = a7, Y" = y")
(ug’ugiﬂnagn)
€0(q™)

U (A%)=u} X7 (]Vh) Ty, n__ . n
S p(EhE AT P (v =y
(uf uf.z"y")
€0(q™)

n
- U (A%)=u} , X7 (M1)=2]
= Z P(Xn(M]L ,X)l:c = 23>H vix(y,lz,)

(uf ul ’Enygn)

U (A% )=l X (My)=a,
X7 (Mjx,Bjx)=a}:j=2,3,

€6(q™)
UP (A% )=ul X7 ( Mi) -
_u 1 =T
= 3 P(asntaSn) v, ylec . ua) (59
(u g 2" y™) t=1
€0(q")
UT (A% =u? X"(Ml)_zl
S S (i e I SR | LIPS
(uy ,uy,z"™)€
Tm(UQ,Us,K\q") T2771(Y|u2 Uz T )

where follows from the Markov chain (Q, Uz, Us) — X — Y. Once again, the upper bound on the probability
of conditional typical set enables us to conclude

n
n
Z pr\gUng(gt@t,Uzt,U:st) < 32

y"e t=1
Ton, (Yuy uy,z™)

[N)

and therefore P(e§ M e3) < 35 for sufficiently large n.
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APPENDIX C

AN UPPER BOUND ON P((€; UeaUe€3) MNeqq)

In this appendix, our objective is to derive an upper bound on P((€; Uea U€3) Neyq). Recall that €, = €1 Uy,

U (A®5):j=2,3,XT (M) N Uz (a®3),Y"

c 3j 1905 ’ n [ (RS n

(e1UeaUe€g)’Neygy = l | {(X;(ij,Bjx),:jzz,:s,yl" eT(q™), X1 (i) €Tun, (U20U3,Y1,X1[q") p .
a®3 €Uy T1F# M

where
Tgn) - = { (g arwiye (e vl )€ (Ua Us X, V2 1q"), (5 uf 2 )Ty, (Us,Us, Xla"™)
) U XUF X X" XY (uf 2} )€Tan (U, X;1q™):5=2,3,27 €T2y (X1]q™) :

Employing the union bound, we have

X} (Mjx,Bjx)=a} U (A% )=u}
P((61UeaUes)Neqr) E E E E P <r1;4%)= M1, X{ (My)=a7 ,Ug (4°3 )= Nei ). (57)
a®3e mi, 1 (uy,uy,x™,yy)Ee (a™,z7)e X () =21, Yy =y, My=m1:j=2, 3
Us® 1haFm T(q"™) Tan, (U20U3,X11y7,9™)

[

We evaluate a generic term in the above sum. Defining .7 (a%) : = {(a®2,a%) € U352 x U3® : a®20%+ @ a® # 4%},

where s 1 = s3 — 52, 9(a%) 1 = Uy x U5?) \ (), and
X (mix,bix)=a} Ul (a)=u} ,Mj=m;
E:= { I(a®)=m; X} (m1)=e] Ug (a2)=a",
X1 (ma)=&7,M1=m1:5j=2,3,
we have
X7 (Mjx,Bjx)=x] ,U”(AJ)_u o
P I;j(A®7)=M; 17X (M1) z] ,U@((f?) ar s Nef | = P(ENeEN Ylfgl ,‘A .J:a J
X7 4 v Ml 2,3 ! ! Bjx=bjx:j=2,3
F =21 Y=yl M= = ™M2,M3 byx ,bsx (a°2,a"3)
€5 (a%3)

+ > > Y p(enan{dmamn)) o

m2,M3 by x b3 x ((182 7(1,33)

e7e(a%)
Note that
P(vr =y |Bnen{s 580 }) = Wi x i), (59)
P (E Ne N {BJXA;Z;JI:?:Q,?)}) =P(E)P ( i 3‘E N 61) = P(E) vz (60)

Moreover, for (uf,u},z?, x4, 28, y}) € T(q"), (0", &}) € Tay, (Us @ Us, X1|y}, ¢"), we have

P(Mj;j=m;:j=2,3,M1=m;) . s 84 A ga
if (a®2,a%3) € . (a%
P(E) < g3ntt2+ts exp{n(H(X1]|Q)+>3_; H(X;1Q)—20m)} (a2, %) (@),
= P(M;x=m;x:j=2,3,Mi=m1)W¢ | x (u]'|2") 1 {an—up ous)

g2ntt2 s exp{n(H(X1|Q)+>3_; H(X;|Q)—20m)}

(61)

if (a®2,a%3) € 7<(a°3)
In deriving the above upper bounds, we have used the upper bound on conditional probability of jointly typical

sequences. We have also employed independence of (triple in the former and pair in the latter) codewords in the

coset code. Substituting (59), (60) and (61), in (58), we have

X5 (M, Byx)=ui Ut (A% )=ujf 0°27"2 P(My1=m1) Wy, | x (y7 |z")|cax ||eax| [% + an—uz@ur})
P 1;(A% =M1, X (My)=3},U, N = 238
({ (A®7) 1, X[ (My)==7,Ug (@° ) } €l> = 02"t oxp{n(H(X1|1Q)+X0_, H(X;1Q)—20m)}  La(n).Ls(n)

X1 (hy)=27 .Y =y , Mi=m1:j= 23
Our next step is to substitute (62)) in (37). Let us restate (57) below as (63) for ease of reference.

X;L(ij,Bjx):JE?,U;(Asj ):u;
PaUaUa)na) <Y 3 3 3 p<{fjmsj-)ﬁ_ AN z{L,U@(aSS)_ﬁ7‘}ﬂef>.(63)

n n A
Ae3‘€ ma i (u2 7“3 721 y?)G (ﬁ”,fi‘?)G X1 (ml) =Ty 7Y1 —yl ,Mi=m1:j=2,3
Us? TaFmy T(q"™) Tan, (U20U3,X11y7,q™)

. (62)
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We do some spade work before we substitute (62) in (63). (62) is a sum of two terms. The first term is not
dependent on the arguments of the innermost summation in (63). By conditional frequency typicality lemma, for
sufficiently large n we have |Typ, (Us ® Us, X1|yT, ¢")| < exp{n(H(Uz ® Us, X1|Y1,Q)) + 811 }. Substituting
this upper bound, the summation in (63) corresponding to the first term in (62) is upper bounded by

= Z Z Z Wy x WT1Z") 952753 |coxc||esx | P(My = my) exp{n(H(Us @ Us, X1|Y1,Q))}
T i nad S ane Bo(n)Ls(n)  ganttatts exp {n(H(X1|Q) + 00 H(X,1Q) —28771)}
magma pgn)

The indicator in the second term of (62) restricts the outermost summation in (63) to 7 € Tu,, (X1 |ub ®uf, y7, ¢").
As earlier, note that the second term is independent of 27. Once again, employing the conditional frequency typicality
lemma, for sufficiently large n, | T4, (X1|us ®uf, y7, ¢")| < exp {n(H(X1|Uz & Us, Y1,Q) + 8n1)}. Substituting

this upper bound, the summation in (63)) corresponding to the second term in (62)) is upper bounded by

Ti=Y Y. > W x (W1127) 02 |eox||esx | P(My = my) exp{n(H(X1|Uz & U3, ¥1,Q))}
Py 7;:”;:3},; (u;”,u;‘,g",yf)e $2 (n)$3 (TL) @2n+iz+ts exp {n(H(Xl |Q) + Z?:l H(XJ|Q) — 287’]1)}
#m ()

It can be verified that

Y W xife") < min{|Toy (Uz, Xolg")||T2q(Us, Xslq™)|| Tay (X1 1q")], 1Ty, (U2, Us, XIg™)[}. (64)
(u3 uf 2" yi)e
T(g")

Using and lower bounds .%;(n) : j = 2,3 from (@8], we have
< o¥ DR @H(XQ) — 81— RONTa(Xalg] _, 0% exp{—n(H(X:[Q) ~ 121~ 1)}
T 0rexp{—n(H(U2& Us, X1|Y1,Q) +28m)}  — 0" exp{—n(H (U2 & Us, X1[Y1,Q) + 28n1)}’
where the last inequality above follows from upper bound on |T%,(X1]¢™)|. An identical sequence of steps yields
: exp{—n(H(X1|Q) — 28 — R1)}
= Texp{—n(H(X:1|Uz ® Us, Y1, Q) + 121)}

s3 log 6
n

for sufficiently large n. Substituting = S3, we have

P((6gUeaUez) Neqr) < 2exp{n(28n; + 12n+ S3+ Ry —logl — H(X:|Q) + H(X1,Us ® Us|Y1,Q))}
+2exp{n(28m + 121+ Ry — I(X1; U2 @ U3, Y1|Q)) }-
Employing the definition of §, we have
P((E1UeaUe3) Meqr) < 4dexp{—n[d— 28y — 129]}. (65)

for sufficiently large n.

APPENDIX D

AN UPPER BOUND ON P((€; Uea U€3)° N eqy)

While it seems that analysis of this event is similar to the error event over a point-to-point channel, and is therefore
straight forward, the structure of the code lends this considerable complexity. A few remarks are in order. Firstly, the

distribution induced on the codebooks does not lend the bins C}j; (mjl) :my1 € M, to be statistically independent.
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Secondly, since the cloud center and satellite codebooks are binned, the error event needs to be carefully partitioned
and analyzed separately.

In this appendix, we seek an upper bound on P((¢; Uez)“Ney;) for j = 2,3. Let (e; Ues) Ney; = €);Ueq; Ued,

where
€y, 1= U U U { q",U; (@%),X; (M;x 1b5x). Y] ) €Tany (QuU5, V5, Y5), (q",Uj(ASJ’),X;(MM,BJX»E}
4j TZTI(Q U )X )7 (a J) "ﬁjlﬁ (qnsU]“ﬂ'(ASJ)7X]7‘1'(MJ'X’BJ’X)’Y]‘")€T2711 (QvUJVXJ"YJ')

i1 #Min 6% U’ byx €eyx

T U U U U (a9),X (g x by x ) Y] ) ETany (QuU;,V5,Y), (47U (A%), X} (M x,Bjx))€
4j TZW(Q Uj X;)05(a")) =M1, (¢" U (A%), X7 (Myx . B;x), Y] ) €Tan, (U5, X;.Y))
mjx#MJXa ]EZ/LJ bJXG(‘JX

B3 .= U U U U (a3),X; (1jx b x),Y;" ) €Tun, (Q,U;,V5,Y5), (q",U;(A%), X7 (M;x,B;x))€
4 T277 Q U],X )s Ij(a®i)=rnj1, (¢, U"(A 7), X”(ija Bjx), Y VET2n, (Q,U;,X;,Y5)
Mj17# Mix# o Jez,[ %3 bjx €cjx
M]1 M7X

: e e (el U1e2 113 S c 1 1e2 ()3 : :
The event of interest is €j M (€5; U €3; U€y;). Since € M (e4; U €y; Uey;) contains the above error event, it suffices

to derive upper bounds on P(efj N 54111‘)7 P(e, N eij), P(e, N eij). We begin by studying P(ej, N e1;)- Defining,
= {(u}, 2}, y}) € Ton, (U, X;,Y;lq") : (uf, 2}) € To(U;, X;51q™) }, we have (66)

Uj (A% )=u} U(a J)=a7, Mj1=mj1

randy-r| U U U U U { e o,
’I’TLJ'17’I’7’LJ'1§MJ1 a]_ ng (u ’E] ,y] )E (ﬁ;l,'i;l)e X (MJXa JX) l X (MjX7ij)=.’2'j
mjl;ﬁmjl € M € ¢cix T(q ) T47)1(UJ)Xj|y;lvq )

U;(A%F)=u} ,U; (6% )=a} ,Mji=mji

< Z Z Z Z Z P 1 (AT )= Y =y 15 (%) =1, Nej, | . (67)

n . n
mi g €M @ b (Wiaiue (i) .a5)e X5 (Myx By )= X' (Myx by =85
mirFimg € Uy € cix P(qn) Tamy (U X1y ™)

We now consider two factors of generic term in the above summation. Since X7'(M1), X' (M;x, Bjx) is indepen-
dent of the collection U; (A% ), U;(a%), M1, I;(A%),I;(a%), X"(MJX,BJ-X),X”(MJX,I)]X) for any (a® ij)
and Y — (X7(M1), X} (Mx, Bjx) : j = 2,3) — (U;j(A%),U;(a% ), My, I;(A%), ;(a ), X}(M;x, bjx)) is a
Markov chain, we have

U; (A'f) uff Uy (a7 )=af,Mj=mj j
PY" =y}|¢ia" M;)22; (n) I;(A° J)—mu,I (a°9)=mj1, | =P (Y' =Y \Xn( Mjx, Bjx) = x?) =:0 (yﬂfC?) ’
X"(ij, Bjx)= 33” X"(Maxv JX):Q%;

By the law of total probability, we have

U; (A%)=u?,U; (a1 )=07 ,Mj1=m;1 U;(a® )=u},U; (a3 )=a] , Mj=m;,Bjx =b;x )
P ¢i(a" . M;)>2;(n),I;(A° J)—mml (a°7) —m;h E g P A%i=a®i I;(a%)= mﬂJ (a%7 )=m;1, ﬂefj

X7 (M;x,Bjx)=z], X" (M;x,b byx)=d X;L(mjx,l;jx):I?,X;(ij,Bjx):fv?

+

mix EM;x ¢%; eujJ

Uj (asj ):’U.;I,UJ (dsj ):ﬂ?,MJ‘:m]‘ ,BjXZbJ‘X

+ Z Z Z P A®i=a% ,I;(a% )y=mj1,1; (8% )=rhy1, N elC‘
n 7 S J

mix EMjx 4 761/{ 5 bJXGCJX Xj (ijJ)jX):xj ’Xj (ij7ij):wj
bix#bjx

Now recognize that a generic term of the sum in (67) is a product of the left hand sides of the above two identities.

Before we substitute the right hand sides of the above two identities in (67), we simplify the terms involved in the
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second identity (involving the two sums). Denoting

) Uj(a®d)=uj,U;(@% )=az, M;=m,
E = 1 (a3 )=myj1,1; (a3 )=rjn, , we have,

X (mjvajx)_'t X "(mjx, bJX)—x

U]‘ (asj):u U (a J) ’LL M mJ,BjX:ij ASG—q i
P A%5—ai 1;(a%3 y=my1,L; (a9 =11, Nej | <P (EY) P ( ’El N efj) where,

7 o Bjx=bj
X7 (m;x,bjx)=ai, X (m;x,bjx)=2] IXTIIX

P(El) _ P( M;i=mj,I;(a’i)=mj1,I;(a° J')_ﬁleA7 ) P (U"(a i)= ;) 7 P (A‘j:a‘j

X7 (myx by )=a X7 (my x by x )=a" Uj(a®9)=u Bjx=b;x

1 c _ 1 _
E'N¢,) = ghn = mmmmff®
Let us work with P(EY). If 1 # mj; and a® # a®, then

P(Mj=m;)exp{—n(2H(X;|Q))} D .
P( Mj=m;,1;(ai)=m;1,1;(a"F )=r, )P (U]ﬁ(djj.v):ﬁ?) < 92”+2t7’ exp{—ndn—n8n } ihix 7 bix
X (mjx,bix)=z7, X} (m;x,bjx)=2" Uj(a®)=u} ) = P(Mj=m;) exp{—n(H(X;|Q))}
927L+2t

(69)

otherwise.
7 exp{—ndn}

Substituting the above observations in (67), we have

M; =mj)ex 2nH(X;
61 064] Z Z Z Z Z 0 y] |m Z 92(n+2t, exp{) nii_ n8n1(}.,2”|6(2)§ +

m; €M Mj1Fm;a ﬂja]v bix,bjx (“Ja Y5 )€ (ay,27)€
atIFaT §o b T(™) T47,1(U17XJIUJ ")
j P(M; =m;)exp{—nH(X;|Q)}
n|,.n J J J
+ Z Z Z Z Z 9 yj |x) Z 02n+2t exp{—ndn}.Z;(n)
mjEM; Mj1#my1 a®,a% bjx€cix (u ,w;%y}‘)é UMS J
0% #4° T(q"™) Tun, (U; I»ICJ Wia™)

We now employ the upper bound on cardinality of the conditional frequency typical sets Tuy, (U;, X j|y;L7 q") and

Ty, (Ujl2%, 9}, ¢"). For sufficiently large n,
| Tan, (U, X;ly5 5 q™)| < exp {n(H (U}, X;[Y;,Q) +8m)}, [T, (Usl2f, uf', ¢")] < exp{n(H(U;|X;,Y;, Q) +8m)},
for any (7,97, q") € Tay, (X;,Y}, Q). For such an n, we have
P(M; = my) exp {—20H(X;]Q) + n16m,}
P c r\l 9 TL
(€lj 64] = Z Z Z Z Z y] ‘ 92n+2t7 exp{—ndn — nH(U;, X,|Y;,Q)}.%;(n) +

mjEeEM; mj1#m 1 a’da J' bix,bix (uf ,xj Y )E
@ J#a T byx #£bsx T(q")

P(M; =m;j)exp{—nH(X;|Q) + 8nm }
R ND VDD 200 92”+2tfexp{ ndn —nH(U;|X;,Y;, Q)}Z;(n)

m;EM; Mmj1#my1 a’i,a% bix€cix (uf x] Y] )€

a’i#a’s T(g")
S Y Y ¥ ) P(M; = m;) exp {—2nH (X;|Q) + nl6n } n
2n+2t; _ _ . V. .
mjeEM; mj17#m 1 a’s,a%i bix,bix (uj,z})e 0 ! eXp{ n4n nH(UJ’XJD/J’ Q)}Dipj (’I’L)

a’#‘lfAJX;ébJXTz,,( 1, X51a™)

P(M; =m;) exp {—nH (X;|Q) + 8nn: }
LD DD DI DI DD D7 ey s
m;EM; mj17#mj1 aii,asj’_ bjx€cix  (uj,x])€ 0 JeXp{ n4n—nH(U| s ]’Q)}g( )
a®i £a” Ton(U;,X;1q™)

Substituting the lower bound for .Z;(n) from and noting that the terms in the summation do not depend on
the arguments of the sum, for n > Ny;(7)1), it can be verified that

e 1 0% exp {—nH(X;|Q) + 8nn1 +4nn} [ exp{—nH(X,|Q) + 8nn: }
Plei; Ney) < 2—, exp{—nH (U;|X;,Y;,Q)} <eXP{_nH(Xj|ij7Q) —nkK;} - 1)
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sj logG

Finally, substituting =5, 6, we have

P(ef, Neyy) < 2exp{—n[(logd — H(U;|X;,Y;,Q)) — S; — (8 +4n)]}+
+ 2exp{-n[(logf + H(X;|Q) — H({U;, X;|Y;,Q)) — (S; + K;) — (16m + 4n)]}
< dexp{-n[d — (16m + 8n)]} (70)

for sufficiently large n.

We follow a similar sequence of steps to derive an upper bound on P(eﬁj). Defining T(q") as in , we have

. 9 X7 (myx bix)=27,U; (a%)=a} Y] =y} .
P(ej, Ney;) =P U U U U U Li(A%)=1;(a"7) =M1, M;x=m;x, ¢ M€
’ “n -n X M;jx, Afi)= ’
mix,mijx EM;x a 7} bix (u} 73;] W€ (ay,27)e (M;x,Bjx)=z},U;( )=u}
mjx#mjx EU €cjx T(q™) Tany (Uj,X;1y5 ™)

Xﬁ(ijj)jX) i Uj(a%9)= u Yn_yﬂ

J J

< g g E E E P ({ (A% =1, (6% ) =M1, M,X__m]X N elcj (71)
mJXamJXEM]X a’ J_ bJX (u] 7m;l7y;l)€ ( ;lvA;l)E X (MJX BJX):T] 7U (A J):uj

myx#Fmix €U €gix Ty Tany (U5 X5 1y0a™)
We now consider two factors of a generic term in the above sum. Since X{'(M1), X' (M;x, B;x) is independent of
the collection X}L(fnjx,bjx),U( i), 1;(A%), I (%), Mjx, X7 (Mjx, Bjx),U;(A%) for any (a*/ b]X) as long
as mx # Mjx, and Y{" — (XP(My), X (Mjx, Bix) ¢ j = 2,3) — (X (i, bix), Uj(a%), I;(A%), I;(@%),

Mjx, X7 (Mjx, Bjx), Uj(A®*)) is a Markov chain, we have

P<Yj”=y?

By the law of total probability, we have

X7 (10, x )=, U (a%9) =0 . Xy bpo=a U tn=ag dti=att|
P Ij(Asj):Ij(&sj):Mjl’ijzij’ ﬂelj = E E (a J) MJ1,M mJ,BJX bJX mﬁlj
) F )™

X7 (M;x,Bjx)=x],U; (A% )=uj mj1EM; 1 bjxEcix Xn(m]X bjx)=aj . Uj(a% )=uj

X7 (hyx,bix)=37,U;(a°)=a} , A% =a®J
+ E E E P < I;(a®)=1I;(a%)=M;1,M;=m;,B;x=b;x ﬂelcj .

AR S AN
mj1 €M1 bjx Ecix 45 EU;j X (mjx bjx)=z7,U;(a’ )=u]

x (M;x.Bjx)= @ Uy (A% )=u?

)(]"-l(’l’ﬁjx,I;J'X):iz}ij(a'sj):ﬁ“;L c n n N n|..n
LU =L @ =My My, nej, | =P (Y] =y} |X] (M)x, Bjx) = af) =0 (4] |27) -

a®i#a’i
Now recognize that a generic term of the sum in (7I) is a product of the left hand sides of the above two identities.
Before we substitute the right hand sides of the above two identities in (7I), we simplify the terms involved in the
second identity (involving the two sums). Denoting
X7 (mjx, be)—I JUj(a%i)= ay,
E?: = { I,(a%)=I;(a%)=m;1,M;=m, p, We have,
X7 (mjx bjx)==27,U;(a)=uj

X7 (1 x by ) =27 U (a%9) =i} A% =a”s oo A=
P Ij(asj):Ij(dsj):mjl,]\/lj:mj,BjX:ij mf?j S P(E )P(

X7 (myx bjx)=al Us(a*s )=ul Bix=bjx

E? ﬂe?,) ,
J
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where P (ASJ' =a%,Bjx = bJX|E Nef. ) = jj(n). Let us now evaluate P(E?). For mjx 7# m;x, we have

XT (yx by x ) =27 ,U; (@ )=a7,
P L(a)=I;(a%)=mj ,M;=m,

X7 (mjix,bix)=z} ,Uj(a’ )=u]

P(M; = m))P (3, bx)= S P () P (resz)

X (mjx,bix)=x I;i (a7 )=mj1

P(M;=m;)exp{—2nH(X;|Q)} PP ASi Am
if a%i = g%
. on Tt exp{—4nn—8nn } a a ,uj uj
P(M;j=m;) exp{—2nH (X;|Q)} . 84 ASa
if a®i # a%
0*" 2 exp{—4nn—8nmn } 7&

Substituting the above observations in (71)), we have

P(M; =mj)exp{—2nH(X;|Q
P(ef, Neiy) < Z Z Z Z Z (v7'125) nz 9("“1 eXp{zn‘lI;{— n8771§$j|(”;} "

mjEM; X Fmix by bix a” 7Je (uj @} yj)e gje
€cix uj T(q ) T4,71(X'|’U,J- Y54 )

= my) exp [ 20H(X,Q)
13 DD SHED DD SRS ST D or- 92n+2t7 expl—ndy — s} 2 (n)’
m;EM; X FMiX bx bix a4 i el 53 (uy 751?] BSIS (a},27)€
€cjx a’i#a°7 T(q™) Tany (U;:X;1y5,9")

We now employ the upper bounds on |Ty,, (X;|u},y7,¢")| and T4y, (U;, X;ly},q")|. For sufficiently large n,
| Tan, (Xl y7 ¢™)| < exp {n(H (X;]U;, Y5, Q) + 8m) } and [Ty, (Uj, X1y, ¢™)| < exp{n(H(Uj, X;[Yj, Q) + 8m)}
for all (u?,y7,q") € Tay, (U;, Y}, Q). For such an n, we have

="t P(M; = m;j)exp{— 2nH(X @)}
Plnd) < 3 3 X X 20 : "
! miEM i x Fmix b]X, jx @ Je(u z] Y5 )E exp{ TL4’I7—TL].6771 —TLH(X ‘ j7Q)}%(n)
€cix Z/l_ T(q)

. 6—2n=2t P(M; = e 2nH (X
DD IS 2 20 (u71s5) exp{— n4n—§%16n1 inﬁfz(p{ T (Q)}?Zg}(n)
my €M X FMiX b x bix o3 ,a% el (ufwF ) ) e X3, UjlY;, J
CCiX g% £a% T(q"™)

Z Z Z Z Z g—n—tjP(M. — mj)exp{ 21LH(X|Q)} I
m; EMJ mJX#’szX bJX b]X a J G (uh rpﬂ)é eXp{ n477 - n16771 - Tl,H(X | Js -7’ Q)}g ( )
SD'e Z/{ sz,(UJ,XJIq )

6—2=2t P(M; = m;) exp {—2nH (X,|Q)}
2o 2 X D T altn - (6,07, @140
m; EM mjxFmjx b7x7b7xa Jia Jeu Sj (u;‘,z;‘)e J Jlts J
€cjix a®i #£a%i T2y (Uj,X;519™)
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Substituting the lower bound for %} (n) from , we have

= my) exp {~nH(X,1Q) + nl6m}
rind) <2 Y Y Yy e :
mJGMJmJX;ﬁmJXb;XbXaJG ojexp{ n8ninH(X| A ],Q)}|CJX|
€cix Z/{]

Y Y Yy P =m0 en{nH(G1Q) + nibn)
O+t exp{—n8n — nH(Xj, Uj|Yja Q)}|CjX|

. e . 2 . s s
m;EM; jx #m;x bix,bjx a®i,a" eujf
€Cix g% 75@5]'

M; = my) exp {—nH(X;|Q) +nl6n }
SQ Z Z Z exp{ TL8’I7—77/H(X |U]7 7@)}‘CJX| "

mjEM; Mmjx#m;x b]X,bJX

€cjx

+2 Z Z Z P(M; =m;)0% exp{—nH(X;|Q) +nl6n }
O+t exp{—n8n — nH (X;,U,;|Y;, Q)}|c;x]

myEM; X FMixX by bix
€cjx

P(M; = m;) exp {—nH (X;|Q) + nl6n }
<2 Z Z exp{—n8n —nH(X;|U;,Y;,Q) — nK;}

mj;EM; mjxF#mjx

2 Y % P(M; = m;)0% exp{—nH(X;|Q) + nl6n }
g+t exp{—n8n — n (X;,U;|Y;, Q) — nK;}

m; EM; T x Fmix
o €XP {—nH(X;|Q) + nL; + nn + nl6n } - exp{nH (U;|Y;,Q)}
exp{—n8n — nH(X;|U;,Y;, Q) — nK;} grtti=s

We have for sufficiently large n

P(e, meij) < 2exp{-—n(I(X;;U;,Y;|Q) — K; — Lj — [9m1 + 16m1])}
log 0+H (X ;|Q)— KoALi+
e {=n | (SRS ) (5 500) ~ [0+ 16m]]}
< dexp{—n(d—(9n+16m))}. (72)

We are left to study P(e};). Defining T(¢") as in , and
) XIM(hyx,bix)=2",U; (6% ) =a"
E3: = ]Ij(aS.f):mjl,Ij(af.7):mﬂ ’ (73)
X3 (mjx bjx )=} ,U;j(a®F)=uj, Mj=m;
the union bound yields

G HES DI D S S Y 3 P({W_y;gfx’ bJX}ﬁE3ﬂefj> (74)

mj1,Mj1 mix,mijx a°i aSJ_ bixbjx (u],T],y])E (af,27)e€

MiLFEMG L MG X G X 6% £’ T(q™)  Tany (Us,X5ly54")

As earlier, we consider a generic term in the above sum and simplify the same. Observe that

Py =y {8z fnEine) = P =yiX] (Mx, Bix) = a}) = 0 (y}la7).

P ({gj;f } NE*Ne ) < P(E®P ({gj;;gj;}(ﬁ N efj)
o P =my)exp{—2nH(X;|Q)} 1
- 0212 exp{—4nn — 8} Z5(n)’

Substituting the above observations in (74), we have

. 5 =m;)exp{—2nH (X;|Q
P(€lj N 621' ) < Z Z Z Z Z 0 (yj ‘x Z 9271-&-%7 exp{) e4£:; 8n77§}=; ()i

my1,M1 myx,iix o aiLa J‘ bix,bjx (uj,x}yi)€ (a7 ,27 )€
mi17#mi1 mix #mix a’ 77511 J T(qn) Tan, (Uj’Xj‘y;7q7l)




49

There exists N15(n1) € N such that for all n > max {N12(n), N15(n1)}, we have

|T4TI1 (Uj7Xj|y§l’ qn)‘ < exp {n(H(Uj’leyj’ Q) + 8771)} for all (y?’qn) € TQTH (YP Q)

and hence

CERTTEEID DD SEED DHD SEND B
l; 4] _ _
i mysx ara b (ame  SPiTnAn = nlbm —nH(X;, UjlY;, Q)12 (n)

mj1#Mj1 mix#AFMjx a J7éa J TQn(U]7X lq"™)

'Y 3 0% P(M; = my) exp {—nH (X;|Q) + nl6n: }

<
< ) < gt exp{—n8n — nH(X;,U;|Y;,Q) — nK;}
7rLj1,’rnj1 mjx,’rnjx
my1£m1 myx My x
2HSJP( i =m;)exp {—nH(X;|Q) + nl6n; +nL;}
9nexp{ n8n — nH(X;, U;[Y;, Q) — nk; — nmy }
1 9+HXQ— K;+L;+ 9Ny +16m,
¢ sem{on [CRENE) - (i) - Crci])
< 2exp{-n (8~ (9n+16m))}. (75)

We now collect all the upper bounds derived in (70), and (75). For n > max {N14(n), N1s(n)}, we have

P((&1 Ue3)"Neqj) < 10exp {—n (6 — (99 + 16m))} (76)

APPENDIX E
PROOF OF LEMMA[3]
We prove this by contradiction. Suppose (hy(71 * 81) — hp(61), hp(7 % 8) — hp(0), he(7 % 8) — hy(0)) €
cocl(cug’c'l(pQU2 Usxy)) for some pou,u,xy € Ds—1(m, 7, 7). In the sequel, we characterize such a poy, v, xy and
employ the same to derive a contradiction. Our first claim is that px,|o(1]q) = px,o(1]g) = 7 for all ¢ € Q.

From (1) we have

Rj < I(U;X5;Y1Q) = H(Y;|Q) = H(Y;|X;U;Q) = H(Y;1Q) = h(8) = > pa() H(Y;|Q = a) — n(9)
qeQ
=Y " po(a) H(X; ® N;|Q = q) — hy(9) for j = 2,3. (77)
qeQ

If 7, : = px,|@(1]q), then independence of the pair N; and (X, Q) implies px ;g N, (1]q) = 74(1—=6)+(1—74)d =
74(1 — 20) + 6. Substituting the same in (77), we have
Rj <3 po(@)h(rg(1 —20) +6) = h(8) < ho(D_ po(@)lra(L —26) +8]) — hn(9)

qeQ qeEQ

= I ([px; (1)(1 = 26) 4 6]) — I (6)
from Jensen’s inequality. Since px, (1) < 7 < 1, we have px, (1)(1-26)+6 < 7(1-26)+6 < $(1—20)+6 = %ﬁ

The term hy([px, (1)(1 — 20) + 0]) is therefore strictly increasing in px, (1) and is at most hy(7 * 6)E| Moreover,

22Here we have used the positivity of (1 — 25), or equivalently § being in the range (0, %)

23This is consequence of p x; (1) <.
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the condition for equality in Jensen’s inequality implies R; = hy(7 * §) — hy(0) if and only if px,o(1|g) = 7 for
all ¢ € Q that satisfies pg(q) > 0. We have therefore proved our first claim.

Our second claim is an analogous statement for px, | (1|g). In particular, our second claim is that px, o (1]q) = 71
for each ¢ € Q of positive probability. We begin with the upper bound on R; in (I). As in proof of theorem 4] we
let Q:= QxUsxUs, §= (q,u2,u3) € Q denote a generic element and Q : = (Q, Uz, Us). The steps we employ
in proving the second claim borrows steps from proof of theorem [4] and the proof of the first claim presented above.

Note that

Ry < I(X1;Y11Q) = HM|Q) — H(Y1|QX1)

= L r@HX 0N ® (Vv X)Q=0) = 3 pxo@dHM @ (X VIQ=0) 79
1 T1,q

= ZPQ@)H(XIEBNi (X2 V X3) |Q_q ZPQ (X2\/X3)|Q=Cj)
q

< ZPQ(@)H()QGBNHQZQ ZPQ N1|Q—q ZPQ@)H(Xi@NﬂQ:Q)—hb(di)(79)
q q
= ZpQ hb T1g * 51) hb(él) < hb(EQ[qu * (51]) — hb(él) = hb(le(l) * (51) — hb(él), (80)

where (i) (79) follows from substituting py 4, 5(:17) for pz,, py, 5(:7) for pz, and px2vX3\Q('|€7) for pyz,
in lemma (iii) the first inequality in follows from Jensen’s inequality. Since px, (1) < 71 < 5, we have
px; (1) %81 =px,(1—61) + (1 —px, (1))61 = px, (1)(1 —281) + 61 < 7(1—261) + 61 < 3(1—26) + 61 =
Therefore hy(px, (1) *671) is increasinﬂ in px, (1) and is bounded above by hy (7 * (51)@ Moreover, the condition
for equality in Jensen’s inequality implies Ry = hy (71 % 61) — hy(01) if and only if py | 5(1[g) = 7 for all § € Q.
We have therefore proved our second claimm

Our third claim is that either H(X3|Q,Uz) > 0 or H(X3|Q,Us) > 0. Suppose not, ie., H(X2|Q,Uz) =
H(X3|Q,Us) = 0. In this case, the upper bound on R; + Ry + R3 in is

Ri+Ry+ R3

IN

I(X2, X3, X1;Y1|Q) = HY1|Q) — H(Y1|Q, X1, X2, X3)
= H(X:®(XoVvX3)®M|Q)— HX;® (X2 V X3) ®N|Q, X7, Xo, X3)
= hp(n(1=08)+ (1 —71)8) — hs(01),

where the last equality follows from substituting px; o : j = 1,2,3 derived in the earlier two claims The

hypothesis therefore precludes (hy(71 % 01) — hp(01), he (7 % 0) — hp (), hp (T % §) — hy(9)) € a?’{l(pQUzU_gﬂ)
if H(X2|Q,Us) = H(X3|Q,Us) = 0. This proves our third claim.

24This also employs the positivity of 1 — 281, or equivalently §; being in the range (0, %)

Z3This is consequence of px, (1) < 7.

26We have only proved Px,|QU,Us (g, u2,uz = 71) for all (q,uz2,u3) € Q X Uz X Us of positive probability. The claim now follows
from conditional independence of X7 and Us, U3 given Q.

718 = (1 —171)261 + (27 — 72)(1 — 61) is as defined in the statement of the lemma.
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Our fourth claim is H(X3 V X3|Q,Usz,Us) > 0. The proof of this claim rests on each of the earlier three
claims. Note that we have either H(X3|Q,Us) > 0 or H(X3|Q,Us) > 0. Without loss of generality, we assume
H(X5]Q,Uz) > 0. We therefore have a u3 € Uy such that py, g (u3lg*) > 0 and H(X2|Us = u3,Q = ¢*) > 0.
This implies px,|v,q(v2|u3,q¢*) ¢ {0, 1} for each x5 € {0,1}.

Since pg(¢*) > 0, from the first claim we have

0<1-7=px,0|¢") = Z Px5UsQ(0, uslq").
uz€EUs3

This guarantees existence of u3 € U3 such that px,u,10(0,u3|¢*) > 0. We therefore have py, o (uzl¢*) > 0 and
1 > px,|u5(0ug, ¢*) > 0.

We have therefore identified (¢*, u3,u3) € Q xUy xUs such that pg(q¢*) > 0, py,|(uslg™) > 0, pu, o (u3lg*) >
0, px, a0 (z2lul, ¢*) ¢ {0,1} for each x5 € {0,1} and 1 > px,ju,0(0lus, ¢*) > 0. By conditional independence
of the pairs (X, Us) and (X3,Us) given @, we also have px,v,u,q(z2|u3, u3, ¢*) ¢ {0,1} for each x5 € {0,1}
and 1 > px,u,u,0(0|u3,u3, ¢*) > 0. The reader may now verify px,vx,|v,v,0(T|u3, u3,q*) ¢ {0,1} for each
x € {0,1}. Since pou,u,(q*, us, u3) = pQ (¢ )Pu. @ (uslq*)pu, @ (uslg®) > 0, we have proved the fourth claim.

Our fifth and final claim is Ry < hy(m * 61) — hp(d1). This follows from a sequence of steps employed in
proof of the second claim herein, or in the proof of theorem El Denoting Q : = (Q,Us,Us) and a generic element

q:= (q,us,u3) € Q: = Q x Uy x Us, we observe that

Ry < I(X;;Y1|Q) = ZpQ HX1 &N & (X2VX3)|Q=4q) — ZpQ H(N, & (X2 V X3)|Q = q)

q

< Do @HMG O NIQ =) = D _pa(@H(N|Q =) = Y po(@)H (X1 ® N|Q = @) = hy(d1)81)
ZPQ(@)hb(ﬁq *01) — hy(61) < hp(Eg {715 % 61}) — he(61) = ho(px, (1) * 61) — hy(61), (82)

where (i) follows from existence of a ¢* € Q for which H(X, V X3|Q = ¢*) > 0 and substituting
Px ey 0 1T") for pz,, py, o (1q") for pz, and py, | x5 (1¢") for pz, in lemma |1} (iii) the first inequality in
follows from Jensen’s inequality. Since px, (1) %91 = px, (1 —61) + (1 —px,(1))01 = px, (1)(1 —=261)+ 6 <
71(1=261) + 61 < $(1—261) + 61 = 5. Therefore hy(px, (1) *d1) is increasinﬁ in px, (1) and is bounded above
by hy(71 * §1). We therefore have Ry < hy(71 * 1) — hy(01).

APPENDIX F

PROOF OF LEMMA[3]

The proof here closely mimics proof of lemma [3] In fact, we allude to appendix [E] to avoid restating certain

elements.

28This also employs the positivity of 1 — 2381, or equivalently &1 being in the range (0, %)
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We assume C* € o, (), and derive a contradiction. Suppose C™* € cocl(ow, (pou,u,xy)) for some pou,u, xy €
D, (I)El In the sequel, we characterize such a pgu,u,xy and employ the same to derive a contradiction. Our first
claim, as in appendix [E} is px |o(1|¢) = 7 for j = 2,3 and every ¢ € Q. Since the corresponding arguments in
appendix hold verbatim, we allude to the same for a proof of this claim. We conclude the triplet (Q, X1), Xo, X3
to be mutually independent, and in particular X7, X5, X3 to be mutually independent. This enables us conclude
that for any pou,u,xy € Dy(z) for which C* € cocl(a,(pou,u,xy)). we have it’s corresponding marginal
pxy € D(1).

Our second claim is px,|o(1|q) = p¥, (1) for every g € Q for which pg(q) > 0. We begin with the upper bound
on Ry in (I). Denoting

I(pajc(-lc);pBja,c (-l ¢)) : = I(A; B|C = c) for any random variables A, B, C, we have,

I(X1:1|Q, Uz, Us) < I(X1;Y1]Q, X2V X3) (83)

= ZpXQVXg(S) ZPQ|X2\/X3 (qls)I (pX1|Q,X2vX3('|Qa 5)§pY1\X1Q,X2\/X3('|'» q, S))
s q

= Zszng(S)ZPQ|X2\/X3(Q|5)I (Px110,3v x5 (1, 8); Pyi | x1 X0y x5 (] 8)) (84)
s q

< Zsz\/XB(S)I (ZPQXQ\/XQ,(Q3)pX1|Q,X2\/X3('|Q75)§pY1Xl,Xz\/Xg("a3)> (85)
s q

= > Pxovxa ()T (P, xavxa (15): Pya x xavx, (1 8)) = T(X1; Yi| X V X3) < C) (86)

where (i) follows from the Markov chains (Us,Us) — (X2 V X3) — Y7 and (Us, Us) — (X1, X2 V X3) — Y7, (ii)
@) follows from the Markov chain Q) — X7, X5V X3 — Y7 resulting from the nature of the channel from the inputs
to Y7, (iii) follows from Jensen’s inequality, and (iv) follows from pxy € D(z) and definition of C4. The
strict concavity of I(pa(-);ppja(-]-)) in pa(-) implies equality holds in if and only if px,|q,x,vx,(1lg,s) =
Px,|(1]g) is invariant with ¢ for every ¢ € Q for which pg|x,vx,(qls) = pq(q) > Om By the uniqueness of
Pxy- and in particular p%; , we conclude px,|(1|q) = p, (1) for every q € Q for which pg(g) > 0.

Our first and second claims imply that if C* € cocl(ay(pou,u,xy)) for some pou,u,xy € Dy(r), then

Y. PQUsUsX,y(q,u2,u3,x,y) = pxy(z,y) € D(r), and furthermore, () is independent of X. We therefore
(rléqi?éqlf;te that any entropy or mutual information terms involving random variables in X, Y, stated in the sequel, is
evaluated with respect to piy .

Our third claim is that either H(X3|Q,Uz) > 0 or H(X3|Q,Us) > 0. Suppose not, ie., H(X2|Q,Usz) =
H(X3|Q,Us) = 0. In this case, the upper bound on R; + Ry + R3 = C1 + 2(hy(7 % ) — hy(6)) in (2) is

Ri+ Ro+ Rz = C1 4+ 2(hp(7 %) — hp(0)) < I(X2, X3, X1:Y1|Q) = I(X; Y1) 87)

PRecall T : = (11,7, 7).

30We have proved in our first claim @Q and (X2, X3) are independent.
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where the last equality follows from independence of () and X and thereby implying independence of ) and
(X,Y). contradicts the hypothesis of the lemma.

Our fourth claim is H (X5 V X3|Q,Us,Us) > 0. The proof of this claim is identical to the proof of the
corresponding claim in appendix [E|and the reader is alluded to the same. As a consequence of H (X5 V X3 |Q) >0,
where Q : = (Q,Us,Us), there exists ¢* : = (¢*,ub,ul) € Q : = Q x Uy x Us for which pé(q*) > 0 and
H(Xy V X3Q =¢") > 0.

Our fifth claim and final claim is that H(Xs V X3|Q, Us,Us) > 0 implies C; < I(X;;Y1]|X2 V X3) thereby
contradicting the definition of C; (I7). The reader will recognize that our proof for the fifth claim in appendix [E]
cannot be employed here. We employ a more powerful technique that we will have opportunity to use in our study

of example [7] The upper bound (1)) on R; implies

Ci=R < I(X1§Y1|Q) = ZPQ(@)I(pxl\Q('|5);py1|X1Q(‘|'7(D)

= ZPQ(Q)I le\Q('@? ZPY1|X1,XQVX3Q('|'7 S, Q)ngvxg@(s@
q s

< Y pol@ D Prpuxai@GIDT (P, o ClD)iPya ey xavaa (. 0)) (88)
q s

= ZPQ,X2VX3 (q, S)I(pxl (');pY1|X1,X2VX3('|'7 S)) (89)
$,q

= ZPQ,XWXS(Q; $)(Px, | x,v x5 (18): Pyy X1 Xovxs (] 8)) = (X1 Y1 | Xo vV X3) < O, (90)
5,4

where (i) follows from strict convexity of the mutual information in the conditional distribution (channel transi-
tion probabilities), the presence of ¢* € Q for which p Xav x50 ("|7) is non-degenerate and py, X1, X2V X35,0 (|-, s,q0%)
distinct, (ii) follows from conditional independence of X and (U, Us) given @, the second claim above, and
the Markov chain Q—X 1, X2V X3—Y7 induced by the nature of the channel, and (iii) follows from X, X5, X3

being mutually independent, pxy € D(7) and the definition of C'. We have thus derived a contradiction C; < Cf.
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