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Abstract—As new devices and technologies enter the electrical distri-
bution grid, decentralized control algorithms will become increasingly
important. Unlike centralized control where standard optimization pro-
cedures can ensure optimal system performance, control algorithms for
distributed systems may take a variety of forms. This paper derives a
decentralized algorithm that regulates the reactive power output from
highly distributed photovoltaic (PV) sources. An objective function is
constructed that minimizes voltage deviations and line losses. It is shown
that this objective function is minimized by a local control law that
regulates the reactive power output of PV inverters. Optimality of the
derived control law is tested against central optimization solutions.

I. INTRODUCTION

With increasing penetration of distributed generation units, it is
important to devise ways of using their reactive power capability to
improve the performance of the electrical grid. At the distribution
level, residential photovoltaic (PV) generation is becoming popular,
particularly in sunnier climates. A PV panel produces direct-current
(DC) power, with production dependent upon the available solar
irradiance. An inverter is required for connection to the AC grid.
The rapid variations in PV power production can result in extensive
voltage swings across the grid [1], [2], [3], [4]. However PV inverters
are capable of providing reactive power support that can be used to
stabilize grid voltages.

A relatively early study [5] considered opportunities for using the
reactive power capability of distributed generators to provide grid
support such as voltage regulation. The voltage sensitivity of lines to
the dynamics of voltage-support distributed generators was analyzed
in [2] to establish optimal design criteria. In [3], solar irradiance
was described by a pseudo-random time series in order to assess
the impact of fluctuating solar irradiance on grid voltages. High
PV penetration at mid-voltage levels, under various loading and PV
scenarios, was analyzed in [4] to determine the impact on network
power loss, voltage balance and peak load compensation. Numerous
control algorithms have recently been proposed for regulating the
reactive power injection/consumption of the inverters associated with
distributed PV sources. A multi-agent system based centralized dis-
patch scheme was developed in [6]. However to mitigate fast voltage
fluctuations on distribution feeders, decentralized control schemes
appear to provide a more viable option [7], [8], [9].

In [8], [9], local control schemes that are based on locally
measurable variables, in particular the reactive power capability
of the PV inverter and the local node voltage, were compared
against a globally optimal centralized dispatch scheme. However
the correlation between locally observable variables and the optimal
reactive power dispatch has not yet been fully resolved, with further
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Fig. 1. Dependence of PV inverter reactive power capability qg on active
power generation pg .

research required to formulate an optimal local control strategy. The
approach adopted in this paper is to study the solutions of a global
optimization problem for a wide variety of operating conditions, in
particular loading and weather scenarios. Correlations between the
optimal PV reactive power dispatch and locally measurable quantities
such as voltage, power consumption and PV generation, are then used
to motivate a near-optimal local control strategy.

II. MODEL DESCRIPTION

A. PV inverters without storage

The active and reactive power generated by an inverter attached
to the j-th PV source will be denoted by pgj and qgj , respectively.
Without local storage, a PV inverter does not control pgj , but it
can control qgj to be either positive or negative. This reactive power
capability is limited by the inverter’s fixed apparent power capability
sj and its variable active power generation pgj , and is given by [8],
[10],

|qgj | ≤
√
s2
j − (pgj )2 := qgj,max. (1)

This relationship is illustrated by the complex power diagram in
Fig. 1. In [8], it was found that sj ≈ 1.1pgmax provides sufficient
freedom in qgj to realize a substantial reduction in distribution losses.
Under this condition, |qgj | ≤ 0.45pgmax when pgj = pgmax. The choice
of sj ≈ 1.1pgmax is reasonable because inverters are available in
discrete sizes and are likely to be slightly oversized relative to pgmax.
Throughout this paper, it is assumed that

pgj,max = 2 kW, sj = 2.2 kVA, ∀j. (2)

B. Grid model

This paper considers a distribution feeder structure that consists
of a main line with no laterals, as shown in Fig. 2. The first node,
at the substation, will be denoted node 0. Node number increases as
the feeder is traversed away from the substation. The resistance and
reactance between nodes i and i + 1 are given by ri and xi, while
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Fig. 2. Distribution feeder with no laterals.

Pi and Qi denote the active and reactive power flowing from node i
towards node i+ 1. The active and reactive power consumed at node
i is given by pci and qci , and the active and reactive power generated
by a PV source at node i is given by pgi and qgi .

Consider a distribution feeder with N + 1 nodes, and with a PV
source at each node. The feeder model can be written using the
LinDistFlow form [11], [12], [13], where for each i ∈ {1, 2, ..., N},

Pi−1 =

N∑
j=i

pj =

N∑
j=i

(
pcj − pgj

)
(3a)

Qi−1 =

N∑
j=i

qj =

N∑
j=i

(
qcj − qgj

)
(3b)

Vi = V0 −
i−1∑
j=0

(rjPj + xjQj) . (3c)

This set of equations provides a simplified and approximate load
flow computation. Assuming small line losses, the equations are quite
accurate and provide appealing optimization properties.

C. Generating scenarios

Five levels of loading (L1-L5) will be considered, with the active
load at each node pcj drawn from a uniform distribution that has mean
and width,

L1: 0.625 kW and 1.25 kW,
L2: 0.9375 kW and 1.875 kW,
L3: 1.25 kW and 2.5 kW,
L4: 1.5625 kW and 3.125 kW,
L5: 1.875 kW and 3.75 kW.

In each of these scenarios, the reactive load at each node qcj is drawn
from a uniform distribution with mean value of 0.25pcj and a width
of 0.1pcj . For each of the five loadings, three different solar irradiance
conditions are considered,

1) Sunny: all PV systems are generating at pgj = pgj,max.
2) Night time: all PV systems generate pgj = 0.
3) Partly cloudy: the PV system at the first node away from the

substation is assigned either pgj = 0.2pgj,max or pgj = pgj,max

with equal probability, and each subsequent node is assigned,

pgj+1 =

p
g
j , with probability 0.9

pgj+1,max

(
1.2−

p
g
j

p
g
j,max

)
, with probability 0.1.

(4)

For each combination of loading and solar irradiance, twenty real-
izations were considered by randomly generating pgj , qgj , pcj , qcj . The
line parameters rj were drawn from a uniform distribution with range
0.66 Ω to 0.99 Ω, and xj = 1.15rj .

III. CENTRAL OPTIMIZATION

For all j ∈ {0, 1, . . . , N} define,

∆Vj := Vj − 1 (5a)

∆V eff
j :=


0, |∆Vj | ≤ Vsl

∆Vj − Vsl, ∆Vj > Vsl

∆Vj + Vsl, ∆Vj < −Vsl

(5b)

where Vsl is a soft limit for the voltage deviations from 1.0 pu.
The desired control objective is expressed though the following
minimization,

min
q
g
j ,V0

M
(
qgj≥1;V0

)
=

N∑
j=1

(
∆V eff

j

)2

+

N−1∑
j=0

rj(P
2
j +Q2

j ) (6)

s.t., |Vj | ≤ 1.05, ∀ j ≥ 0

|qgj | ≤
√
s2
j −

(
pgj
)2
, ∀ j ≥ 1.

In most distribution systems, the maximum allowable deviation of
the voltage Vj from 1.0 pu is 0.05. For subsequent investigations, the
soft limit will be set to Vsl = 0.02. This allows the optimal control
the latitude to minimize losses when the voltages Vj are well within
normal bounds, while smoothing the control action as the voltages
begin to significantly deviate from 1.0 pu. It is also assumed that the
substation voltage V0 can be adjusted.

The central optimization (6) was evaluated for 20 instances of each
of the 15 cases discussed in Section II-C. The goal was to identify any
correlation between the optimal qgj values and the locally observable
(to the PV-node) quantities Vj , pcj , pgj , and qcj . Notice though that
the load flow equations in (3) suggest that the qgj values are directly
linked with the reactive power flow in the system, which directly
affects the voltage profile on the feeder. Thus a strong correlation
is expected between qgj and the locally observable variables qcj and
Vj . Figs. 3(a)-3(b) show that some correlations exist between qgj and
the local variables Vj and qcj . Red dots correspond to the qgj that
encounter their limit defined in (1) while black dots show those qgj
that are within their limit. Careful investigation reveals that qgj is
generally affine with qcj , with a slope that is approximately 1. Also qgj
increases or decreases linearly as Vj deviates from its nominal value
of 1 pu by more than Vsl = 0.2 pu. It remains fairly independent of
any voltage deviations that are within the soft bounds.

IV. LOCAL CONTROL STRATEGY

The imperfect correlations in Fig. 3 suggest that qgj is often set
to qcj when the voltage deviations (Vj − 1) are within soft limits,
while responding linearly to voltage deviations beyond soft limits,
|Vj − 1| − Vsl. This apparent strong correlation between the optimal
qgj and the locally observable qcj and Vj motivates a local control law
of the form,

qgj = qcj − α∆V eff
j , ∀ j ≥ 1 (7)

where α is a design parameter chosen to optimize qgj . It is shown
in Theorem 1 that if the ratio of line reactance and line resistance is
constant over the entire feeder, the control law in (7) is optimal with
α = xj/rj . Fig. 3(c) illustrates the correlation between qgj − q

c
j and

Vj . Setting α to xj/rj = 1.15, which follows from the line parameter
choice in Section II-C, the suggested control law (7) closely replicates
this observed correlation.
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Fig. 3. Correlations between the local observables Vj and qcj and the optimal reactive dispatch qgj .

Theorem 1 (Optimality of the local control law): If all line
impedances satisfy,

xj
rj

= α, ∀j ∈ {0, 1, 2, . . . , N − 1}, (8)

where α is a constant, then the optimal qgj values that minimize the
objective function (6) can be computed by observing only the local
variables Vj and qcj , and are given by,

qgj = qcj − α∆V eff
j , ∀ j ≥ 1. (9)

Proof: It is assumed, for simplicity, that V0 is set by some external
method and hence is beyond the regime of local control action. From
(3) and (5a), it can be written

∂Qj

∂qgk
=

{
0, k ≤ j
−1, k ≥ j + 1

(10a)

and

∂∆Vj

∂qgk
= −

j−1∑
i=0

xi
∂Qi

∂qgk
= −

min(j,k)−1∑
i=0

xi
∂Qi

∂qgk
(10b)

where the second equality in (10b) follows from (10a). Furthermore,
it is shown in the Appendix that,

∂
(

∆V eff
j

)2

∂qgk
= 2∆V eff

j

∂∆Vj

∂qgk
, ∀ j ≥ 0, ∀ k ≥ 1. (11)

The optimal values of qgj are given by the stationary points of (6),

fk :=
∂M
(
qgj≥1;V0

)
∂qgk

= 0, ∀k = {1, 2, . . . , N} (12a)

which implies

fk = 2

(
N∑

j=1

∆V eff
j

∂∆Vj

∂qgk
+

N−1∑
j=0

rjQj
∂Qj

∂qgk

)

= 2

− N∑
j=0

∆V eff
j

min(j,k)−1∑
i=0

xi
∂Qi

∂qgk
−

k−1∑
j=0

rjQj


= 0, ∀ k ≥ 1. (12b)

Optimal qgN can be solved using fN and fN−1. From (12b), fN −
fN−1 = 0 implies,

−2∆V eff
N

(
N−1∑
i=0

xi
∂Qi

∂qgN
−

N−2∑
i=0

xi
∂Qi

∂qgN−1

)
− 2rN−1QN−1 = 0

and using (10a) gives,

∆V eff
N

(
N−1∑
i=0

xi −
N−2∑
i=0

xi

)
− rN−1QN−1 = 0

⇒ QN−1 =
xN−1

rN−1
∆V eff

N (13a)

⇒ qgN = qcN −
xN−1

rN−1
∆V eff

N (13b)

where the final step follows from (3). Thus the optimal qgN can be
computed using only the local VN and qcN , and satisfies the control
law in (7) with α = xN−1/rN−1.

The remainder of the proof follows from induction. It will be
shown that if there exists an M ∈ {1, 2, . . . , N − 1} such that for
all k ≥M + 1,

qqk = qck −
xk−1

rk−1
∆V eff

k (14a)

then,

qqM = qcM −
xM−1

rM−1
∆V eff

M . (14b)

It has already been shown in (13b) that there is an M = N − 1 for
which (14a) holds. To prove (14b), refer back to (12b), from which
fM − fM−1 = 0 implies,

−2

N∑
j=M

∆V eff
j

(
M−1∑
i=0

xi
∂Qi

∂qgM
−

M−2∑
i=0

xi
∂Qi

∂qgM−1

)
−2rM−1QM−1 =0.

Using (10a), this gives,

QM−1 =
xM−1

rM−1

N∑
j=M

∆V eff
j

and hence from (3),

N∑
j=M

(
qcj − qgj

)
=
xM−1

rM−1

N∑
j=M

∆V eff
j

⇒ qgM = qcM −
xM−1

rM−1
∆V eff

M (15)

where the final step makes use of (14a) and (8). Hence the claim in
(14) is proved. The claim (14) together with (13b) complete the proof
that each optimal qgj can be computed by observing local variables
Vj and qcj , and its optimal value is given by (7) with α = xj−1/rj−1.

�

251



0 20 40 60 80 100
−0.01

−0.008

−0.006

−0.004

−0.002

0

0.002

0.004

0.006

0.008

0.01

Node #

q jg (lo
ca

l)−
q

jg (o
pt

im
al

)

 

 
saturated
unsaturated

(a)

0 20 40 60 80 100
−0.01

−0.008

−0.006

−0.004

−0.002

0

0.002

0.004

0.006

0.008

0.01

Node #

q jg (lo
ca

l)−
q

jg (o
pt

im
al

)

 

 
saturated
unsaturated

(b)

0 20 40 60 80 100
−0.01

−0.008

−0.006

−0.004

−0.002

0

0.002

0.004

0.006

0.008

0.01

Node #

q jg (lo
ca

l)−
q

jg (o
pt

im
al

)

 

 
saturated
unsaturated

(c)

Fig. 4. Testing optimality of the local control law in - (a) high import, (b) high export, and (c) balanced situation.

V. RESULTS

Fig. 4 provides a comparison of the local control law (7) and the
central optimization (6), for three distinct cases, 1) a high import case,
Fig. 4(a), when the substation is supplying large active power to the
feeder, 2) a high export case, Fig. 4(b), when the feeder is returning
large active power back to the substation, and 3) a balanced situation,
Fig. 4(c), when the generation from the PVs is almost balanced with
the load consumption. It can be observed that the local control law
almost always matches the optimal values, except when it has to
compensate for neighboring PV sources that have encountered their
limits, as seen in the extremities of Figs. 4(a) and 4(b).

VI. CONCLUSION

This paper undertakes a preliminary study to identify a decentral-
ized control algorithm that minimizes line losses and voltage devia-
tions by optimally dispatching the reactive power of PV inverters.
It has been shown that there exists a strong correlation between
the globally optimal reactive power dispatch and locally measurable
quantities, in particular node voltage, reactive power consumption
and PV generation. The derived local control law performs well,
and closely matches the central optimal solution. Further research
is required to investigate more general situations though, including
PV penetration less than 100%, non-uniform ratio of line reactance
to resistance ratio, and feeders with high line losses.

APPENDIX

From the definition (5a),(5b),

∂
(

∆V eff
j

)2

∂qgk
= 2∆V eff

j

∂∆V eff
j

∂qgk

=


0, |∆Vj | ≤ Vsl

2(∆Vj − Vsl)
∂∆Vj

∂q
g
k
, ∆Vj > Vsl

2(∆Vj + Vsl)
∂∆Vj

∂q
g
k
, ∆Vj < −Vsl

∀j ≥ 0, k ≥ 1.

But it also follows directly from (5b) that,

2∆V eff
j

∂∆Vj

∂qgk
=


0, |∆Vj | ≤ Vsl

2(∆Vj − Vsl)
∂∆Vj

∂q
g
k
, ∆Vj > Vsl

2(∆Vj + Vsl)
∂∆Vj

∂q
g
k
, ∆Vj < −Vsl

∀j ≥ 0, k ≥ 1.

Hence the relation (11) holds.
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