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Abstract

We calculate the capacity of a multiple-antenna wireless link in a Rician fading channel. We consider the
standard Rician fading channel where the channel coefficients are modeled as independent circular Gaussian
random variables with non-zero means (non-zero specular component). The channel coefficients of this model
are constant over a block of T symbol periods but, independent over different blocks. For such a model, the
capacity and capacity achieving signals are dependent on the specular component. We obtain asymptotic
expressions for capacity in the low and high SNR scenarios. We also consider the capacity of the wireless
system that uses pilot symbol-based training to estimate the channel. We establish that for low SNR the
specular component of channel coefficients completely determines the form of the optimum signal whereas
for high SNR it has no effect on the optimum signal structure. We further conclude that beamforming is the
optimum, signaling strategy for low SNR whereas for high SNR the optimum signal structure is same as that
for purely Rayleigh fading channels. Finally, we establish that training is not effective at low SNR.
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1 Introduction

The demand for high date rates in wireless channels has led to the investigation of employing multiple
antennas at the transmitter and the receiver [7, 8, 14, 17, 19]. Telatar [17], Marzetta and Hochwald [14]
and Zheng and Tse [19] have analyzed the maximum achievable rates possible for multiple antenna wireless

channels in the presence of Rayleigh fading.

Rayleigh fading models are not sufficient to describe many channels found in the real world. It is
important to consider other models and investigate their performance as well. Rician fading is one such
model [3, 5, 6, 15, 16]. Rician fading model is applicable when the wireless link between the transmitter and
the receiver has a direct path component in addition to the diffused Rayleigh component. Farrokhi et. al.
[6] calculate the coherent capacity (when the channel is known at the receiver) for a Rician fading model
where they assume that the transmitter has no knowledge of the specular component. Godavarti et. al [9]
extend the results to non-coherent capacity (unknown channel at both the transmitter and the receiver) for
the same model. In [11], the authors consider another non-traditional model where the specular component
is also modeled as random with isotropic distribution and varying over time. They establish results similar

to those reported by Marzetta and Hochwald for Rayleigh fading in [14].

In this paper, we analyze the standard Rician fading model for channel capacity under the average
energy constraint on the input signal. Throughout the paper, we assume that the specular component is
deterministic and is known to both the transmitter and the receiver. The specular component in this paper is
of general rank except in Section 2 where it is restricted to be of rank one. The Rayleigh component is never
known to the transmitter. There are some cases we consider where the receiver has complete knowledge of
the channel. In such cases, the receiver has knowledge about the Rayleigh as well as the specular component
whereas the transmitter has knowledge only about the specular component. The capacity when the receiver
has complete knowledge about the channel will be referred to as coherent capacity and the capacity when the
receiver has no knowledge about the Rayleigh component will be referred to as non-coherent capacity. This
paper is organized as follows. In Section 2 we deal with the special case of a rank-one specular component
with the characterization of coherent capacity in Section 2.1. The general case of no restrictions on the rank
of the specular component is dealt with in Section 3. The coherent capacity for this case is considered in
Section 3.1, the non-coherent capacity for low SNR in Section 3.3 and the non-coherent capacity for high

SNR in Section 3.4. Finally, in Section 4 we consider the performance of a Rician channel in terms of capacity



when pilot symbol based training is used in the communication system.

2 Rank-one Specular Component

We adopt the following model for the Rician fading channel

N
X =\[37SH+W (2.1)

where X is the 7' x N matrix of received signals, H is the M x N matrix of propagation coefficients, S is
the T' x M matrix of transmitted signals, W is the T' x N matrix of additive noise components and p is the

expected signal to noise ratio at the receivers.

A deterministic rank one Rician channel is defined as

H=vV1-rG+VrNMH,, (2.2)

where G is a matrix of independent CA(0,1) random variables, H,, is an M x N deterministic matrix of
rank one such that tr{H H,} =1 and r is a non-random constant lying between 0 and 1. Without loss of

generality we can assume that H,, = af! where a is a length M vector and 3 is a length N vector such that

1

Hp=| . |[10...0] (2.3)

where the column and row vectors are of appropriate lengths.

In this case, the conditional probability density function of X given S is given by,
e—tr{lIr+(1=7)(p/M)SS| " (X —/rNMSHm)(X VT NMSHy) '}

p(X|S) = 7™ det™ Iy + (1 —r)(p/M)SST]

The conditional probability density enjoys the following properties

1. For any T x T unitary matrix ¢

p(¢X|[9S) = p(X|S)
2. For any (M — 1) x (M — 1) unitary matrix

p(X[S¥) = p(X]S)

where



2.1 Coherent Capacity

The mutual information (MI) expression for the case where H is known by the receiver has already been
derived in [7]. The informed receiver capacity-achieving signal S is zero mean Gaussian independent from

time instant to time instant. For such a signal the MI is
I(X;S|H) =T - Elogdet |Iy + ﬁHTAH]

where A = E[S]S;] for t = 1,...,T, S; is the #** row of the T'x M matrix S. S7 denotes the transpose of

S; and 53 %F (571,

Theorem 1 Let the channel H be Rician (2.2) and be known to the receiver. Then the capacity is
- P ogiptd
Cu = II;%XTElogdet[IN + MH AV H| (2.5)
where the signal covariance matriz A“D is of the form

Ald) — M—(M-1)d 1y, }

ll}-wfl dIM—l

where d is a positive real number such that 0 < d < M/(M —1) and | is such that |I| < /(35 — d)d. Inr—1

is the identity matriz of dimension M —1 and 1,,_, is the all ones column vector of length M — 1.

Proof: This proof is a modification of the proof in [17]. Using the property that ¥TH has the same

distribution as H where ¥ is of the form given in (2.4) we conclude that
T Elogdet [In + ﬁHTAH] — T Elogdet [IN + ﬁHT\IfA\IJTH .

If A is written as
c A
=L 5]
where c is a positive number such that ¢ > A*B~'A (to ensure positive semi-definiteness of the covariance

matrix A), A is a row vector of length M — 1 and B is a positive definite matrix of size (M — 1) x (M —1).

Then

_[ e AU
pr\Iﬁ_MAT ¢B¢T}'

Since B = UDU" where D is a diagonal matrix and U is a unitary matrix of size (M — 1) x (M — 1), choosing

¢ =TIU where IT'is a (M — 1) x (M — 1) permutation matrix, we obtain that

T . Elogdet | Iy + ﬁHTAH] =T Elogdet | Iy + ﬁHTAHH



where

AH_ C AUTHT
~ | uAt bt

Since log det is a concave (convex cap) function we have

P rrt AT 1 P oAl
T-FEl I —H'A"H| > T -—~—— E1l 1 —H'A'H
ogdet[N+M ] > (M—l)!; ogdet[N+M ]
= I(X;5)
where ATl = ﬁ > AT and the summation is over all (M — 1)! possible permutation matrices II.

Therefore, the capacity achieving A is given by AT and is of the form

A= c blM—l

blis_q dln—
where d = tr{B}/(M — 1). Now, the capacity achieving signal matrix has to satisfy tr{A} = M since MI
is monotonically increasing in tr{A}. Therefore, ¢ = M — (M — 1)d. And since ¢ > LtD~'L this implies

2
M—(M-1)d > % and we obtain the desired signal covariance structure. ad

The problem remains to find the ! and d that achieve the maximum in (2.5). This problem has an
analytical solution for the special cases of: 1) r = 0 for which d = 1 and [ = 0 (rank M signal S); and 2)
r = 1 for which d =1 = 0 (rank 1 signal S). In general, the optimization problem (2.5) can be solved by
using the method of steepest descent over the space of parameters that satisfy the average power constraint
(See Appendix A). Results for p = 100, 10, 1,0.1 are shown in Figure 1. The optimum values of [ for different
values of p turned out to be zero, i.e. the signal energy transmitted is uncorrelated over different antenna
elements and over time. As can be seen from the plot the optimum value of d stays close to 1 for high SNR
and close to 0 for low SNR. That is, the optimum covariance matrix is close to an identity matrix for high
SNR. For low SNR, all the energy is concentrated in the direction of the specular component or in other

words the optimal signaling strategy is beamforming. These observations are proven in Section 3.1.

3 General Rank Specular Component

In this case the channel matrix can be written as
H=vV1-rG++rH, (3.1)

where G is the Rayleigh Fading component and H,, is a deterministic matrix such that tr{H,, H} } = MN
with no restriction on its rank. Without loss of generality, we can assume H,, to be an M x N diagonal

matrix with positive real entries.
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Figure 1: Optimum value of d as a function of r for different values of p

3.1 Coherent Capacity

For high SNR, we show that the capacity achieving signal structure basically ignores the specular component.

Proposition 1 Let H be Rician (3.1). Let Cy be the capacity for H known at the receiver. For high SNR

p, Cy is attained by an identity signal covariance matriz when M < N and

)

1
Ci =T+ Elogdet[- HH'] + O( oslvp)y

Nz
Proof: The expression for capacity, C'y is
Cr =T - Elogdet[Ix + ﬁHTAH].
Let H have SVD H = ®X U then
log det[Iy + ﬁHT AH] = log det[Ix + %ETQTAQE].
Let ®'A® = D. Then
log det[Ix + ﬁzfpz] = log det[Ins + ﬁpzz‘r].

The right hand side expression is maximized by choosing A such that D is diagonal [4, page 255] (We will show
finally that the optimum D does not depend on the specific realization of H). Let D = diag{d,, ds, ...,dm}
and o; be the eigenvalues of Xt and define

Ealf ()] % Bl (2)xa (@) (3.2)



where x () is the indicator function for the set A (xa(z) =0if x ¢ A and xa(z) = 1 otherwise). Then for

large p

M
p p
Elogdet[Iy + MDEET] = ;:1 Eoi<1/yplogll + 7dioi] +
M

N E,1yplogll + ﬁdioi].

i=1
Let K denote the first term in the right hand side of the expression above and L denote the second term. It

is easy to show that

M M
Elogdet[In + ﬁDZET] = log ﬁ + Zlog(di) + ZEGDl/\/‘—,[log(ai)] +
Olos(VD/VA)
since .
K < logl1 + 7] Y Plos < 1/y/p) = Olog(VA)/VP)
and

M M
L =log % + Zlog(di) + ZEJi>1/\/§[log(ai)] +O(1//p)-

i=1

On account of log being a convex cap function the first term in the expression on the last line above is

maximized by choosing d; =d for i =1,..., M such that M -d = M. O

For M > N, optimization using the steepest descent algorithm similar to the one described in Appendix
A shows that for high SNR the capacity achieving signal matrix is an identity matrix as well and the capacity
is given by

Cu ~T - Elogdet[In + %HTH]

We next show that for low SNR the Rician fading channel essentially behaves like an AWGN channel
in the sense that the Rayleigh fading component has no effect on the structure of the optimum covariance

structure.

Proposition 2 Let H be Rician (3.1) and let the receiver have complete knowledge of the Rayleigh component
G. For low SNR, Cy is attained by the same signal covariance matriz that attains capacity when r = 1,

irrespective of the value of M and N, and

Crr = Tplrdmaz(Hm H}) 4+ (1 = 7)N] + O(p?).



Proof: Let ||H|| denote the matrix 2-norm of H, v be a positive number such that v € (0,1) then
Oy = T-Elogdet[ly + %HTAH]
= T Eyg|>1/, logdet[Ix + ﬁHTAH] + Ejmj<1/,7 log det[In + %HTAH]
= TEtr{ﬁHTAH} +O0(p22)
where Ejg)>1/,7 ] is as defined in (3.2). This follows from the fact that P(||H|| > 1/p") < O(e” TR ) and
for ||H|| < 1/p" logdet[In + & HYAH] = tr[-Z HTAH] + O(p*~27). Since 7 is arbitrary
Elogdet[Iy + 2 HIAH] = Ete[-2 HIAH] + 0(p?).
M M
Now
Etr[H'AH] = tr{(1-r)E[GTAG] + rH} AH,]}
= tr{(1 - r)AE[GG! + rAH,, H} }.
Therefore, we have to choose A to maximize tr{(1 — r)NA + rAH,,H} }. Since H,, is diagonal the trace
depends only on the diagonal elements of A. Therefore, A can be chosen to be diagonal. Also, because of
the power constraint, tr{A} < M, to maximize the expression we choose tr{A} = M. The maximizing A has
as many non-zero elements as the multiplicity of the maximum eigenvalue of (1 — r)N Iy + rH,, H} . The
non-zero elements of A multiply the maximum eigenvalues of (1 — r)NIy + rH,, H} and can be chosen to

be of equal magnitude summing up to M. This is the same A maximizing the capacity for additive white

Gaussian noise channel with channel H,,. O

Note that if we choose A = Iy; then varying r has no effect on the value of the capacity. Therefore, this
explains the trends seen in [9] and [11] where we have seen how for low SNR the change in capacity is not
as pronounced as for high SNR when the channel varies from a purely Rayleigh fading channel to a purely

specular one.
3.2 Non-Coherent Capacity Upper and Lower Bounds

It follows from the data processing theorem that the non-coherent capacity, C' can never be greater than the
coherent, capacity C'y, that is, the uninformed capacity is never decreased when the channel is known to the

receiver.

Proposition 3 Let H be Rician (3.1) and the receiver have no knowledge of the Rayleigh component. Then

C <Chq.



Now, we establish a lower bound which is similar in flavor to those derived in [9] and [11].

Proposition 4 Let H be Rician (3.1). A lower bound on capacity when the receiver has no knowledge of G

18

_ _ L gst

C > Cy-NE [1og2 det (IT +(1-rLss )] (3.3)
> Oy — NMlogy(1+ (1 — r)ﬁT). (3.4)

Proof: Proof is similar to that of Proposition 2 in [11] and won’t be repeated here. O

We notice that the second term in the lower bound goes to zero when r = 1: as expected.
3.3 Non-Coherent Capacity: Expressions for Low SNR

In this section, we introduce some new notation for ease of description. If X is a T' x N matrix then let
X denote the “unwrapped” NT x 1 vector formed by placing the transposed rows of X in a single column
in an increasing manner. That is, if X;; denotes the element of X in the it" row and j** column then
Xz}l = X|i/N|,i%N, Where [i/N] denotes the greater integer less than or equal to i/N and i%N denotes the
operation ¢ modulo N. The channel model X = \/%SH + W can now be written as X = \/%FAIS' +W. H
is given by H = I ® H™ where H™ denotes the transpose of H. The notation A ® B denotes the Kronecker

product of the matrices A and B and is defined as follows. If 4 is a I x J matrix and B a K x L matrix

then A ® B is a [IK x JL matrix

(DB (DB ... (AwB
(OB (ApB ... (A)uB

This way, we can describe the conditional probability density function p(X|S) as follows

(X|S) = 1 ef(X’f,/rﬁf[mg)TA}__Jg(X’f\/rﬁﬁmg)
P N A ¢ 2]
X|S

where |A)'(|§| = det(ITN + (1 - T‘)SSJr X IN).
For low SNR, it will be shown that the channel behaves as an AWGN channel. Calculation of capacity

for the special case of peak power constraint has been shown in Appendix B.

Theorem 2 Let the channel H be Rician (3.1) and the receiver have no knowledge of G. For fized M, N



and T if S is a Gaussian distributed source then as p — 0
1(X;S6) = 1TpAmas (Ho HY,) + 0(0°)

where 1(X; Sq) is the mutual information between the output and the Gaussian source.

Proof: First, I(X;S) = H(X) — H(X]S). Since S is Gaussian distributed, E[logdet(Iy + %ﬁAgﬁIT)] <
H(X) <logdet(In + 47A ) where the expectation is taken over the distribution of H and ]fj'Ag]fIJr =Agn
is the covariance of X for a particular H. Next, we show that H(X) = Ltr{Ag} + O(p*). First, the
upper bound to H(X) can be written as Ltr{A ¢} + O(p®) because H is Gaussian distributed and the
probability that ||H|| > R is of the order e=®". Second, using notation (3.2) Ellogdet(ITn + %ﬁAgﬁT)] =

B\ m<(22yy [ + By > (2~ [-] where v is a number such that 2 —y > 1 or v < 1. Then
P =\

E[logdet(ITN+ﬁﬁAgm)] = ﬁEan«%)v[W{ﬁAgﬁT}H

M
P

0<p2—7)+0(log<<%>”>e*< ")

- ﬁE[tr{ﬁAﬁT}] +0(p*77).

Since « is arbitrary, we have H(X) = %E[tr{ﬁAgﬁT}] + O(p?). Note that Ay = E[A ] and since H(X)
is sandwiched between two expressions of the form £-tr{A 3} + O(p?) the assertion follows.

Now H(X|S) = Ellogdet(Irn + (1 — r)£SST @ In)]. It can be shown similarly that H(X|S) = (1 —
r)Ltr{ E[SST ® IN]} + O(p?).

Recall that H = \/rH,, ++/1 — rG. Therefore, A ; = E[H’Aglfﬁ] = rlfImAglfI;fn +(1-7)E[SST|® Iy and
we have, for a Gaussian distributed input, I(X; Sq) = r%tr{ﬁmAgﬁ;n} + O(p?). Since H,, is a diagonal
matrix only the diagonal elements of Az matter and we we can choose the signals to be independent from

time instant to time instant. Also, to maximize tr{H,,AgH] } under the condition tr{A} < TM it is best

to concentrate all the available energy on the largest eigenvalues of H,,. Therefore, we obtain

I(X;86) = rﬁTMAmM(HmHIn) +0(p%).

Corollary 1 For purely Rayleigh fading channels when the receiver has no knowledge of G a Gaussian

transmitted signal satisfies lim, .o I(X;Sg)/p = 0.

10



The peak constraint results in Appendix B and the Gaussian input results imply that for low SNR,
Rayleigh fading channels are at a capacity disadvantage as compared to Rician fading channels for equal
values of p. But, it has been shown in [2, 18] for single antenna transmit and receive channel Rayleigh
fading provides as much capacity as a Gaussian channel for low SNR. We next extend that result to multiple
transmit and receive antenna channel for the general case of Rician fading. The result for Rayleigh fading

will follow as a special case.

Theorem 3 Let H be Rician (3.1) and the receiver have no knowledge of G. For fized M, N and T

Proof: First, absorb /47 into S and rewrite the channel as

X=HS+W
with the average power constraint on the signal S Eftr{SST}] < £TM = pT.

It has been shown [18] that if the input alphabet includes the value “0” (symbol with 0 power) for a

channel with output X, and conditional probability denoted by p(X|S), then

. __D(pX]|S=s) ]| p(X|S=0))
A, P = D P,

where S is the set of values that the input can take, Pc is the average power constraint on the input (in our
case, E[tr{SST}] < Po = pT) and P = tr{ss'} is the energy in the specific realization of the input S = s

and D(pa||lpp) is the Kullback-Leibler distance for continuous density functions with argument z defined as

D(pallps) = /pA(a:) log igg; dz.

Applying the above result to the case of Rician fading channels, we obtain

D(p(X|9) || p(X]0) )

lim — = su Al
p—0 pT' gp tr{SST}
First, we have
PX|G) = ot XV Al (Xt S)
TN [Ag 5l

and



Therefore,

+ XX —

D(p(X|S) || p(X|0)) = /p(fflg) llog Aol
X5
. N o] -
(X—\/FHmS) A%l (X—\/FHmS) dxX
1 PN
log —— + tr{rH,SSTHI +Agzp — TN
[Azsl { X‘S}

1
1
©8 det(Ity + (1 —7)SSt ® Iy)

tr {rlffmggTI{I:n +(1-r)SSte® IN} .

+

This gives,
D(p(X|S) | p(XJ0)) Nzg;llog(1+)\i(SST)) N tr{rH,,SSTH} }

tr{SSt} Y Ai(SST) Yz tr{SiS!}
N1 -r)

where we have used the facts that det(I7y +(1—r)SSt®@Iy) = det(I7+ (1 —r)SSHN, tr{SSt} = tr{SST} =

ST, tr{S7SF} where ; is the i*" row in the matrix S.

Since,

HT STS*H* HTSTSyH* ... HTSISLH?

758" A;fn _ H;S{S{‘Hr*n H;S{S;Hr*n H;S;S}Hr*n

HT S7.SiHY HT SpSyH: ... HT SL.S;HE

we have tr{H,,SSTH} } = Zszl te{H] STS*H}} =te{H} H, Z;‘r’:l S7S;}. Therefore,
D(p(X]9) | p(X|0)) _ >y log(1+ (1)) te{Hy Hy, S0, 5757}
= ot = —-N ~ +r R - +N(1-7r).
tr{SST} 2= Ai(S15) 2= tr{ST ST}

Note that since H,, is a diagonal matrix only the diagonal elements of SiSZ affect the second term. Therefore,
for a given Eszl ST S; the second term in right hand side of the expression above can be maximized by
choosing S; such that S7S7 is diagonal. In addition the non-zero values of S;S] should be located at the

same diagonal positions as the maximum entries of H;, H; . In such a case the expression above evaluates to

D(p(X|9) [l p(X]0)) _ _log(l +tr{S'S}) — _
r{357] = —-N w(57S] + T Amac(HpHY) + N(1—71).

The first term can be made arbitrarily small by letting tr{StS} — co. Therefore, we have lim, o p% =

PAmaz (HpHL) + N(1—7). m|

Theorem 3 suggests that at low SNR all the energy has to be concentrated in the strongest directions of
the specular component. In [2] it is shown that the optimum signaling scheme for Rayleigh fading channels
is an “on-off” signaling scheme. We conjecture that the capacity achieving signaling scheme for low SNR in

the case of the Rician fading is also a similar “on-off” signaling scheme.

12



3.4 Non-Coherent Capacity: Expressions for High SNR

In this section we apply the method developed in [19] for the analysis of Rayleigh fading channels. The only
difference between the models considered in [19] and here is that we assume H has a deterministic non-zero

mean. For convenience, we use a different notation for the channel model:
X=SH+W

with H = /rH,, + /1 —7rG where H,, is the specular component of H and G denotes the Rayleigh
component. G and W consist of Gaussian circular independent random variables and the covariance matrices
of G and W are given by (1 — r)Iyyn and o?Irn, respectively. H,, is a deterministic matrix satisfying
tr{H,H!} = MN. G satisfies E[tr{GG!}] = M N and r is a number between 0 and 1 so that E[tr{ HH}] =

MN.

Lemma 1 Let the channel be Rician (3.1) and the receiver have no knowledge of G. Then the capacity
achieving signal, S can be written as S = ®V Ut where & is a T x M unitary matriz independent of V and

U,V and ¥ are M x M.

Proof: Follows from the fact that p(®X|®S) = p(X|S5). i

In [19] the requirement for X = SH + W was that X had to satisfy the property that in the singular
value decomposition of X, X = ®V ¥ & be independent of V and ¥. This property holds for the case
of Rician fading too because the density functions of X, SH and S are invariant to pre-multiplication by
a unitary matrix. Therefore, the leading unitary matrix in the SVD decomposition of any of X, SH and
S is independent of the other two components in the SVD and isotropically distributed. This implies that

Lemma 6 in [19] holds and we have

Lemma 2 Let R = @RER\PE be such that ®g is independent of ¥Xr and Vg. Then
H(R) = H(QZ YY) + log |G(T, M)| + (T — M)E[log det ¥2],

where @ is an M x M unitary matriz independent of V and ¥ and |G(T, M)| is the volume of the Grassmann

manifold and is equal to

HT 27"
i=T—M+1 (i)

M _oni
[Tz (i271)!

The Grassmann manifold G(T, M) [19] is the set of equivalence classes of all T' x M unitary matrices such

that if P,@Q belong to an equivalence class then P = QU for some M X M unitary matrix U.

13



341 M=N,T>2M

To calculate I(X;S) we need to compute H(X) and H(X|S). To compute H(X|S) we note that given S,
X is a Gaussian random vector with columns of X independent of each other. Each row has the common

covariance matrix given by (1 —r)SST + 02I7 = ®V2®t 4 02Ir. Therefore

M
H(X|S) = ME[Z log(me((1 —7)||s:||* + ¢*)] + M (T — M) log(rec?).

i=1

To compute H(X), we write the SVD: X = &x% X\I!}. Note that ®x is isotropically distributed and

independent of X x \IIE(, therefore from Lemma 2 we have

H(X) = H(QExU) + log |G(T, M)| + (T — M)E[log det £%].
We first characterize the optimal input distribution in the following lemma.

Lemma 3 Let H be Rician (3.1) and the receiver have no knowledge of G. Let (s7,i = 1,...,M) be the
optimal input signal of each antenna at when the noise power at the receive antennas is given by o2. If
T > 2M,

]ﬁmlsmmn:L“wM (3.5)
i

where - denotes convergence in probability.
Proof: See Appendix C. a

Lemma 4 Let H be Rician (3.1) and the receiver have no knowledge of G. The mazimal rate of increase of
capacity, maxy(sy.gi{ssty<rm L(X;S) with SNR is M (T — M) log p and the constant norm source Isil> =T

fori=1,..., M attains this rate.
Proof: See Appendix C. ]

Lemma 5 Let H be Rician (3.1) and the receiver have no knowledge of G. As T — oo the optimal source

in Lemma 4 is the constant norm input

Proof: See Appendix C. ]

From now on, we assume that the optimal input signal is the constant norm input. For the constant

norm input ®V ¥ = &V since @ is isotropically distributed.
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Theorem 4 Let the channel be Rician (3.1) and the receiver have no knowledge of G. For the constant
norm input, as o> — 0 the capacity is given by
C = log|G(T,M)|+ (T — M)E[logdet H' H] — M(T — M)log mec® —

M?logme + H(QV H) + (T —2M)Mlog T — M?log(1 — 7)

where Q, V and |G(T, M)| are as defined in Lemma 2.

Proof: Since ||s?]| > o? foralli=1,...,M

M
H(X]|S) = ME[Z logme((1 —7)||si||* + 02)] + M(T — M) log(mea?)

i=1

M
ME[Y logme(l —7)|s;|?] + M(T — M) log mec>
g g
i=1

= ME[logdet(1 —r)V?] + M?*logme + M(T — M)logmeo?

X

and from Appendix D

H(X) H(SH)

Q

= H(QVH) +1log|G(T,M)|+ (T — M)E[log det(H'V>H)]
= H(QVH) +log|G(T, M)| + (T — M)E[logdet V] +
(T — M)E[logdet HH'].
Combining the two equations
I(X;S) ~ log|G(T,M)|+ (T — M)E[logdet H H] — M(T — M)log meo? +
H(QVH) — M?logme + (T — 2M)E[log det V] — M?log(1 — 7).
Now, since the optimal input signal is ||s;||> = T for i = 1,..., M, we have

C

I(X;S)

log |G(T, M)| + (T — M)E[logdet H' H] — M(T — M)log meo? —

Q

M?logme + H(QVH) + (T — 2M)M log T — M?log(1 — 7).

Theorem 5 Let H be Rician (3.1) and the receiver have no knowledge of G. As T — oo the normalized

capacity C'/T — E[log det £ H'H] where p = M/o?.
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Proof: First, a lower bound to capacity as 02 — 0 is given by

Tp

C > log|G(T,M)|+ (T — M)E[logdet H' H] + M (T — M) log Ve~

M?1log T — M?log(1 — r) — M?log e.
In [19] it’s already been shown that limr_,e (% log |G(T, M)| + M (1—2)log L) = 0. Therefore we have
as T — o0
C/T > ME[log det ﬁHTH].

Second, since H(QV H) < M?log(weT) an asymptotic upper bound on capacity is given by

T
C < log|G(T,M)| + (T — M)E[logdet H' H] + M (T — M)log M”e
s

M?log(1 — 7).

Therefore, we have as T — oo

C/T < Ellogdet ﬁHTH]

342 M<NT>M+N

In this case we show that the optimal rate of increase is given by M (T — M)logp. The higher number of

receive antennas can provide only a finite increase in capacity for all SNRs.

Theorem 6 Let the channel be Rician (3.1) and the receiver have no knowledge of G. Then the mazimum

rate of increase of capacity with respect to log p is given by M (T — M).
Proof: See Appendix C. ]

4 Training in Non-Coherent Communications

It is important to know whether training based signal schemes are practical and if they are how much time
can be spent in learning the channel and what the optimal training signal is like. Hassibi and Hochwald

[12] have addressed these issues for the case of Rayleigh fading channels. They showed that 1) pilot symbol
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training based communication schemes are highly suboptimal for low SNR and 2) when practical the optimal
amount of time devoted to training is equal to the number of transmitters, M when the fraction of power

devoted to training is allowed to vary and 3) the orthonormal signal is the optimal signal for training.

In [19] the authors demonstrate a very simple training method that achieves the optimal rate of increase
with SNR. The same training method can also be easily applied to the Rician fading model with deterministic
specular component. The training signal is the M x M diagonal matrix dlps. d is chosen such that the
same power is used in the training and the communication phase. Therefore, d = v/M. Using S = dIs, the

output of the MIMO channel in the training phase is given by
X =VM\rHp, + VM1 —rG+W.

The Rayleigh channel coefficients G' can be estimated independently using scalar minimum mean squared
error (MMSE) estimates since the elements of W and G are i.i.d. Gaussian random variables

VI—rvVM

¢= (1—-7r)M + 0 X = VMY Hy),

2

where we recall that o is the variance of the components of W. The elements of the estimate G are

i.i.d. Gaussian with variance i (1—r)M Similarly, the estimation error matrix G — G has i.i.d Gaussian

1—r)M+o2"

. . . . 2
distributed elements with zero mean and variance —%+——.
(1—r)yM+o

The output of the channel in the communication phase is given by

X = SH+W

= rSH, +V1—rSG+vV1—-rS(G-GQ)+W,

where S consists of zero mean i.i.d circular Gaussian random variables with zero mean and unit variance.
This choice of S is sub-optimal as this might not be the capacity achieving signal, but this choice gives us
a lower bound on capacity. Let W = /T —rS (G - G') + W. For the choice of S given above the entries of
W are uncorrelated with each other and also with S (VrHp + \/ﬁé) The variance of each of the entries

2

of W is given by o2 + (1 — T)MM’W If W is replaced with a white Gaussian noise with the same
covariance matrix then the resulting mutual information is a lower bound on the actual mutual information
[4, p. 263]. This result is formally stated in Proposition 5. In this section we deal with normalized capacity

C/T instead of capacity C. The lower bound on the normalized capacity is given by

Tt Pe
—Elog det (IM + %Hle)

o/T >

17



where pe s in the expression above is the effective SNR at the output (explained at the end of this paragraph),

and H; is a Rician channel with a new Rician parameter r,.,, where r,c,, =

r . This lower
r(1—r) =M

(1—r)M+o2
bound can be easily calculated because the lower bound is essentially the coherent capacity with H replaced

by \/TrnewHm + m& The signal covariance structure was chosen to be an identity matrix as this
is the optimum covariance matrix for high SNR. The effective SNR is now given by the ratio of the energy
of the elements of S(\/rHy, + \/ﬁé) to the energy of the elements of . The energy in the elements of
S(/THpm + 1 —r@) is given by M (r + (1 — r)2w++¢72) and the energy in the elements of W are given

(1—r)Mo?

by o2 + T ryariez- Therefore, the effective SNR, peysy is given by plrir(l=r)pt(1-r)*p]

[1+2(1—7)p]

where p = J—"ﬁ is the

actual SNR. Note, for 7 = 1 no training is required since the channel is completely known.

This simple scheme achieves the optimum increase of capacity with SNR and uses only M of the T
symbols for training. The performance of this scheme is plotted with respect to different SNR values for
comparison with the asymptotic upper bound to capacity in the proof of Theorem 5. The plot also verifies
the result of Theorem 5. The plots are for M = N =5, r = 0.9 and T" = 50 in Figure 2 the specular
component is a rank-one specular component given by (2.3).

350

Coherent Capacity
300 - b

250 Capacity _

200 e q

Capacity (bits/T)

_50 Il Il Il Il Il Il Il
0 50 100 150 200 250 300 350 400
SNR (dB)

Figure 2: Asymptotic capacity, Capacity Upper and Lower bounds for different values of SNR

We can quantify the amount of training required using the techniques in [12]. In [12], the authors use
the optimization of the lower bound on capacity to find the optimal allocation of training as compared to
communication. Let T; denote the amount of time devoted to training and 7, the amount of time devoted

to actual communication. Let S; be the T} x M signal used for training and S. the T, x M signal used for

18



communication.

Let the “energy allocation factor” k denote the fraction of the energy used for communication. Then

T =T, +T, and tr{S;S]} = (1 — k)T M and tr{S.S}} = KT M.

Xt = St(\/;Hm-F \/1—’/"G) +Wt

X. = S.VrH, +V1-rG)+ W,
where X; is T3 x N and X, is T, X N. @ is estimated from the training phase. For that we need T} > M.
Since G and W; are Gaussian the MMSE estimate of G is also the linear MMSE estimate conditioned on S.

The optimal estimate is given by

G =V1I—r(c®In + (1 —1)SIS) "' ST (X, — V/rSiHp).
Let G = G — G then
X, = S.(VrHp +V1=7G) + V1 —rS.G+W,.

Let WC =+/1—-rS:G + W. Note that elements of WC are uncorrelated with each other and have the same
marginal densities when the elements of S. are chosen to be i.i.d Gaussian. If we replace WC with Gaussian
noise that is zero-mean and spatially and temporally independent the elements of which have the same
variance as the elements of 1, then the resulting mutual information is a lower bound to the actual mutual

information in the above channel. This is stated formally in the following proposition.

Proposition 5 (Theorem 1 in [12]) Let
X=SH+W

be a Rician fading channel with H known to the receiver. Let S and W satisfy %E[SSJF] =1 and
ﬁE[WW*] = o2 and be uncorrelated with each other. Then the worst case noise has i.i.d. zero mean

Gaussian distribution, i.e. W ~ CN(0,In). Moreover, this distribution has the following minimaz property

Iween(0,021x),5(X5S) < Iwaen (0,021 ),5~eN (0,13) (X5S) < Tw,seen(0,100) (X55)
where Iy . cnr(0,021x),5(X;S) denotes the mutual information between X and S when W has a zero mean
complez circular Gaussian distribution and S has any arbitrary distribution.
The variance of the elements of W, is given by

a _ U2+1—r
We T NT,

tr{ E[GG kT I}
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(1-r)kTM 1

= o2 EIGG?T
o + T, NMtr{ [GG']}
24 (1- r)ﬁTMUé
C
and the lower bound is
— 4t pe
Ci/T > —"Blogdet (IM + %HlAHf) : (4.1)

where the “post training SNR” peys, is the ratio of the energies in the elements of S.H and energies in
the elements of WC and Hy = \/TnewHm + /1 — rmwé where 7,0 = mg A is the optimum signal
correlation matrix the form of which depends on the distribution of H; according to Proposition 2 for low

SNR and Proposition 1 for high SNR and M < N as given in Section 3.1.

To calculate p.r¢, the energy in the elements of SH is given by

1 .
o%n = e lrr{HnHLAT I} + (1= ) {GGTT In})]
KTM 1 .
= _ t
T NI [FNM + (1 —r)tr{GG"}]
kT M

= T+ (1-n)od)

C
which gives us

KTplr + (1 —r)o’]
T.+ (1 —7r)kTpof

Peff =

4.1 Optimization of S;, x and T;
We will optimize S;, x and T; to maximize the lower bound (4.1). In this section we merely state the main
results and their interpretations. Derivations and details are given in the Appendices.

Optimization of the lower bound over S; is difficult as S; effects the distribution of H , the form of A as

well as pesr. To make the problem simpler we will just find the value of S; that maximizes peyy.

Theorem 7 The signal S; that mazimizes pe.ys satisfies the following condition
SIS, = (1—k)TIy

and the corresponding pefy is

. &Tp[Mr + p(1 — k)T
Pett = T.(M + p(1 — K)T) + (1 — F)rTpM "
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Proof: See Appendix E. ]
The optimum signal derived above is the same as the optimum signal derived in [12].

The corresponding capacity lower bound using the S; obtained above is

T_
Ce/T >

T,
L Elog det (IM + ”%HIAHIT),

. . _ _ 4 OA-n)(-r)FT
where pc ¢y is as given above and H1 = \/Tpew Hm+V1 — Thew G Where ey, = TW and as before
G is a matrix consisting of i.i.d. Gaussian circular random variables with mean zero and unit variance. Now,

A is the covariance matrix of the source S, when the channel is Rician and known to the receiver. The form

of A was derived for p.ys — 0 and pegy — oo in Section 3.1.
Optimization of (4.1) over the energy allocation factor &, is straightforward as k affects the lower bound

only through the post training SNR p. s, and can be stated as the following proposition.

Theorem 8 For fixed T; and T, the optimal power allocation k in a training based scheme is given by

min{y — \/v(y —1— ),1} for T. > (1 —r)M

K= min{$ + 2Tp, forT,.=(1—-r)M
min{y 4+ /y(y—-1-n),1} for T. < (1—r)M
where v = % and n = %. The corresponding lower bound is given by
T-T,
C,/T > L Elog det (IM + P Jeéf HlAHj)

where for T, > (1 —r)M

pff:{ _(17" (\/_ 7_1—17)2 Whenn:'y— ry(ry_]__n)

m whenk = 1

forT.=(1—-r)M

T2 2 M 9
_ ) mmomarry (L + 7,)7 whenk = 2Tp
e iy Whenﬁ =1

=" (M+Tp)

and for T, < (1 —r)M

pff:{ e T(\/ —V=7+1+n)? whens =7+ /y(y-1-1)

T (1 7 whenk = 1

and Tpew @S given by substituting the appropriate value of k in the expression
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Proof: See Appendix F. ]

For optimization over T} we draw similar conclusions as in [12]. In [12] the optimal setting for T} was
shown to be T; = M for all values of SNR. We however show that for small SNR the optimal setting is
T; = 0 i.e., no training is required. When training is required, the intuition is that increasing T} linearly
decreases the capacity through the term (T'—T3)/T, but only logarithmically increases the capacity through
the higher effective SNR pe s [12]. Therefore, it makes sense to make T} as small as possible. For small SNR
we show that k = 1 i.e., all energy is allocated to communications. It is clear that optimization of T} makes
sense only when « is strictly less than 1. When k£ = 1 no power is devoted to training and 7} can be made
as small as possible which is zero. When k < 1 the smallest value T} can be is M since it takes at least that

many intervals to completely determine the unknowns.

Theorem 9 The optimal length of the training interval is Ty = M whenever k < 1 for all values of p and
T > M, and the capacity lower bound is

T-M Pe
Ci/T > —=—Flogdet (IM-i-%HlAHf) (4.2)

where

T—(2T71)7»)1\/1(\/7—\/’7—1—17)2 forT>2—-r)M
Peff = 4(1—70)71’\4%(1 +50)? for T = (2—r)M

ol (VY -V R 1) for T < (2—1)M

The optimal power allocations are easily obtained from Theorem 8 by simply setting T. =T — M.
Proof. See Appendix G a
4.2 Equal training and data power

As stated in [12], sometimes it is difficult for the transmitter to assign different powers for training and
communication phases. In this section, we will concentrate on setting the training and communication
powers equal to each other in the following sense

(1-x)T KT kT
T; T. T-T,

this means k = 1 — T;/T and that the power transmitted in T} and T, are equal.

In this case,
plr + p7t]
oG+ (1 =7)]

Peff =
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and the capacity lower bound is

T-T;

C/T >

Elogdet(Ins + %HlAHI )

where peys is as given above and Hi = \/TnewHm + V1 — rpewG where 7 = r%.
M

4.3 Numerical Comparisons

Throughout the section we have chosen the number of transmit antennas M, and receive antennas N, to be

equal and H,, = Iys.

The Figures 3 and 4 show r,,¢,, and & respectively as a function of r for different values of SNR. The plots
have been calculated for a block length given by T' = 40 and the number of transmit and receive antennas
given by M = N = 5. Figure 3 shows that for low SNR values the channel behaves like a purely AWGN
channel given by +/rH,, and for high SNR values the channel behaves exactly like the original Rician fading
channel. Figure 4 shows that as the SNR goes to zero less and less power is allocated for training. This

agrees with the plot in Figure 3.

ik
dB =-20
08f i
0.6f dB=0 i
r
new
0al dB =20 i
02t .
0 L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1

r

Figure 3: Plot of 7, as a function of Rician parameter r

In Figure 5 we plot the training and communication powers for M = N = 10 and dB = 18 for different
values of r. We see that as r goes to 1 less and less power is allocated to the training phase. This makes
sense as the proportion of the energy through the specular component increases there is less need for the

system to estimate the unknown Rayleigh component.
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Figure 5: Plot of optimal power allocation as a function of T
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Figure 6: Plot of capacity as a function of number of transmit antennas for a fixed T

Figure 6 shows capacity as a function of the number of transmit antennas for a fixed block length 7' = 40
when dB = 0 and N = 40. We can easily see calculate the optimum number of transmit antennas from
the figure. In this case, we see that for a fixed 7" the optimum number of transmit antennas increases as as
r increases. This shows that as r goes to 1 there is a lesser need to estimate the unknown Rayleigh part
of the channel and this agrees very well with Figure 5 and Figure 7 as well which shows that the optimal
amount of training decreases as r increases. Figure 7 shows the optimal training period, constrained to
integer multiples of the symbol interval T', as a function of the block length for the case of equal transmit

and training powers.
4.4 Effect of Low SNR on Capacity Lower Bound

Let’s consider the effect of low SNR on the optimization of k when r # 0. For T, > (1 —r)M, as p — 0 it is
easy to see that v — \/v(y — 1 —n) = oco. Therefore, we conclude that for small p we have k = 1. Similarly,
for T, = (1 —r)M and T, < (1 —r)M. Therefore, the lower bound tells us that no energy need be spent on

training for small p. Also, the form of A is known from Section 3.1.

Evaluating the case where the training and transmission powers are equal we come to a similar conclusion.
For small p, p.ts ~ rp which is independent of T;. Therefore, the best value of T} is 73 = 0. Which also
means that we spend absolutely no time on training. This is in stark contrast to the case when r = 0. In

this case, for low SNR T; = T'/2 [12] and p.¢s behaves as O(p?).
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Figure 7: Optimal T} as a function of T for equal transmit and training powers

Note that in both cases of equal and unequal power distribution between training and communication
phases the signal distribution during data transmission phase is Gaussian. Therefore, the lower bound
behaves as rp)\maw{HmH;fn}. Also, rpew = 1 for small p showing that the channel behaves as a purely

Gaussian channel.

These conclusions mimic those in Section 3.3 for capacity results with Gaussian input. The low SNR,
non-coherent, capacity results for the case of a Gaussian input tell us that the capacity behaves as rpA; a0z
with Gaussian input. Moreover, the results in [12] also agree with the results derived in Section 3.3. We
showed that for purely Rayleigh fading channels with Gaussian input the capacity behaves as p? which is
what the lower bound results in [12] also show. This makes sense because the capacity lower bound assumes
that the signaling input during communication period is Gaussian. This shows that the lower bound derived

in [12] and extended here is quite tight for low SNR values.
4.5 Effect of High SNR on Capacity Lower Bound

For high SNR, v becomes 7’—({76—7")1\/1 and the optimal power allocation k becomes

L VT.
VT + /(A —r)M

and

T
P T+ A"
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In the case of equal training and transmit powers, we have for high p
Ty
i ek
For high SNR, the channel behaves as if it is completely known to the receiver. Note that in this case
Tnew = 7 and A is an identity matrix for the case M < N. From the expressions for p.¢s given above we
conclude that unlike the case of low SNR the value of r affects the amount of time and power devoted for

training.

Next consider the capacity lower bound for high SNR. The optimizing signal covariance matrix A, in this
regime is an identity matrix. We know that at high SNR the optimal training period is M. Therefore, the

resulting lower bound is given by

HHt

p
(Vi)

Note that the lower bound has H figuring in it instead of H;. That is so because for high SNR, 7, = 7.

T

Ci)T > Elogdet | I +

This lower bound can be optimized over the number of transmit antennas used in which case the lower bound

can be rewritten as

T—M HrH"
C:/T > max max Elogdet | Iy +

p
TMISM r , o). M
() =

where now H" is the nt® matrix out of a possible M choose M’ (the number of ways to choose M’ transmit

)

elements out of a maximum M elements) matrices of size M’ x N. Let @ = min{M', N} and A be an

H*H"1

1
(Vie/e=m)

arbitrary nonzero eigenvalue of then we have

Q
MI
Cy|T > J&r}g)& maju\); (1 — T) ; Elog(1 + pAl).
() T
At high SNR, the leading term involving p in 252:1 Elog(1 + pX;) is Qlogp which is independent of n.

Therefore,
(1-Y)M'logp iM' <N

Cy/T > ,
t/ T { (1-2L)Nlogp ifM > N.

= Mi<Mm
The expression (1 — MTI)M’, is maximized by choosing M’ = T'/2 when min{M, N} > T'/2 and by choosing

M' = min{M, N} when min{M,N} < T/2. This means that the expression is maximized when M' =
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min{M, N,T/2}. This is a similar conclusion drawn in [12] and [19]. Also, the leading term in p for high
SNR in the lower bound is given by

K
1-— T)Klogp

CJT = (
where K = min{M, N,T/2}. This result suggests that the number of degrees of freedom available for
communication is limited by the minimum of the number of transmit antennas, receive antennas and half
the length of the coherence interval. Moreover, from the results in Section 3.4 we see that the lower bound

is tight for the case when M < N and large 7' in the sense that the leading term involving p in the lower

bound is the same as the one in the expression for capacity.

4.6 Comparison of the training based lower bound (4.2) with the lower bound
derived in Section 3.2

It is quite natural to use the lower bound to investigate training based techniques as the lower bound to the
overall capacity of the system. Actually, using this “training” based lower bound it can be shown that the
capacity as T — oo converges to the capacity as if the receiver knows the channel. We will see how the new
lower bound (3.3) derived in this work compares with this training based lower bound. The three figures
(Figure 8, Figure 9 and Figure 10) below show that the new lower bound is indeed useful as it does better

than the training based lower bound for » = 0. The plots are for M = N =1 for different values of SNR.

However, we note that for r = 1 the training based lower bound and the lower bound derived in Section

3.2 agree perfectly with each other and are equal to the upper bound.

5 Conclusions and Future Work

In this paper, we have analyzed the standard Rician fading channel for capacity. Most of the analysis was
for a general specular component but, for the special case of a rank-one specular component we were able to
show more structure on the signal input. For the case of general specular component, we were able to derive

asymptotic closed form expressions for capacity for low and high SNR scenarios.

A big part of the analysis e.g. the non-coherent capacity expression and training based lower bounds can

be very easily extended to the non-standard Rician models considered in [9] and [11].

One important result of the analysis is that for low SNRs beamforming is very desirable whereas for high

SNR scenarios it is not. This result is very useful in designing space-time codes. For high SNR scenarios,
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one the standard codes designed for Rayleigh fading work for the case of Rician fading as well.

A lot more work needs to be done such as for case of M > N. We believe that more work along the lines

of [19] is possible for the case of Rician fading. We conclude as in [19] that at least for the case M = N

the number of degrees of freedom is given by M % The training based lower bound gives an indication
that the number of degrees of freedom of a Rician channel is the same as that of a Rayleigh fading channel

min{M, N,T/2} (derived in [19] and [12]). It also seems reasonable that the work in [1] can be extended to

the case of Rician fading.

APPENDICES

A Capacity Optimization in Section 2.1

We have the following expression for the capacity

C = Elogdet(In + ﬁHTAH)

where A is of the form
M- (M-1)d 113, ,

A=l L e
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Let [ denote the real part of [ and I the imaginary part. We can find the optimal value of d and [ iteratively

by using the method of steepest descent as follows

dpyr = dp+ HSTZ
, , ocC
k1 = lpt 'u(?_lg
liyr = L+ N%
k

where dg, I}, and li are the values of d, I” and I respectively at the k' iteration. We use the following

identity (Jacobi’s formula) to calculate the partial derivatives.

Ologdet A 104

Therefore, we obtain

oC

oc 1 OA
ad

da’t)

P 17t —1 P
= Et{[Iy+ LgiAamtLm
v + 97 I

and similarly for I” and I’ where

oA [ —(M—-1) 0%,
% N L QM_1 IMfl :|
O [ 0 11

ol L ly—1 Op :|

on ] 0 15

W B L _lel Onr—1 :|

The derivative can be evaluated using monte carlo simulation.

B Non-coherent Capacity for low SNR values under Peak Power
Constraint

In this section, we will use the notation introduced in Section 3.3. Here we concentrate on calculating the

capacity under the constraint tr{SSt} < TM.

Theorem 10 Let the channel H be Rician (3.1) and the receiver have no knowledge of G. For fived M, N

and T under the peak power constraint

C = 1T pAmax (HnH,) + O(p°/?).
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Proof: First, Define p(X) = E[p(X|S)] where

Now
H(X) = E||)’q|<(%)v [log p(X)] + E||)’(||2(%)v log p(X)]
B %|>(a)y is defined by (3.2). Since P(||X]|| > (%)7) < O(e_(%)v/TM) where we have chosen v such that

1—2y>1/20r vy < 1/4. We have

b
+
S
o

|

E
<k
=

H(X) = E\|)?||<(%)v[10gp(
For || X|| < (M)

p(X)§) = L -X'% [1+ PP (XG4 8

S

Since the capacity achieving signal has zero mean, for || X|| < (%)7

p(X) = W;Ne_ib? [1 - ﬁ (tr{(l —r)E[SST]® In} + tr{rfImE[S'S'T]ﬁ:n}) +

(1-rXtE[SSY @ InX + rXTH, E[$SH AT X + O(p3/2_37)]

S

7TTN det(AX)

where Ag = Ity + & (1 —r)E[SST] @ In + ﬁr]f[mE[gST]fUn Also,

=
s
I

log det(Iry + ﬁa —1)E[SSt] @ In + ﬁrﬁmE[S'S'T]ﬁ;fn) + O(p?/23)

Ltef(1 B[S @ I + r i BISST ALY + 0(5°7).
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Since P(||S||> > TM) = 0 we can show H(X|S) = (1 — r) £ tr{E[SSt| ® In} + O(p?). Since 0 < v < 1/4,
I(X;S) = rﬁtr{ﬁmE[ggT]ﬁIn} + O(p*/?). Tt is very clear that to maximize C' we need to choose E[SST]
in such a way that all the energy is concentrated in the direction of the maximum eigenvalues of H,,, H} . So
that we obtain, C' = r-2 Anax (Hm Hi,)trE[SST] + O(p*/?). trE[SS'] is maximized by choosing tr{SSt} to

be the maximum possible which is 7M. Therefore,

C = 1pT Aoz (Hn H,) + O(p°/?).

O
Corollary 2 For purely Rayleigh fading channels lim,_,o C'/p =0
C Proof of Lemma 3 in Section 3.4.1
In this section we will show that as 6> — 0 or as p — oo for the optimal input (sga),i =1,...,M),Vd,e>0,
dog such that for all o < o9
o

P(m > (S) <e€ (C].)

fori=1,...,M. sE”) denotes the optimum input signal being transmitted over antenna ¢, ¢ = 1..., M when

the noise power at the receiver is 0. Also, throughout we use p to denote the average signal to noise ratio

M /a? present at each of the receive antennas.

The proof in this section has basically been reproduced from [19] except for some minor changes to account
for the deterministic specular component (H,,) present in the channel. The proof is by contradiction. We
need to show that if the distribution P of a source sE”) satisfies P(ﬁ > 0) > € for some € and ¢ and for
arbitrarily small o2, there exists o2 such that s§”> is not optimal. That is, we can construct another input
distribution that satisfies the same power constraint, but achieves higher mutual information. The steps in

the proof are as follows

1. We show that in a system with M transmit and N receive antennas, coherence time T > 2N, if
M < N, there exists a finite constant k; < oo such that for any fixed input distribution of S, I(X;S) <
k1 + M (T — M)logp. That is, the mutual information increases with SNR at a rate no higher than

M(T — M) logp.
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2. For a system with M transmit and receive antennas, if we choose signals with significant power only
in M’ of the transmit antennas, that is ||s;|| < Co for i = M’ + 1,..., M and some constant C, we

show that the mutual information increases with SNR at rate no higher than M'(T — M') log p.

3. We show that for a system with M transmit and receive antennas if the input distribution doesn’t
satisfy (C.1), that is, has a positive probability that ||s;]| < Co, the mutual information achieved

increases with SNR at rate strictly lower than M (T — M) log p.

4. We show that in a system with M transmit and receive antennas for constant equal norm input
P(||sill = VT) = 1, for i = 1,..., M, the mutual information increases with SNR at rate M (T —
M)logp. Since M(T — M) > M'(T — M') for any M' < M and T > 2M, any input distribution that
doesn’t satisfy (C.1) yields a mutual information that increases at lower rate than constant equal norm

input, and thus is not optimal at high enough SNR level.

Step 1 For a channel with M transmit and N receive antennas, if M < N and T > 2N, we write the

conditional differential entropy as
M
H(X|S) = N> Ellog((1—r)|ls||* + 0®)] + N(T — M) log meo”.
i=1

Let X = ®x Xy ¥k be the SVD for X then

H(X)

IN

H(q)x) + rH(E}d‘I’) + H(\I’) + E[log JT7N(O'1, - ,O'N)]

IA

H(Qx) + H(Ex) +H(\I’) + E[lOg JT7N(O'1, ce ,UN)]

10g|R(N,N)| +lOg|R(T,N)| +7‘[(Ex) +E[lOgJT7N(O'1,...,O'N)]

where R(T, N) is the Steifel manifold for 7' > N [19] and is defined as the set of all unitary T' x N matrices.

|R(T, N)| is given by

rei= I 72
i=T—N+1

Jr.n(o1,...,0n) is the Jacobian of the transformation X — ®x EX\I'E( [19] and is given by

N

1 2(T—M)+1

Jrn =GN [T 0F o) [
i<j<N i=1

We have also chosen to arrange o; in decreasing order so that o; > o; if i < j. Now

H(Ex)

H(Ul,...,UM,O'M+1,...,O'N)

S H(Ula"'agM)+H(UM+17"'7UN)
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Also,

N
1 _
Eflog Jr N (01,...,0N)] = logw + ZEUO%U?(T M Z Ellog(o7 — 03)?]
T i1 i<j<N
1 S (T—N)
= log———+ ) Elog Uf =N 4
(2m)M z:zl
Z Ellog(o? — 0]2-)2] + Z Ellog(o? — 0]2-)2] +
i<j<M I<M,M<j<N 7/4—’
<log o}
log —
og (27r)N—M +
N
> Ellogal ™ M+ 3 Ellog(o} - 03)?)
i=M+1 M<i<j<N
S E[lOgJN7M(O'1,. . .,O'M)]

+E[10g JTfM,NfM(UMqu, e ,UN)]

M
+2(T — M) E[logo?].
i=1
Next define C; = @121\1!1 where ¥, = diag(o1,...,0m), ®1 is a N x M unitary matrix, ¥; isa M x M
unitary matrix. Choose Y1, ®; and ¥; to be independent of each other. Similarly define Cs from the rest

of the eigenvalues. Now

H(C) = log|R(M, M)| +log |R(N, M)| + H(oy, .., onr) + Ellog Jnae(o1, -, oar)]
H(Cy) = log|R(N —M,N — M)|+log|R(T — M,N — M)]

+H(orm+1,---,0N) + Ellog Jr—py N—m(Om41,---,0N)]-

Substituting in the formula for H(X'), we obtain

H(X) < H(Cy) +H(Cy) + (T — M) iE[loga?] +log |R(T, N)| + log |R(N, N)]
—log |R(N, M)| — log |R(Mﬁ\/})| —log|R(N — M,N — M)| —
log|R(T — M,N — M))|
= H(Cy) +H(Cs) + (T — M) iE[loga?] +log |G(T, M)|.

i=1

Note that C; has bounded total power
tr{ E[C1CT]} = tr{ E[o?]} = tr{E[XXT]} < NT(M + o?).
Therefore, the differential entropy of Cy is bounded by the entropy of a random matrix with entries iid
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Gaussian distributed with variance T(MTM [4, p. 234, Theorem 9.6.5]. That is

T(M 2
H(C1) < NMlog [W@w] .
M
Similarly, we bound the total power of C>. Since opr41,...,0n are the N — M least singular values of X,

for any (N — M) x N unitary matrix Q.
tr{ E[C2CI]} < (N — M)To?

Therefore, the differential entropy is maximized if Cy has independent iid Gaussian entries and

H(Cs) < (N — M)(T — M)log {mTT_"M} :

Therefore, we obtain

H(X) < log|G(T,M)|+ NM log |:7T6T(MT+U2):|+(T—M)ZE[IOgU?]

+(N = M)(T — M)logmea® + (N — M)(T — M) log

Combining with H(X|S), we obtain

T(M + o?)
M

'
«

I(X;S) < log|G(T,M)| + NMlog

~

+(N—M)(T—M)logT_M

M
+(T'-M-N)>_ Ellogo}]+

i=1
~~

B

M
N(Z [log 7] Z [log( l—rlsz||2+0)]>

i=1 =1
~ v

~

~

i

—M(T — M)log mea™.

By Jensen’s inequality

For v it will be shown that

M M

Y Ellogai] = Ellog((1 —r)llsill® +0®)] < k

i=1 i=1

36



where k is some finite constant.
Given S, X has mean /rSH,, and covariance matrix Iy ® ((1 —r)SSt + o%Ir). If S = ®V ¥ then

xtx HYS'SH + WiSH + HISTW + wiw

1ES

HIVIVH, + WiVTH, + HIvW + Wiw

where H; has the covariance matrix as H but mean is given by /7¥! H,,. Therefore, XTX = X[ X, where

X1 =VH,+W

Now, X; has the same distribution as ((1 — r)VV' 4 ¢2I7)'/2Z where Z is a random Gaussian matrix

with mean /r((1 — r)VV* 4+ ¢2I7)"'/2¥t H,, and covariance Ix7. Therefore,
Xtx £ Z2Y (1 =)V +62Ip) 2.

Let (XTX|S) denote the realization of XTX given S then

[ (L=n)lls1]* +0°

_ 2 2

Let Z = [Z1|Z5] be the partition of Z such that

(XTX|S) £ ZH(1 = 1)V + 0% Tn) 71 + 02 Z3 7,
where Z) has mean /7((1—r)V2+0%I;)~/?V ¥t H,, and covariance In s and Z» has mean 0 and covariance
Iner—

We use the following Lemma from [13]

Lemma 6 If C and B are both Hermitian matrices, and if their eigenvalues are both arranged in decreasing

order, then
N

>_(N(0) = Xi(B)? <|IC — Bll3

i=1

where || A3 def > A7, Ai(A) denotes the ith eigenvalue of Hermitian matriz A.

Applying this Lemma with C' = (X1X|S) and B = Z] (V2 + ¢2I1)Z; we obtain
Ai(C) < Xi(B) + 0?1 2] Z||»
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for i = 1,..., M Note that \;(B) = X\j(B') where B' = (1 — r)V2 + 62Iy) Z, Z1. Let k = E[||Z] Z,||5] be a

finite constant. Now, since Z; and Z, are independent matrices (covariance of [Z1|Z»] is a diagonal matrix)

IN

M M
> Ellogo?|s] Y EllogNi(((1 = r)V? + 0° ) 21 Z1) + 0°(1 23 25| |2)]
i=1 i=1

M
= Y BlBlog\ (1= nV? +0* L) 2:2]) + % 2L ale) | 21

M
< Y EBllog\i(((1 =)V +0°In) 21 Z]) + 0”k)]
i=1
= Bllogdet(((1 = r)V? + 62 In) Z1 Z1 + ko?Ing))]
= E[logdet Z, Z{] + Ellog det((1 — r)V? + 0Ty + ka?(Z,Z1)™1)]

where the second inequality follows from Jensen’s inequality and taking expectation over Z,. Using Lemma,

6 again on the second term, we have

M
> Ellogo}|S] < Eflogdet Z1 Z{] + Eflogdet((1 — r)V? + oIy
i=1

+ko?(|(Z120) " l2I)]

< E[logdet Z, Z1] + Ellogdet((1 — r)V? + k'0>I1)]

where k' =1+ kE[||Z1ZI||2] is a finite constant. Next, we have

M M
ZE[logaﬂS] - Zlog((l —)|lsidl?> +0?) < Ellogdet Z, Z]] +
i=1 i=1

M
1— i 2 k’ 2
S 1og (L=l + ko

(1 =7)llsil]* + o2

i=1
< Ellogdet Z, Z{] + k"
where k" is another constant. Taking Expectation over S, we have shown that Ef\i | Ellog U?]—Zij\i 1 Ellog((1-

7)||si|]* + 0?)] is bounded above by a constant.
Note that as [|si]| — 00, Z1 = (/12 H; so that E[Z,Z]] » = E[HH] = - E[HH"].

Step 2 Now assume that there are M transmit and receive antennas and that for N — M’ > 0 antennas,
the transmitted signal has bounded energy, that is, ||s;||> < Co? for some constant C. Start from a system
with only M' transmit antennas, the extra power we send on the rest M — M’ antennas accrues only a
limited capacity gain since the SNR is bounded. Therefore, we conclude that the mutual information must
be no more than ko + M'(T — M')log p for some finite ks that is uniform for all SNR level and all input

distributions.
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Particularly, if M’ = M — 1, ie we have at least 1 transmit antenna to transmit signal with finite SNR,
under the assumption that T > 2M (T greater than twice the number of receivers), we have M'(T — M') <
M(T — M). This means that the mutual information achieved has an upper bound that increases with log

SNR at rate M'(T — M')log p, which is a lower rate than M (T — M) log p.

Step 3 Now we further generalize the result above to consider the input which on at least 1 antennas,
the signal transmitted has finite SNR with a positive probability, that is P(||sas||*> < Co?) = €. Define the
event E = {||sy]|> < Co?}, then the mutual information can be written as

I(X;S) < €e(X;S|IE)+(1—-¢e)I(X;S|E°)+I(E;X)
< e+ M -1)T -M+1)logp)+ (1 —¢€)(ka + M(T — M)logp) +
log 2
where k; and ks are two finite constants. Under the assumption that 77 > 2M, the resulting mutual

information thus increases with SNR at rate that is strictly less than M (T — M) log p.

Step 4 Here we will show that for the case of M transmit and receive antennas, the constant equal
norm input P(||s;|| = VT) = 1 for i = 1,..., M, achieves a mutual information that increases at a rate
M(T — M log p.

Lemma 7 For the constant equal norm input,
lim inf [I(X;S) — f(p)] >0
02—0

where p = M/o?, and

f(p) =1og|G(T, M)| + (T — M)E[logdet HH'] + M(T — M)log ];7[:6 — M?log[(1 —r)T]

where |G(T, M)| is as defined in Lemma 2.

Proof: Consider

H(X) > H(SH)
= H(QVH) +log|G(T, M)| + (T — M)E[log det H' V¥’ H]
= H(QVH) +log|G(T,M)|+ M(T — M)logT + (T — M)E[log det HH]
H(X|S) < H(QVH)+ MiE[log((l —7)||sil|* + 03] + M(T — M) log mes®
im1

H(QVH) + M?log[(1 — r)T] + M?

02

W +M(T—M)10gﬂ'€(]2.
-Tr

X
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Therefore,

I(X;8) > log|G(T,M)|+ (T — M)E[logdet HH'] — M(T — M)log meo? +
M(T — M)logT — M?log[(1 — r)T] — M2(1(_77T)T
= o) = M* = = f)

a

Combining the result in step 4 with results in Step 3 we see that for any input that doesn’t satisfy (C.1)
the mutual information increases at a strictly lower rate than for the equal norm input. Thus at high SNR,

any input not satisfying (C.1) is not optimal and this completes the proof of Lemma, 3.
D Convergence of H(X) for T> M =N

The results in this section are needed in the proof of Theorem 4 in Section 3.4.1. We need the following two

theorems, proved in [10], for proving the results in this section.

Theorem 11 Let {X; € @' T} be a sequence of continuous random variables with probability density func-
tions, {fi} and X € @'F be a continuous random variable with probability density function f such that f; — f
pointwise. If 1) max{f;(z), f(z)} < A < oo for all i and 2) max{ [ ||z||" fi(z)dz, [ ||z]|" f(z)dz} < L < oo

for some k > 1 and all i then H(X;) = H(X). ||z|| = Vatz denotes the Euclidean norm of x.

Theorem 12 Let {X; € @' T} be a sequence of continuous random variables with probability density func-
tions, f; and X € @' be a continuous random variable with probability density function f. Let X; 2 x.
If 1) [|lz||* fa(z)de < L and [ ||z||*f(z)dz < L for some k > 1 and L < oo 2) f(x) is bounded then

lim sup;_, o, H(X:) < H(X).

First, we will show convergence for the case T = M = N needed for Theorem 4 and then use the result
to to show convergence for the general case of T' > M = N. We need the following lemma to establish the

result for T'= M = N.
Lemma 8 If A\yin(SST) > X\ > 0 then Vn there exists an M such that |f(X) — f(Z)| < MJ if | X — Z| < 6.

Proof: Let Z = X + AX with |[AX| < § and [0%I7 + (1 — 7)SSt] = D. First, we will fix S and show

that for all S, f(X|S) satisfies the above property. Therefore, it will follow that f(X) also satisfies the same
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property. Consider fO(X|S) the density defined with zero mean which is just a translated version of f(X|S).

FIX +AX[S) = f(X[S)[1 - tr[DTH(AXXT + XAXT + O(||JAX|3))]]

then
(X + AX]|S) — £(X]|9)] < F(X|S)|tr[D"H(AXXT + XAXT)] + te[D || AXZ]].
Now
F(XIS) € - min{——t 1)
= TN det™[D] i tr[D-IXXT]

Next, make use of the following inequalities

tr{DT'XXT} > tr{dpi(D7HXXT}

> )‘min(Dil)/\maz(XXT) = Amin(D71)||X||§-

Also,
te{ DT (XAXT + AXXT+O(JAX[)} < D INDTAXXT + XAXT])| +
IIE?”IIQIIAXII%
< TID7YAX 2 AX ]2 +
T D~ l2[|AX]3.
Therefore,

1

1
< - min )1
S e o " o
TID | AX 2 (1X 2 + [JAX2)-

[f(X +AX|S) = f(X]9)] }

Since, we have restricted Apin(SST) > A > 0 we have for some constant M
|f(X +AX[S) — f(X]S)] < M||AX]]2.
From which the Lemma follows. Note that det[D] compensates for \/Anmin(D~1) in the denominator. O

Let’s consider the T' x N random matrix X = SH + W. The entries of M x N matrix H, T =M = N,
are independent circular complex Normal random variables with non-zero mean and unit variance whereas
the entries of W are independent circular complex Normal random variables with zero-mean and variance

a2
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Let S be a random matrix such that Ay, (SST) > A > 0 with distribution, F},4,(S) chosen in such a

way to maximize I(X;S). For each value of 0> = 1/n, n an integer — oo, the density of X is
e—tr{[e? Ir+(1-r)SST " (X —VrNMSHp) (X —VrNMSHyp)'}

f(X)=Es 7TTNO-[etN[gZIT + (1 —1r)SSt]

where the expectation is over Fy,,,(S). It is easy to see that f(X) as a function of o2 is a continuous function

of 02. As lim,2_,q f(X) exists, let’s call this limit g(X).

Since we have imposed the condition that A, (SST) > A > 0 w.p. 1, f(X) is bounded above by W
Thus f(X) satisfies the condition for Theorem 11. From Lemma 8 we also have that for all n there exists a
common § such that |f(X) — f(Z)| < e for all | X — Z| < §. Therefore, H(X) — H,. Since A is arbitrary we
conclude that for all optimal signals with the restriction Apmin(SST) > 0, H(X) — H,. Now, we claim that
the condition A\, > 0 covers all optimal signals. Otherwise, if Ay (SST) = 0 with finite probability then
for all 02 we have min ||s;]|> < Lo? for some constant L with finite probability. This is a contradiction of

the condition (3.5). This completes the proof of convergence of H(X) for T = M = N. ad

Now, we show convergence of H(X) for T > M = N. We will show that H(X) ~ H(SH) for small values

of o where S = ®V¥' with ® independent of V and ¥.

Let Sp = <I>0V0\IJ$ denote a signal with its density set to the limiting optimal density of S as 02 — 0.

H(X) > H(Y) = H(QEy T +log |G(T, M)| + (T — M)E[log det 3]
where Y = SH and @ is an isotropic matrix of size N x M. Let
Yo =QVIU'H

Then H(QEy¥l) = H(Yy).

From the proof of the case T = M = N, we have lim,2_,q H(Yg) = H(QVO\I’E&H). Also,

lim Ellogdet 35/] = Elog det 33, ]

where Yy = SoH Therefore, liminf,2_,o H(X) > limg2_,o H(Y) = H(So H).

Now, to show lim,2_,o H(X) < H(SoH). From before

H(X) = H(QEx V) + |G(T, N)| + (T — M)E[log det %]

Now QEX\I'E( converges in distribution to QVO\PEH . Since the density of QVO\I’EEH is bounded, from
Theorem 12 we have limsup,»_,, /H(QEX\I!}) < H(QVoUlH). Also, note that lim,2_,o E[logdet %] =

Ellogdet £, ] = lim,2_,q E[log det ¥3,]. Which leads to lim sup,2_,, H(X) < H(SoH) = lim,>_,o H(SH).
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Therefore, lim,2_,o H(X) = lim,2_,o H(SH) and for small 6%, H(X) ~ H(SH).
E Proof of Theorem 7 in Section 4.1

First we note that 02@ =1- aé. This means that

_ kTp+ T,
Pett = (1= )rTpo? + T.

-1

Therefore, to maximize p.yy we just need to minimize a?—;. Now,

, 1
°¢ T NM

=~ ‘LT
tr{ E[GG |}
where
= ZT
B[GG ) = (In + (1 =) L-8fS) 7 @ Iy
where p = U—”ﬁ Therefore, the problem is the following
min Ly (n+ - r)ﬁsTst)fl}
Sete{si s, y<(1—myTe M M

The problem above can be restated as

M
min e
Ay Am Y Am <(1— H)TMMZ: 1_,«%/\1”

where A, m = 1,..., M are the eigenvalues of StTSt. The solution to the above problemis Ay = ... = Ay =

(1 — k)T. Therefore, the optimum S; satisfies StTSt =(1—-k)TIy.

This gives o2 Also, for this choice of S; we obtain the elements of G to be zero mean

- 1
G T 1+(-r) & (1—kr)T"
independent with Gaussian distribution. This gives

_ kTp[Mr + p(1 — )T
Pett = TuM + p(1 — ®)T) + (1 — r)rTpM

F Proof of Theorem 8 in Section 4.1

First, from Theorem 7

kTp[Mr + p(1 — k)T

Pett = T.(M + p(1 — R)T) + (1 — r)xTpM
Tp (1—5)5—!—5'&{‘;[
T T —(l—n)M AT T.#(1-r)M

Tp[Te—(1—r)M]
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T?p? rM
= m[(l—ﬁ)ﬁ+ﬁT—p] Tc—(]._T)M

Consider the following three cases for the maximization of p.rs over 0 < xk < 1.

Case 1. T, = (1 —r)M:

We need to maximize (1— Ii)li-}—lﬂ)% over 0 < k < 1. The maximum occurs at £ = Ko = min{3 + ;’%, 1}.

In this case
T2p2

rM
Peff = (1 —T)M(M +Tp) [50_ +’€0(1 - "50)]'

Tp

Case 2. T, > (1 —r)M:

In this case,
Tp (1 —kK)k+ KN
Peff = — 1 _ —
T.—(1—-r)M v—K

_rM _ _ MT.+TpT, s (I—K)K+ED
where n = T and v = ToToe(=r M] > 1. We need to maximize "

k = min{y — /72 — v — 1y, 1}. Therefore,
p ZL(W—\M—l—nV
T (A —r)M

over 0 < k¥ <1 which occurs at

when k£ < 1. When k =1 we obtain T, = T'. Substituting x = 1 in the expression for p.y¢

. KTp[Mr + p(1 — k)T
Pell = T.(M + p(1 — K)T) + (1 — r)&TpM

. T
we obtain pefp = ﬁ.

Case 3. T. < (1 —r)M:

In this case,
_ Tp (1 —kK)K+ k7
'oeff_(l—r)M—TC K=y

where v = % < 0. Maximizing % over 0 < k < 1 weobtain K = min{y++/v2 — vy — yn, 1}.

Therefore, when k < 1

peff = T_(le—p_r)M(\/—_v—\/—HHnV

c

Similar to the case T, < (1 —r)M, when x = 1 we obtain T, = T and p.rs = #_%Tp.
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G Proof of Theorem 9 in Section 4.1

Note that optimization over T, makes sense only when k < 1. If k = 1 then T, obviously has to be set equal

to T. First, we examine the case T, > (1 —r)M. The other two cases are similar. Let @ = min{M, N} and

1
let \; denote the i** non-zero eigenvalue of H;\fl ,i=1,...,Q. Then we have
T
Cy > Z; 7 Elog(L+ pegsAi).

Let C; denote the RHS in the expression above. The idea is to maximize C; as a function of T.. We have

Q
dCl 1 Tcdpeff >‘l
=S —Elog(1 N+ S el .
dT, ZI{T o8(L+ pershi) + 7 =p=E | T,

Now, pesys for T, > (1 — )M is given by

/)eff:TC_(IIT—p_r)M(\/W—\/’Y—l—ﬂ)2

where v = % and n = %. It can be easily verified that

dpess _ To(\/7— Vv —1—n)

\/(1 ~r)M(M +Tp) 1] _

dT. ~  [T.—(1—-r)MP? TT.+Tp+rM)
Therefore,
Q
dC; 1
= = E|log(1 effANi) —
i T; 0g(1+ pesshi)
Peffi T, 1 (L —r)M(M +Tp)
L+ pepshi Te — (L—1)M T(T.+Tp+rM) | |’

Since, TC_(T*C_T)M [1 - %] < 1 and log(1 + ) — x/(1 + ) > 0 for all z > 0 we have 5L > 0.

Therefore, we need to increase T, as much as possible to maximize C; or T, =T — M.
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